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Preface

More than three score years ago, high-energy physicists were driven to
scrutinize the properties of the cosmic radiation then available (i.e. cos-
mic rays). Today the same situation is realized not only with cosmic rays
but also with different cosmological data: most notably, with the Cosmic
Microwave Background (CMB in what follows). While I am writing this
preface, European science is at the forefront of the developments in high-
energy physics and cosmology thanks to the Large Hadron Collider program
and thanks also to the Planck explorer mission. Today laboratory physics
and celestial physics give us contradictory indications: it seems that all the
matter accessible to terrestrial laboratory experiments contributes only 5%
to the total energy budget of the Universe.

Cosmologists and astrophysicists today cannot ignore the knowledge of
the micro-world provided by high-energy physics. In similar terms, high-
energy physicists cannot avoid being exposed to some of the key concepts in
modern gravitation and cosmology. While grand unifications of all funda-
mental forces are one of the intriguing hopes suggested by current theoret-
ical speculations, the opportunity of a small unification lies already before
us in the years to come: the construction of a common language which will
allow, in the near future, a more effective exchange of information and ideas
between contiguous branches of the physics community. The present book
seeks to be a modest contribution to this mighty endeavor.

This book grew through the last decade because of various series of
lectures that were either directly or indirectly connected to CMB physics
and, more generally, to gravitation. In the last couple of years I came to the
conclusion that an effective way of presenting a cosmology course (either for
last year undergraduate or for PhD students) is to use CMB as a guiding
theme. While lecturing to PhD students I have been confronted with the

vii
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problem of giving a sufficiently accurate and updated information to an
audience that was, very often, rather composite. Not all PhD students
were exposed to General Relativity or field theory in their undergraduate
courses. Similarly, not all PhD students have a preliminary knowledge of
astrophysics. I have tried, therefore, to present the material in a reasonably
self-contained manner also in view of the time limitations imposed by a PhD
course.

My warm acknowledgment goes to the Enrico Fermi center for a senior
research grand entitled From the Planck Scale to the Hubble Radius. With-
out this support my efforts would have been forlorn. In commencing this
script I wish also to express my very special and sincere gratitude to Prof.
G. Cocconi and Prof. E. Picasso. I am indebted to G. Cocconi for his
advice in the preparation of the first section. I am indebted to E. Picasso
for delightful discussions which have been extremely relevant both for the
selection of topics and for the overall quality of the manuscript.

Massimo Giovanninig
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Chapter 1

Why CMB Physics?

When approaching a new subject of study, especially within the realm of
empirical sciences, the relevant question to ask is always the same: why
should we learn about this? So, why should we learn about CMB physics?
To answer this kind of questions one might be tempted to invoke either
historical or subjective arguments. For instance one could say that, histor-
ically, blackbody emission is rather interesting in itself since it represented,
at the dawn of the century, one of the fragile bridges that allowed us to pass
from a classical description of macroscopic phenomena to the quantum me-
chanical language which is today the most appropriate for the discussion
of microscopic physics. On a more aesthetic (and hence subjective) level,
one could also affirm that blackbody emission is beautiful since it depends
only upon one crucial parameter, i.e. the temperature. Subjectivity in sci-
ence is very important since it drives the enthusiasm of researchers towards
new and exciting fields of investigation. At the same time any subjective
self-excitation should be gauged by more objective elements of judgment.
Objectivity, for natural scientists, rhymes with testability. The quest for
objectivity does not imply the lack of fantasy but, on the contrary, it just
focuses our theoretical endeavor.

In this introductory chapter the theme will be to stress that there
are objective elements that make CMB physics one of the most attrac-
tive and promising frameworks for gathering indirect informations on the
early stages of the life of our own Universe. After a general introduction to
blackbody emission, the motivations of this script will be spelled out. The
bottom line will be that, indeed, the CMB is cosmological and represents
the dominant component of the detected extra-galactic emission.

The whole observable Universe will therefore be approached, in the first
approximation, as a system emitting electromagnetic radiation. The topics
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to be treated in the present chapter are therefore the following:

e clectromagnetic emission of the Universe;

e the blackbody spectrum,;

e a bit of history of the CMB observations;

e the entropy of the CMB and its implications;

e the time evolution of the CMB temperature;

e a quick glance at the Sunyaev-Zeldovich effect.

All along this script the natural system of units will be adopted. In this
system

h=c=kg=1, (1.1)

where ii = h/2m, c¢ is the speed of light and kg is the Boltzmann constant.
In order to pass from one system of units to the other it is useful to recall
that

he =197.327 MeV fm;
K =8.617 x 107°€V;
(he)? = 0.389 GeV? mbarn;
c=2.99792 x 10'° cm/sec.

In Fig. 1.1 arather intriguing plot summarizes the electromagnetic emission
of our own Universe. Only the extra-galactic emissions are reported.* On
the horizontal axis we have the logarithm of the energy of the photons
(expressed in eV). On the vertical axis we reported the logarithm (to base
10) of Q. (E) which is defined as

1 dpy
QO (F) = Em (1.2)
The specific form of €2, (E) in the case of the CMB branch of the spectrum
will be discussed in the following section (see, for instance, Eq. (1.12)).
For the moment it suffices to note that {2, (E) measures the energy density
of the emitted radiation in critical units. The critical energy density pcrit
can be understood, grossly speaking, as the mean energy density of the
Universe, i.e. for the current values of the cosmological parameters, the
energy density equivalent to about six proton masses per cubic meter (see,
for instance, Eq. (1.11)).

2By extra-galactic emissions we mean radiation coming from the outside of our galaxy.
Of course, as stressed later on, it must be borne in mind that our own galaxy is also an
efficient emitter of electromagnetic radiation.
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Fig. 1.1 In this cartoon the (extragalactic) electromagnetic emission is sketched. On
the vertical axis the logarithm (to base 10) of the emitted energy density is reported in
units of perit (see Eq. (1.9)). The logarithm of energy of the photons is instead reported
on the horizontal axis. The wavelength scale is inserted at the top of the plot. The
cosmic ray spectrum is included for comparison and in the same units used to describe
the electromagnetic contribution.

For comparison also the associated wavelength of the emitted radiation
is illustrated (see the top of the figure) in units of mm. Figure 1.1 motivates
the choice of studying accurately the properties of CMB.

In Fig. 1.1 the maximum of 2, (E) is located for a wavelength of the mm
(see the scale of wavelengths at the top of Fig. 1.1) corresponding to typical
energies of the order” of 1073 eV. In the optical and ultraviolet range of
wavelengths the energy density drops almost two orders of magnitude. In
the z-rays (i.e. 107 mm < X\ < 1072 mm) the energy density of the emitted
radiation drops more than three orders of magnitude in comparison with
the maximum. The z-ray range corresponds to photon energies E > keV.

bIn natural units A = ¢ = kg = 1 we have Ey, = hw = hck and that k = 27/\. So
Er =k and w = 27v.
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In the y-rays (i.e. 1072 mm < A < 107'2 mm) the spectral amplitude is
roughly 5 orders of magnitude smaller than in the case of the millimeter
maximum. The range of vy-rays occurs for photon energies £ > GeV.
While the CMB represents 0.93 of the extragalactic emission, the infra-
red and visible part give, respectively, 0.05 and 0.02. The z-ray and ~v-ray
branches contribute, respectively, by 2.5x10~* and 2.5x 10~°. The CMB is
therefore the 93% of the total extragalactic emission. The CMB spectrum
has been discovered by Penzias and Wilson [1] (see also [2]) and predicted,
on the basis of the hot big-bang model, by Gamow, Alpher and Herman
(see, for instance, [3]). Wavelengths as large as A ~ m lead to an emission
which is highly anisotropic and will not be treated here as a cosmological
probe. In any case, for A > m we are in the domain of the radio-waves. This
branch of the spectrum is of upmost importance for a variety of problems
including, for instance, large scale magnetic fields (both in galaxies and
in clusters) [4] and pulsar astronomy [5]. In fact it should be mentioned
that our own galaxy is also an efficient emitter of electromagnetic radiation.
Since our galaxy possess a magnetic field, it emits synchrotron radiation as
well as thermal bremsstrahlung. A very daring project that will probably
be at the forefront of radio-astronomical investigations during the next 10
years is SKA (Square Kilometer Array) [6]. While the technical features
of the instrument cannot be thoroughly discussed in the present script, it
suffices to note that the collecting area of the instrument, as the name
suggests will be of 10°m?2. The design of SKA will probably allow full sky
surveys of Faraday rotation and better understanding of galactic emission.®
In Fig. 1.1 the spectrum of the cosmic rays is also reported, for compar-
ison. This inclusion is somehow arbitrary since the cosmic rays of moderate
energy are known to come from within the galaxy. It is however useful to
report also the energy spectrum of cosmic rays and to compare it, in the
same units, with the energy spectrum of CMB photons. The energy density
of the cosmic rays is, roughly, of the same order of the energy density of
the CMB. For energies smaller than 10'® eV the rate is approximately of
one particle per m? and per second. For energies larger than 10® eV the
rate is approximately of one particle per m? and per year. The difference in

“We will not enter here in the vast subject of CMB foregrounds. It suffices to appreciate
that while the spectrum of synchrotron increases with frequency, for wavelengths shorter
than the mm the emission is dominated by thermal dust emission whose typical spectrum
decreases with frequency. It is opinion of the author that a better understanding of the
spectral slope of the synchrotron would really be needed (not only from extrapolation).
This seems important especially in the light of forthcoming satellite missions.
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these two rates corresponds to a slightly different spectral behaviour of the
cosmic ray spectrum, the so-called knee. Finally, for energies larger than
1018 eV, the rate of the so-called ultra-high-energy cosmic rays (UHECR)
is even smaller and of the order of one particle per km? and per year. The
sudden drop in the flux corresponds to another small change in the spectral
behaviour, the so-called ankle. In the parametrization chosen in Fig. 1.1
the cosmic ray spectrum does not decrease as £ 3 but rather as F~2. The
rationale for this difference stems from the fact that, in the parametriza-
tion of Fig. 1.1 we plot the energy density of cosmic rays per logarithmic
interval of FE while, in the standard parametrization the plot is in terms of
dperays /dE. In the forthcoming years the spectrum above the ankle will be
scrutinized by the AUGER experiment [7, 8]. While this book was in its
final stages the preliminary results of the AUGER experiment appeared in
a pair of papers, i.e. Refs. [9] and [10]. In [9] the collaboration achieved one
decisive result for the spectrum of cosmic rays at energies in the range of
the EeV. The hypothesis of the pure power law spectrum is rejected with
a significance better than 6 sigma and 4 sigma for minimum energies of
10'85 eV and 10" eV respectively (verbatim from Ref. [9]). In [10] the
data were analyzed to search for anisotropies near the direction of the galac-
tic plane at EeV energies. The reported results suggest a highly isotropic
distribution and do not support previous findings of localized excesses in the
AGASA and SUGAR data (verbatim from the abstract of Ref. [10]).

The latest analyses of the AUGER experiment demonstrated a cor-
relation between the arrival directions of cosmic rays with energy above
6 x 10'% eV and the positions of active galactic nuclei within 75 Mpc [11].
At smaller energies it has been convincingly demonstrated, as previously
mentioned, that overdensities on windows of 5 deg radius (and for energies
10179V < E < 10'8%eV) are compatible with an isotropic distribution.
The rejection of the hypothesis of a continuation of the spectrum in the
form of a power-law is statistically significant [9]. The position of the ankle
(i.e. the spectral break) occurs for E, ~ 10'¥:5 eV. The combined Auger
spectrum can then be parametrized as

Egﬂcrays(E) X E3+’Yl, E < E,,
1 .
 pem. 03
1+ exp (71% Ev}lcog EC)

E?*Qerays(E) o< E3T72

dAGASA and SUGAR data are former experiments analyzing cosmic rays in the EeV
region.
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where log are base-10 logarithms and the energies are expressed in units
of eV. In Eq. (1.3) 71 and -, are the spectral index before and after the
break respectively, F, is the position of the break, and the second term in
the second equation is a flux suppression term where E. is the energy at
which the flux is suppressed 50% compared to a pure power-law, and W,
determines the sharpness of the cutoff. Using Eq. (1.3) to fit the experi-
mental data the collaboration obtains v; = —3.30£0.06, 72 = —2.56+0.06,
log B, = 18.65 £0.04, log E. = 19.74 + 0.06 and W, = 0.16 & 0.04. We
point out that Eq. (1.3) is a parametrization, not a theoretical prediction.
In spite of the fact that cosmic rays are not central to this presentation,
we suggest the reader an interesting critical review on the theory of cosmic
rays [12]. It is important to stress that while the CMB represents the 93
% of the extragalactic emission, the diffuse z-ray and y-ray backgrounds
are also of upmost importance for cosmology. Various experiments have
been dedicated to the study of the z-ray background such as ARIEL, EIN-
STEIN, GINGA, ROSAT and, last but not least, BEPPO-SAX, an z-ray
satellite named after Giuseppe (Beppo) Occhialini.® Among ~y-ray satellites
we shall just mention COMPTON, EGRET and the forthcoming GLAST.
In [13, 14] it was actually argued that the typical slope of the y-ray back-
ground as measured by EGRET can be related to the slope of the cosmic
ray spectrum.

1.1 The blackbody spectrum and its physical implications

According to Fig. 1.1, in the mm range the electromagnetic spectrum of the
Universe is very well fitted by a blackbody spectrum: if we would plot the
error bars magnified 400 times they would still be hardly distinguishable
from the thickness of the curve. Starting from the discovery of Penzias and
Wilson [1] various groups confirmed, independently, the blackbody nature
of this emission (see below, in this section, for an oversimplified account
of the intriguing history of CMB observations). As it is well known the
blackbody has the property of depending only upon one single parameter
which is the temperature 77, of the photon gas. Such a temperature is given
by

T, = 2.725 + 0.001 K. (1.4)

€Part of the present book was prepared in connection with a PhD course at the Uni-
versity of Milan-Bicocca whose physics department is named after Giuseppe Occhialini.
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According to Wien’s law AT, = 2.897 x 1072 mK. Thus, as already re-
marked the wavelength of the maximum will be A ~ mm. For a photon gas
in thermodynamic equilibrium the energy density of the emitted radiation
is given by

d3w

(2m)?
where g is the number of intrinsic degrees of freedom (¢ = 2 in the case of

photons) and n,, is the Bose-Einstein occupation number :

1
ew/Ty —1°

dpy =g X w X X Ty, (1.5)

Tl = (1.6)

Since in natural units, Fy, = k = w, the energy density of the emitted
radiation per logarithmic interval of frequency is given by:
dpy, 1 k4
dink w2 eb/Ty — 1
Equation (1.7) allows also to compute the total (i.e. integrated) energy
density py. The differential spectrum of Eq. (1.7) can then be referred to
the integrated energy density expressed, in turn, in units of the critical
energy density. From Eq. (1.7) the integrated energy density of photons is
simply given by

(1.7)

T4 oo .3 2
pr(ty) = = / =T, (1.8)

where the ratio x = k/7T’, has been defined and where the integral in the
second equality is given by 74 /15.

A useful way of measuring energy densities is to refer them to the critical
energy density of the Universe (see chapter 2 for a more detailed discussion
of this important quantity). In short we will also talk about critical density.
According to the present data it seems that the critical energy density
indeed coincides with the total energy density of the Universe. This is just
because experimental data seem to favour a spatially flat Universe. The
critical energy density today is given by':

i
Perit = nC

fTo understand more physically the present value of the critical energy density we can
say that the vacuum of a particle accelerator is of the order of 1019 gcm 3. Further-
more, we can say that, prior to gravitational collapse, the mean density is of the order
of the critical density. After gravitational collapse the mean matter density, for instance
within the Milky way, is three or even four orders of magnitude larger than the critical
density.

=1.88 x 1072 AZ gem ™ = 1.05 x 107> h3 GeVem ™, (1.9)
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where hg (often assumed to be ~ 0.7 for the purpose of numerical estimates
along this book) measures the indetermination on the present value of the
Hubble parameter

km

Hy = 100

. 1.10
sec Mpc 0 ( )

From the second equality appearing in Eq. (1.9), recalling that the proton
mass is mp = 0.938 GeV, it is also possible to deduce

ho mp

2
Pcrit = 5.48 (ﬁ) F, (111)

showing that, the critical density is, grossly speaking, the equivalent of 6
proton masses per cubic meter. From Eqgs. (1.7) and (1.9) we can obtain
the energy density of photons per logarithmic interval of energy and in
critical units, i.e.

1 dp
Q. (k) = L 1.12
'Y( ) Derit dlnk ( )
Recalling that Ey = k (and neglecting the subscript) we have that
15 z?
O(B) = 207 (1.13)
where
B 426 103( = )
r=— =4 —
T V)’
’ ¢ (1.14)
Q0= 2110 _ o471 % 1075 h2,
Perit

The quantities Q- (E) and ¢ are physically different:

o () is the ratio between the total (present) energy density of CMB
photons and the critical energy density; {1, is independent on the
frequency;

o (., (F) is the energy spectrum of CMB photons per logarithmic
interval of frequency and expressed in critical units; Q. (£), unlike
Q,0, does depend on the frequency.

Crudely speaking (and up to numerical factors) Eq. (1.13) simply suggests
that Q.0 sets the overall normalization of ., (F). It can be explicitly ver-
ified that, inserting the numerical value of T, and p. (i.e. Egs. (1.4) and
(1.9)), the figure of Eq. (1.14) is swiftly reproduced. The spectrum of Eq.
(1.13) can be also plotted in terms of the frequency. Recalling that, in
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natural units, k = 27v the parameter x = k/T, can be directly expressed
in terms of v. Thus = can be easily written as:

k v

Consider now Eq. (1.13) and multiply both sides by h2. In this way the
combination h3Q.o will appear at the right hand side. This combination,
as already remarked, does not depend on the indetermination of the Hubble
constant. The logarithm (to base 10) of the obtained expression gives

1
log K3, (z) = log <—i> + log h3Q0 + 4logz — log [e* — 1]. (1.16)
7r

If we now insert Eq. (1.15) inside Eq. (1.16) and plot the obtained expres-
sion as a function of v/GHz, the curve reported in Fig. 1.2 will be swiftly
obtained. It should be borne in mind that the CMB spectrum could be
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Fig. 1.2 The CMB logarithmic energy spectrum here illustrated in terms of the fre-
quency.

distorted by several energy-releasing processes. These distortions have not
been observed so far. In particular we could wonder if a sizable chemical
potential is allowed. The presence of a chemical potential will affect the
Bose-Einstein occupation number which will become, in our rescaled nota-
tions iy = (e®F#° —1)~1. The experimental data imply that |uo| < 9x107°
(95% C.L.). It is useful to mention, at this point, the energy density of the
CMB in different units and to compare it directly with the cosmic ray spec-
trum as well as with the energy density of the galactic magnetic field. In
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particular we will have

m? 4 51 T ! 4
Py =15ty =2x 10 (2.725) GeV?, (1.17)
B? 2 B\’ 4
— 2 136x107%( =) Gevi. 1.18
B = Sr x <3uG> ¢ (1.18)

From Egs. (1.17) and (1.18) it follows that the CMB energy density is
roughly comparable with the magnetic energy density of the galaxy. Fur-
thermore pcrays =~ pB.

1.2 A bit of history of CMB observations

The blackbody nature of CMB emission is one of the cornerstones of the
Standard Cosmological Model® whose essential features will be introduced
in chapter 2. The first measurement of the CMB spectrum goes back to
the work of Penzias and Wilson [1]. The Penzias and Wilson measurement
referred to a wavelength of 7.35 c¢cm (corresponding to 4.08 GHz). They
estimated a temperature of 3.5 K. Since the Penzias and Wilson measure-
ment the blackbody nature of the CMB spectrum has been investigated
and confirmed for a wide range of frequencies extending from 0.6 GHz [16]
(see also [17]) up to 300 GHz. The history of the measurements of the CMB
temperature is a subject by itself which has been reviewed in the excellent
book of B. Patridge [18]. Before 1990 the measurements of CMB properties
have always been conducted through terrestrial antennas or even by means
of balloon borne experiments. In the nineties the COBE satellite [19-26]
allowed us to measure the properties of the CMB spectrum in a wide range
of frequencies including the maximum (see Fig. 1.2). The COBE satellite
had two instruments: FIRAS and DMR. The DMR was able to probe the
angular power spectrum® up to £ ~ 26. As the name implies, DMR was a
differential instrument measuring temperature differences in the microwave
sky. The angular resolution of a given instrument, i.e. 1, is related to the
maximal multipole probed in the sky according to the approximate relation
¥ ~ x /L. Consequently:

8In this book the acronym SCM will often be used instead of standard cosmological
model.

h\While the precise definition of angular power spectrum will be given later on, here
it suffices to recall that ¢(¢ + 1)C,/(2m) measures the degree of inhomogeneity in the
temperature distribution per logarithmic interval of £. Consequently, a given multipole £
can be related to a given spatial structure in the microwave sky: small ¢ will correspond
to low wavenumbers, high ¢ will correspond to larger wavenumbers.
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e since the angular resolution of COBE was 7°, the maximal ¢ acces-
sible to that experiment was £ ~ 180°/7° ~ 26;

e since the angular resolution of WMAP! is 0.23°, the corresponding
maximal harmonic probed by WMAP will be ¢ ~ 180°/0.23° ~
783;

e finally, the Planck Explorer experiment,) to be soon launched will
achieve an angular resolution of 5, implying ¢ ~ 180°/5" ~ 2160.

After the COBE mission, various experiments attempted the exploration
of smaller angular separation, i.e. larger multipoles. A definite convincing
evidence of the existence and location of the first peak in the Cy spec-
trum came from the Boomerang [27, 28], Dasi [29] and Maxima [30] ex-
periments. Both Boomerang and Maxima were balloon borne (bolometric)
experiments. Dasi was a ground based interferometer. The data points
of these last three experiments explored multipoles up to 1000, determin-
ing the first acoustic oscillation (in the jargon the first Doppler peak) for
¢ ~ 220. Another important balloon borne experiments was Archeops [31]
providing interesting data for the region characterizing the first rise of the
Cy spectrum. Some other useful references on earlier CMB experiments can
be found in [32]. The Cy spectrum, as measured by different recent exper-
iments is reported in Fig. 1.3 (adapted from Ref. [33]). At the moment
the most accurate determinations of CMB observables are derived from the
data of WMAP (Wilkinson Microwave Anisotropy Probe). The first release
of WMAP data are the subject of Refs. [35-38]. The three-year release of
WMAP data is discussed in Refs. [39, 40]. The WMAP data (filled circles
in Fig. 1.3) provided, among other important pieces of information, the pre-
cise determination of the position of the first peak (i.e. £ =220.1+0.8 [36])
and evidence of the second peak. The WMAP experiment also measured
temperature-polarization correlations providing a distinctive signature (the
so-called anticorrelation peak in the temperature-polarization power spec-
trum for ¢ ~ 150) of primordial adiabatic fluctuations (see chapters 8 and
9 and, in particular, Fig. 9.2). To have a more detailed picture of the

I'WMAP is the acronym for Wilkinson Microwave Anisotropy Probe and it is a satellite
mission proposed to NASA in 1996 and launched in June 2001. Various experiments will
be mentioned throughout this book and their essential features as well as the meaning of
the corresponding acronym can be usefully obtained from the original references which
are carefully quoted in the bibliographical section at the end of this book.

JThe updated science case for the Planck experiment can be found at the following
address http://www.rssd.esa.int/index.php?project=PLANCK. The long script that can
be downloaded is often referred to, in the jargon, as the Planck Bluebook.
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Fig. 1.3 Some CMB anisotropy data are reported (figure adapted from [33]): WMAP
data (filled circles); VSA data (shaded circles) [34]; CBI data (squares) [41, 42]; ACBAR
data (triangles) [43].

evolution and relevance of CMB experiments we refer the reader to Ref.
[44] (for review of the pre-1994 status of the art) and Ref. [45] for a review
of the pre-2002 situation). The rather broad set of lectures by Bond [46]
may also be usefully consulted.

1.3 The entropy of the CMB and its implications

The pressure of blackbody photons is simply p, = p, /3. Since the chemical
potential exactly vanishes in the case of a photon gas at the thermodynamic
equilibrium, the entropy density of the blackbody is given, through the
fundamental identity of thermodynamics (see Appendix B), by

8y = % = % = f—5ﬁ2T3, (1.19)
where S, is the entropy and V is a fiducial volume. Equation (1.19) im-
plies that the entropic content of the present Universe is dominated by the
species that are relativistic today (i.e. photons) and that the total entropy
contained in the Hubble volume, i.e. S, is huge. The Hubble volume can be
thought of as the present size of our observable Universe and it is roughly

given by Vi = 47 H; /3. Thus, we will have
4 -3 88 hO -
Sy = gmsyHy? =143 10% (o) (1.20)

The figure provided by Eq. (1.20) is still one of the major problems of
the standard cosmological model. Why is the entropy of the observable
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Universe so large? For the estimate of Eq. (1.20) it is practical to express
both T, and Hy in Planck units, namely*:

%) Mp. (1.21)
It is clear that the huge value of the present entropy is a direct conse-
quence of the smallness of Hy in Planck units. Equation (1.21) implies
that T0,/Ho ~ 1.57 x 10?. Let us just remark that the present estimate
only concerns the thermodynamic entropy. Considerations related to the
validity (also in the early Universe) of the second law of thermodynamics
seem to suggest also that the entropy of the gravitational field itself may
play a decisive role. While some motivations seem compelling there is no
consensus, at the moment, on what should be the precise mathematical
definition of the entropy of the gravitational field. This remark is necessary
since we should keep our minds open. It may well be that the true entropy
of the Universe (i.e. the entropy of the sources and of the gravitational
field) is larger than the one computed in Eq. (1.20). Along this direction it
is possible to think that the maximal entropy that can be stored inside the
Hubble radius ryg is of the order of a black-hole with Schwartzchild radius
ra =~ Hy' which would give

T,=1.923x107% Mp,  Ho=1.22x 1061(

rg M2 ~ 10122, (1.22)

In connection with Eq. (1.21), it is also useful to point out that the critical
density can be expressed directly in terms of the fourth power of the Planck
mass, i.e.:

2

Perit = %H&M@ =1.785 x 10—123<%> Mp. (1.23)
The huge hierarchy between the critical energy density of the present Uni-
verse and the Planckian energy density is, again, a direct reflection of the
hierarchy between the Hubble parameter and the Planck mass. Such a
hierarchy would not be, by itself, problematic. The rationale for such a
statement is connected to the fact that in the SCM the energy densities as
well as the related pressures decrease as the Universe expand. However, to-
day, the largest portion of the energy density of the Universe is determined
by a component called dark energy. The term dark is a coded word of as-
tronomy. It means that a given form of matter or energy neither absorbs nor
emit radiation. Furthermore the dark energy is homogeneously distributed

KTo derive the second relation from the definition of Ho (i.e. Hp = 100ho km sec™ !
Mpc_l) it is practical to recall that Mpc = 3.08 x 1024cm.
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and, unlike dark matter, is not concentrated in the galactic halos and in
the clusters of galaxies. One of the chief properties of dark energy is that
it is not affected by the Universe expansion and this is the reason why it
is usually parametrized in terms of a cosmological constant. Measurements
tell us that pa =~ 0.7pcrit which implies, from Eq. (1.23), that

pa =~ 1.24 x 107123 M. (1.24)

Since pa does not decreases with the expansion of the Universe, we have
also to admit that Eq. (1.24) was enforced at any moment in the life of the
Universe and, in particular, at the moment when the initial conditions of
the SCM were set. A related way of phrasing this impasse relies on the field
theoretical interpretation of the cosmological constant. In field theory we
do know that the zero-point (vacuum) fluctuations have an energy density
(per logarithmic interval of frequency) that goes as k*. Now, adopting the
Planck mass as the ultraviolet cut-off we would be led to conclude that the
total energy density of the zero-point vacuum fluctuations would be of the
order of MA. On the contrary, the result of the measurements simply gives
us a figure which is 122 orders of magnitude smaller.

The expression of the blackbody spectrum also allows the calculation
of the photon concentration. Recalling that, in the case of photons, dn =
(k3ny. /7%)dlog k we have, after integration over k that the concentration of
photons is given by

2¢(3)

2

N0 = T3 ~ 411 cm™? (1.25)

where ((r) is the Riemann zeta functionwith argument 7.

1.4 The time evolution of the CMB temperature

In summary we can therefore answer, in the first approximation, to the
question giving the title of this chapter:

e in the electromagnetic spectrum the contribution of the CMB is by
far larger than the other branches and constitutes, roughly speak-
ing, 93 % of the whole emission;

e the CMB energy density is comparable with (but larger than) the
energy density of cosmic rays;

o the CMB energy density is a tiny fraction of the total energy density
of the Universe (more precisely 24 millionth of the critical energy
density);
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e the CMB dominates the total entropy of the present Hubble patch:
S, ~ 10%.

The fact that we observe a CMB seems to imply that CMB photons are
in thermal equilibrium at the temperature 7,. This occurrence strongly
suggests that the evolution of the whole Universe must somehow be adi-
abatic. In a preliminary perspective, the following naive observation is
rather important. Suppose that the spatial coordinates expand thanks to
a time-dependent rescaling. Consequently the wave-numbers will also be
rescaled accordingly, i.e.

fg — T = a(t).fo, EO — E = Wg) (126)
In the jargon Eo is commonly referred to as the comoving wave-number
(which is insensitive to the expansion), while k is the physical wave-number.
Consider then the number of photons contained in an infinitesimal element
of the phase-space and suppose that the whole Universe expands according
to Eq. (1.26). At a generic time ¢; we will then have

dnk(tl) =Ny (tl)d?’kldgxl. (1.27)
At a generic time to > t; we will have, similarly,
d’nk(tg) = Ng (tg)dBdeBxg. (128)

By looking at Eqgs. (1.27) and (1.28) it is rather easy to argue that dny(t1) =
dny(ta) provided my(t1) = Tik(t2). By looking at the specific form of the
Bose-Einstein occupation number it is clear that the latter occurrence is
verified provided k(t1)/T,(t1) = k(t2)/Ty(t2). From this simple argument
we can already argue an important fact: the blackbody distribution is
preserved under the rescaling (1.26) provided the blackbody temperature
evolves as the inverse of the scale factor a(t), i.e.

Tyo— T, = (1.29)

)
The property summarized in Eq. (1.29) holds also in the context of the SCM
where a(t) will be correctly defined as the time-dependent scale factor of a
Friedmann-Robertson-Walker (FRW) Universe. The physical consequence
of Eq. (1.29) is that the temperature of CMB photons is higher at higher
redshifts (see Appendix A for a definition of redshift). More precisely:

T, = (14 2)Tho. (1.30)
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This consequence of the theory can be tested experimentally [47]. In short,
the argument goes as follows. The CMB will populate excited levels of
atomic and molecular species when the energy separations involved are not
too different from the peak of the CMB emission. The first measurement of
the local CMB temperature was actually made with this method by using
the fine structure lines of CN (cyanogen) [48]. Using the same philosophy it
is reasonable to expect that clouds of other chemical elements (like Carbon,
in Ref. [47]) may be sensitive to CMB photons also at higher redshifts.
For instance in [47] measurements were performed at z = 1.776 and the
estimated temperature was found to be of the order of 7%, (2) ~ 7.5 °K.
These measurements are potentially very instructive but have been a bit
neglected, in the recent past, since the attention of the community focused
more on the properties of CMB anisotropies.

1.5 A quick glance to the Sunyaev-Zeldovich effect

For the limitations imposed by the introductory nature of the present script
it is not possible to treat in detail the very interesting physics of another
important effect that gives us valuable informations concerning the CMB
and its primeval origin. It is in fact very important to establish empirically
that CMB is not a merely local phenomenon, i.e. a phenomenon that arises
in the local Universe. One definite answer, along this direction, is provided
by the observation that, at higher redshifts, the putative CMB tempera-
ture indeed increases. The other definite answer comes exactly from the
Sunyaev-Zeldovich (SZ) effect [49-51]. The physics of the SZ effect is, in a
sense, rather simple. Clusters of galaxies have a deep potential well and on
the average, by the virial theorem, their kinetic motion is of the order of
few keV. So some fraction of the hot gas can get ionized and ionized plasma
will be around. This plasma emits xz-rays that, for instance, the ROSAT
satellite has scutinized.! Now the CMB will sweep the whole space. By
looking at a direction where there is nothing between the observer and the
last scattering surface the radiation arrives basically unchanged except for
the effect due to the expansion of the Universe. But if the observation

It is actually interesting, incidentally, that from the ROSAT full sky survey (allowing
us to determine the surface brightness of various clusters in the z-rays), the average
electron density has been determined [52] and this allowed interesting measurements of
magnetic fields inside a sample of Abell clusters. The ROSAT satellite was an x-ray
satellite flying from June 1990 to February 1999 and exploring the x-ray sky for energies
between 0.1 keV and 2.4 keV.
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is now made along a direction passing through a cluster of galaxies, some
small fraction of the CMB photons (roughly one over 1000 CMB photons)
will be scattered by the hot gas. Because the gas is actually hot, there is
more probability that photons will be scattered at high energy rather than
at low energy. They will also be scattered almost at isotropic angle. The
bottom line is that the CMB spectrum along a line of sight that crosses a
cluster of galaxies will have a slight excess of high energy photons and a
slight deficiency of low energy photons. So if you see this effect (as we do) it
means that the CMB photons come from behind the clusters. Some of these
clusters are at redshift 0.07 < z < 1.03. The measurements of the Sunyaev-
Zeldovich effect have been attempted for roughly two decades but in the
last decade a remarkable progress has been made. As already mentioned,
the SZ effect tells that the CMB is really an extra-galactic radiation.

There are excellent long and short reviews on the SZ effect. Here we
would like to quote just the classic review of Rephaeli [53] (see also [54]) as
well as the non-relativistic treatments of the kinetic equation (which will be
used in a moment to derive the non-relativistic expression of the modified
spectral intensity) due to Kompaneets [55] (see also the comprehensive book
of Peebles [56]). In what follows the simplest non-relativistic set-up will be
described. The present treatment closely follows the one of Ref. [53] but
within our set of conventions, units and definitions.

To give a simplified and self-contained introduction to the SZ effect,
consider the following simplifications:

e assume first the Thompson limit where the frequency of the pho-
tons is much smaller than the electron mass; in this limit the cross
section will simply be the Thompson cross section;

e derive the evolution of the Bose-Einstein occupation number in the
non-relativistic limit where the kinetic equations reduce to the well
known form of Fokker-Planck equation.

Using these two approximations we will have that the kinetic equation can
be written as [55, 56]:

ony, . TV OThNe O 4 T. On, _9
ot (me) z2 Oz {m (TV oz TR )| (131)

where oy is the Thompson cross section which will be discussed often in
this book starting from chapter 2. In Eq. (1.31), T, is the photon tem-
perature and Ty is the electron temperature. Since the temperature of the
electrons of the cluster is large in comparison with the photon temperature
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the following hierarchies hold:

%% > Mg, %% > 7. (1.32)
Consequently Eq. (1.31) can be written as

Oom, . Te oThNe O 46m

TR %(x %)-
Equations (1.31) and (1.33) also assume that the distribution of the elec-
trons is isotropic in the cluster frame. Now, if the incident radiation (i.e.
the CMB) is only weakly scattered by the electrons, the approximate solu-
tion of Eq. (1.33) can be obtained by substituting at the right hand side of
Eq. (1.33) the Bose-Einstein occupation number, i.e. 7, (z) = (e — 1)~ 1,
and by then integrating along the line of sight to get the modified oc-
cupation number. The first step of this procedure leads to the following
equation:

ey xT
% = %aThneE(xL L(z) = 2le (x(ef)—_'l—)(f T 4)]er.

Notice that the function £(x) goes to zero. In particular the zero of this
function, i.e. L(zo) = 0 corresponds to xg = 3.83 which means, using
Eq. (1.15) that connects x to v in GHz units, vy = 216.99 GHz (often
called crossover frequency). It is common practice, at this point, to work
not with hZQ,(v) but rather with the spectral intensity of the radiation
field. There is no deep reason for doing that, however, for the sake of
comparison with the notations customarily adopted in the literature we
will stick to this convention and define the spectral intensity, in natural
units as

(1.33)

(1.34)

3

Ty s
I= 337 T (). (1.35)

The scattered spectral intensity Al will then be obtained by integrating
Eq. (1.33) along the line of sight with the result that

TB
Al = oZ5g(@)y,  g(x) = 2°L(x) (1.36)
s
where y is the Comptonization™ parameter, i.e.
T, T,
Yy = / —neUThdL = —O’ThDM. (1.37)
Me Me

In the second equality of Eq. (1.37), the so-called dispersion measurement
DM = [ nedL has been introduced.” The interesting exercise is now to take

MThe COBE-FIRAS data set a bound to the Comptonization parameter which reads,
to 95% confidence level, |y| < 1.2 x 1072,
nSometimes this quantity is also called column density of electrons.
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the scattered radiation field given by Eq. (1.37), divide it by the spectral
intensity in the absence of scattering (i.e. the spectral intensity of CMB
photons that did not cross during their trajectory the hot electrons of a
cluster) and evaluate the obtained expression in the limit z < 1 (which
does correspond to the Rayleigh-Jeans region of the spectrum). The result
of these simple manipulations is, therefore, the following:

T =Claw=-2(1+3)n
(1.38)
e —4)e” + (x +4)]
C(z) = ze 1)

where the second equality defining AI/T follows in the limit © < 1. Equa-
tion (1.38) shows also the anticipated physics of the SZ effect: while the to-
tal photon concentration remains unchanged, photons are transferred from
the Rayleigh-Jeans region to the Wien region, i.e. the final spectrum will
have a slight deficiency of low-energy photons and a slight excess of high-
energy photons.

The spectral change discussed so far had to do with the scattering of
photons by hot electrons. It can also happen that the cluster has a peculiar
velocity. In this case the modification of the spectral intensity will purely
be kinematical and it will be given by [53]:

T3
Al = ——Lh(z)v, DM, (1.39)
272

Fig. 1.4 The behaviour of g(z) and h(z) is illustrated.
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where v, is the peculiar velocity of the cluster and where h(z) = z%e*/(e®
—1)2. In Fig. 1.4 the 2-dependence of g(x) and h(x) is illustrated. Notice
the g(z) gives a fair approximation for the spectral distortion only if the
temperature of the electrons is sufficiently small. In practice this happens
for T, < 5 KeV. When T, > 5 keV the inclusion of relativistic corrections
is mandatory. Such an inclusion will also correct the cross-over frequency
since xg inherits relativistic corrections going as Te/me.

1.6 Cosmological parameters

In recent years, thanks to combined observations of CMB anisotropies
[35, 36], large scale structure [57, 58], supernovae of type Ia [59], big-bang
nucleosyntheis [60], some kind of paradigm for the evolution of the late time
(or even present) Universe emerged. It is normally called by practitioners
ACDM model or even, sometimes, “concordance model”. The terminology
of ACDM refers to the fact that, in this model, the dominant (present)
component of the energy density of the Universe is given by a cosmological
constant A and a fluid of cold dark matter particles. The cosmological con-
stant (or more generally the dark energy) interacts only gravitationally with
the other (known) particle species such as baryons, leptons, photons. In the
present section we are going to anticipate a portion of the notions which
will be discussed later in this book. The main purpose of this strategy is to
give some empirical evidence of some of the assumptions (or even conjec-
tures) that will be later on spelled out more clearly. In this perspective, for
the moment, the ACDM model is simply the Standard Cosmological Model
(which will be thoroughly introduced in chapter 2) completed by a (conven-
tional) inflationary extension. By convention, here we mean a model where
the only source of inhomogeneity is represented by scalar fluctuations of
the geometry and vanishing contribution of the tensors.

According to this paradigm, our understanding of the Universe can be
summarized in two sets of cosmological parameters: the first set of param-
eters refers to the homogeneous background, the second set of parameters
to the inhomogeneities. So, on top of the indetermination on the (present)
Hubble expansion rate, i.e. hg, there are various other parameters such as:

e the (present) dark energy density in critical units,® i.e. h3Qx0;

OInstead of giving the critical fraction of the total energy density alone, it is common
practice to multiply this figure by hg so that the final number will be independent of hg.
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the (present) cold dark matter (CDM in what follows) energy den-
sity, i.e. h3Qco;

the (present) baryon energy density, i.e. h3Quo;

the (present) photon energy density (already introduced) h2$2o;
the (present) neutrino energy density, i.e. hZ,0;

the optical depth at reionization (denoted by € but commonly
named 7 which denotes instead, in the present book, the conformal
time coordinate, see section 2);

the spectral index of the primordial (adiabatic) mode for the scalar
fluctuations ng;

the amplitude of the curvature perturbations As;

the bias parameter (related to large scale structure).

To this more or less standard set of parameters one can also add other
parameters reflecting a finer description of pre-decoupling physics:

the neutrinos are, strictly speaking, massive and their masses can
then constitute an additional set of parameters;

the dark energy may not be exactly a cosmological constant and,
therefore, the barotropic index of dark energy may be introduced
as the ratio between the pressure of dark energy and its energy
density (similar argument can entail also the introduction of the
sound speed of dark energy);

the spectral index may not be constant as a function of the wave-
number and this consideration implies a further parameter;

in the commonly considered inflationary scenarios there are not
only scalar (adiabatic) modes but also tensor modes and this evi-
dence suggests the addition of the relative amplitude and spectral
index of tensor perturbations,P i.e., respectively, r and nr.

Different parameters can be introduced in order to account for even more
daring departures from the standard cosmological lore. These parameters

include

the amplitude and spectral index of primordial non-adiabatic per-
turbations;

the amplitude and spectral index of the correlation between adia-
batic and non-adiabatic modes;

PThese two quantities will be specifically defined and computed in the case of conven-
tional inflationary models. The interested reader may already consult chapter 10 (see,
in particular, Eqgs. (10.82) and (10.84) and derivations therein).
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e a primordial magnetic field which is fully inhomogeneous and char-
acterized, again, by a given spectrum and an amplitude.

This list can be easily completed by other possible (and physically reason-
able) parameters. We just want to remark that the non-adiabatic modes
represent a whole set of physical parameters since, as it will be swiftly dis-
cussed, there are 4 non-adiabatic modes. Consequently, already a thorough
parametrization of the non-adiabatic sector will entail, in its most general
incarnation, 4 spectral indices, 4 spectral amplitudes and the mutual cor-
relations of each non-adiabatic mode with the adiabatic one. Having said
this, it is important to stress that this book will not deal with the prob-
lem of data analysis (or parameter extraction from the CMB data). The
purpose of the present script will be to use CMB as a guiding theme for
the formulation of a consistent cosmological framework which might be in
sight but which is certainly not fully understood.

It is useful to collect here some remarks on the values of the cosmological
parameters that have been determined by analyzing different sets of data.
This discussion has been partially approached in this chapter when we
discussed, very briefly, the historical development of CMB physics. Since
the theme reported in the present section might be a bit too specific, it
could be skipped in the first reading of this script.

The WMAP 3-year [39] data have been combined, so far, with vari-
ous sets of data. These data sets include the 2dF Galaxy Redshift Survey
[62], the combination of Boomerang and ACBAR data [63, 64], the com-
bination of CBI and VSA data [65, 66]. Furthermore the WMAP 3-year
data can be also combined with the Hubble Space Telescope Key Project
(HSTKP) data [67] as well as with the Sloan Digital Sky Survey (SDSS)
[68, 69] data. Finally, the WMAP 3-year data can be also usefully com-
bined with the weak lensing data [70, 71] and with the observations of type
Ta supernovaed(SNIa).

Each of the data sets mentioned in the previous paragraph can be an-
alyzed within different frameworks. The minimal ACDM model with no
cut-off in the primordial spectrum of the adiabatic mode and with vanish-
ing contribution of tensor modes is the simplest concordance framework.”
Diverse completions of this minimal model are possible: they include the
addition of the tensor modes, a sharp cut-off in the spectrum and so on and
so forth.

dIn particular the data of the Supernova Legacy Survey (SNLS) [72] and the so-called
Supernova “Gold Sample” (SNGS) [73, 74].

'The terminology used in the present section assumes the knowledge of the physics
which is actually the main theme of the present book.
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All these sets of data (combined with different theoretical models) lead
necessarily to slightly different determinations of the relevant cosmological
parameters. To have an idea of the range of variations of the parameters
the following examples are useful:

e the WMAP 3-year data alone [39] (in a ACDM framework) seem
to favour a slightly smaller value h3Qno = 0.127;

e if the WMAP 3-year data are combined with the “gold” sample of
SNIa [73] (see also [74]) the favoured value is h3Qpg is of the order
of 0.134; if the WMAP 3-year data are combined with all the data
sets h2yo = 0.1324.

e similarly, if the WMAP data alone are considered, the preferred
value of h%Qbo is 0.02229 while this value decreases to 0.02186 if
the WMAP data are combined with all the other data sets.

The aforementioned list of statements refers to the case of a pure ACDM
model. If, for instance, tensors are included, then the WMAP 3-year data
combined with CBI and VSA increase a bit the value of h%Qbo which be-
comes, in this case closer to 0.023.

In what follows a list of values will be presented. In all these tables
the slight differences in the various cosmological parameters will be self-
evident. Consider, to begin with, the case of the standard ACDM model
with no tensor. Let us see what this model gives if analyzed in the light of
the WMAP data alone. The results are:

ho = 0.73270-031 ns = 0.958 + 0.016, Ag=(23.5+1.3) x 10710,
h2Quo = 0.02229 +0.00073,  h2Qeo = 0.10547 50078

Q= 0.759 £+ 0.034, h2 = 0.127779:9989,
og = 0.761% 0%, 7 = 0.089 % 0.030.

(1.40)

In Eq. (1.40) the parameters 7 and os determine, respectively, the optical
depth of reionization® and the amplitude of matter fluctuations (determined
within linear theory) on a scale of 8k, "Mpec. The quantities related to the
only fluctuations of the geometry (which are the scalars, in the minimal
ACDM model) are ng (the scalar spectral index) and As (the scalar ampli-
tude). Both quantities must be defined at a given scale which is conven-
tionally chosen to be k, = 0.002 Mpc ™! and is called, in the jargon, pivot

SAt the level of notations we stress that, in the following part of the book, the letter 7
will denote the conformal time coordinate. Here, however, we prefer to use the standard
notations for the benefit of the reader.
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wave-number or simply pivot scale. Different choices for the pivot scale can
be adopted, especially when not only the adiabatic mode is present in the
game but also non-adiabatic modes (see chapter 8).

Suppose now to combine the WMAP data with all the available data
stemming, respectively, from other CMB experiments, from LSS observa-
tions, from supernovae and from lensing. The result, always in the frame-
work of the ACDM model, will be

ho = 0.70410015 ng=0.947+£0.015, Ay =(23.5+1.3) x 10717,
hZQo = 0.02186 + 0.00068,  hZQco = 0.110570 5939,
Qp =0.7324+0.018,  h2Qumo = 0.132475:0973,

o5 = 0.776%9L, 7 =0.073%9%.

(1.41)

Clearly there are slight differences in the determinations of some relevant
cosmological parameters. For instance, the indetermination in the Hubble
parameter, i.e. ho decreases (from Eq. (1.40) to Eq. (1.41)) by almost 3%.
Furthermore h3Qyo increases by 1%. The spectral index gets more red.*

If the WMAP data are combined with the data stemming from type
Ta supernovae (and, in particular, with the gold sample [73, 74]) the cos-
mological parameters are determined to be, always in the framework of a
ACDM model:

ho =0.701 £0.021,  ng=0.946+0.016, A = (24.4%% ) x 1071
h3Qo = 0.02230%09%% ., h2o = 0.134975-006 (1.42)
Qp =0.72440.026, 05 =0.784%0% 7 =0.079°33%,,

which means that the combination with the data of type Ia supernovae
implies a smaller value for hy and a slightly higher value for the rescaled
critical fraction of matter. This trend is confirmed, in a non-trivial fashion,
by combining the WMAP data with the supernova data stemming from
the Supernova Legacy Survey [72]. In this case the obtained cosmological
parameters are

ho = 0.724 + 0.023, ng = 0.95070015, As = (23.84+1.3) x 10710,

haQuo = 0.02234% 5%, haQao = 0.1293 4+ 0.0059, (1.43)
Q) = 07521002 53 =0.758 £0.041, 7 =0.085 % 0.030.

®In the jargon we talk about red spectra (if the spectral index is smaller than 1), blue
spectra (if the spectral index is larger than 1) and white (or scale-invariant spectra) if
ns = 1.
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Up to now the model used to compare the data with the observations has
been the simplest ACDM model. However, there are various other possibil-
ities. Take, for instance, the case where a non-vanishing tensor component
is allowed. This quantity will be denoted by r (see, in particular, chap-
ter 10 for a derivation). The quantity named r denotes the ratio between
the tensor and the scalar power spectrum produced in the framework of
the same cosmological model. If only the WMAP data are used for the
determination of the cosmological parameters we will have

ho = 0.787 £0.052,  ngs=0.984700%0 A, = (21.0733) x 1071,
R = 0.02233 £0.0010,  hZQmo = 0.1195% %05,

r=0.65, Q= 0.803 0.040,

og = 0.702+0.062, 7 =0.090 + 0.031.

(1.44)

It is clear from the reported figures that, when we allow for a tensor com-
ponent, the values of the rescaled critical fraction of matter decreases,
the cosmological constant increases and the Hubble parameter increases
sharply. Compare, indeed, Eqs. (1.40) and (1.44) which both refer to the
WMAP data alone but analyzed in the light of the two mentioned models,
namely the ACDM with no tensors and the ACDM with a tensor component
parametrized in terms of the tensor to scalar ratio."

This trend also depends upon which data sets are combined. For in-
stance, suppose now we take the ACDM model with tensors and analyze it
in the light of the WMAP data combined with the data of the Sloan Digital
Sky Survey [68, 69]. The result will be:

ho = 0.716 £0.026,  ng = 0.96470020 A, = (23.071%) x 1071,
h2Quo = 0.0228270-00080 20 = 0.1339%0%%,,

r=0.30,  Qa = 0.803 0.040,

og =0.781+£0.034, 7=0.0777352

(1.45)

showing values of hg and h%QMo and r which are substantially smaller than
those reported in Eq. (1.44).

This discussion could be extended for various pages and this might even
stimulate the interest of some readers for the so-called parameter estimation
strategies. This topic is beyond the scope of the present book. Furthermore,
the opinion of the author is that at the present stage, it seems really difficult
to decide which is the best and most predictive model just on the basis of

YAs with the scalar spectral amplitude, the tensor to scalar ratio is also normally
assigned at the pivot scale kp.
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parameter estimation strategies. Indeed, in the present discussion, just two
benchmark models have been quoted but there could be many others. Here
is an approximate list of possibilities:

ACDM alone with no tensors;

ACDM with tensors;

ACDM with a cut-off in the primordial scalar spectrum,;

ACDM assuming a quadratic inflaton potential with minimal in-

flationary duration (i.e. 60 e-folds);

open CDM model.

e wCDM (i.e. CDM plus dark energy parametrized by a constant
barotropic index);

e wCDM without perturbations induced by the dark energy;

e w CDM with perturbations induced by dark energy.

Notice that, in the above list, further possibilities can be obtained by com-
bining the different items of the list. For instance it is possible to consider
the case where we have wCDM in an open Universe, and so on and so forth.
Furthermore, the aforementioned list may become even longer: the choices
reported here are by no means exhaustive or fully comprehensive. While
we shall get back more precisely on the assumptions of the ACDM model,
it should be stressed that the only purpose of this discussion is to empha-
size that observations, especially in cosmology, are never independent of
the underlying model. Therefore, in this context, there are two possible
approaches. The first one is to focus on the minimal model. By minimal
model we mean the model with the fewer number of parameters which is
consistent with all the sets of data mentioned at the beginning of this sec-
tion. There is, however, a second approach. Namely the one of selecting
a pivot model which is not minimal but which is guided by physical con-
siderations. These two approaches are complementary but none of them
is decisive unless data of different quality (i.e. laboratory data) will soon
enlighten the observational situation.



Chapter 2

From CMB to the Standard
Cosmological Model

Various excellent publications treat the essential elements of the Standard
Cosmological Model (SCM in what follows) within different perspectives
(see, for instance, [75-78]). The purpose here will not be to present the
conceptual foundations SCM but to introduce its main assumptions and its
most relevant consequences with particular attention to those aspects and
technicalities that are germane to our theme, i.e. CMB physics.

There are a number of relatively ancient papers that can be usefully
consulted to dig out both the historical and conceptual foundations of the
SCM. In issue number 81 of the “Uspekhi Fizicheskikh Nauk”, on the oc-
casion of the seventy-fifth anniversary of the birth of A. A. Friedmann, a
number of rather interesting papers were published. Among them there is
a review article on the development of Friedmannian cosmology by Ya. B.
Zeldovich [79] and the inspiring paper of Lifshitz and Khalatnikov [80] on
the relativistic treatment of cosmological perturbations.

Reference [79] describes mainly Friedmann’s contributions [81]. Due at-
tention should also be paid to the work of G. Lemaitre [82-84] that was also
partially motivated by the debate with A. Eddington [85]. According to the
idea of Eddington the world evolved from an Einstein static Universe and so
developed “infinitely slowly from a primitive uniform distribution in unsta-
ble equilibrium” [85]. The point of view of Lemaitre was, in a sense, more
radical since he suggested, in 1931, that the expansion really did start with
the beginning of the entire Universe. Unlike the Universe of some modern
big-bang cosmologies, the description of Lemaitre did not evolve from a true
singularity but from a material pre-Universe, which Lemaitre liked to call
“primeval atom” [84]. The primeval atom was a unique atom whose atomic
weight was the total mass of the Universe. This highly unstable atom would
have experienced some type of fission and would have divided into smaller

29
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and smaller atoms by some kind of super-radioactive processes. The per-
spective of Lemaitre was that the early expansion of the Universe could be
a well defined object of study for natural sciences even in the absence of a
proper understanding of the initial singularity. The perspective spelled out
in the previous sentence is essentially the one also accepted in the modern
approach to cosmology and gravitation. In different words we can say that
cosmology can be studied even if the understanding of cosmological singu-
larities is far from being complete. This approach will be the one followed
throughout the present script. At the same time it is appropriate to warn
the reader that this might not be true. It could happen, for instance, that
the solutions to some of the present cosmological puzzles may require some
deeper understanding of the dynamics of cosmological singularities.
The discussion of the present chapter follows four main lines:

e firstly the SCM will be formulated in its essential elements;

e then the matter content of the present Universe will be introduced
as it emerges in the concordance model;

e the (probably cold) future of our own Universe will be swiftly dis-
cussed;

e finally the (hot) past of the Universe will be scrutinized in connec-
tion with the properties of the CMB.

Complementary discussions on the concept of distance in cosmology and
on the kinetic description of hot plasmas are collected, respectively, in Ap-
pendix A and in Appendix B. Indeed, various concepts (like the redshift,
the angular diameter distance, the luminosity distance) will be often quoted
throughout the chapter but are carefully introduced, in a unified perspec-
tive, in Appendix A. Similarly, when dealing with the concepts of thermal,
kinetic and chemical equilibrium the treatment presented in Appendix B
will be assumed.

2.1 The Standard Cosmological Model (SCM)

The Standard Cosmological Model (SCM) rests on the following three im-
portant assumptions :

o for typical length-scales larger than 50 Mpc the Universe is homo-
geneous and isotropic;

e the matter content of the Universe can be parametrized in terms
of perfect barotropic fluids;
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e the dynamical law connecting the evolution of the sources to the
evolution of the geometry is provided by General Relativity (GR).

In the present section the three assumptions listed above will be specifically
discussed one by one.

2.1.1 Homogeneity and isotropy

The assumption of homogeneity and isotropy implies that the geometry of
the Universe is invariant for spatial roto-translations. In four space-time
dimensions the metric tensor will have 10 independent components. Using
homogeneity and isotropy the independent components can be reduced from
10 to 4 (having taken into account the 3 spatial rotation and the 3 spatial
translations). The most general form of a line element which is invariant
under spatial rotations and spatial translations can then be written as:

ds® = e dt? — eMdr? — e (r2d0* 4 r? sin® 9dp?) + 2¢7 drdt. (2.1)
The freedom of choosing a gauge can the be exploited and the metric can

be reduced to its canonical Friedmann-Robertson-Walker (FRW) form?:
2

[y
where g, is the metric tensor of the FRW geometry and a(t) is the scale
factor. In the parametrization of Eq. (2.2), k = 0 corresponds to a spatially
flat Universe; if £ > 0 the Universe is spatially closed and, finally, £ < 0
corresponds to a spatially open Universe. The line element (2.2) is invariant
under the following transformation:

ds® = g,,drtdz” = dt* — a®(t) + 72 (d¥? 4 sin? 9dp?)|, (2.2)

R
r—r—=—,

To
a(t) — a(t) = a(t) ro, (2.3)
k—k=kr,

where rg is a dimensionfull constant. In the parametrization (2.3) the scale
factor is dimensionfull and k is 0, +1 or —1 depending on the spatial
curvature of the internal space. Throughout this book, the parametriza-
tion where the scale factor is dimensionless will be consistently employed.
In Eq. (2.2) the time ¢ is the cosmic time coordinate. Depending upon
the physical problem at hand, different time parametrizations can be also
adopted. A particularly useful one (especially in the study of cosmological

2The transition from Eq. (2.1) to Eq. (2.2) by successive gauge choices can be followed
in the book of Tolman [86].
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inhomogeneities) is the so-called conformal time parametrization. In the

conformal time coordinate 7 the line element of Eq. (2.2) can be written
as

2

ds? = g, datdz” = a (T){dT2 - L iTkTQ

The line element (2.2) describes a situation where the space-time is ho-

mogeneous and isotropic. It is possible to construct geometries that are

+42(dﬁ24-gn20d¢9)]}~(24)

homogeneous but not isotropic. The Bianchi geometries are, indeed, homo-
geneous but not isotropic. For instance, the Bianchi type-I metric can be
written, in Cartesian coordinates, as

ds® = dt* — a®(t)dz? — b (t)dy® — 2 (t)dz>. (2.5)

Equation (2.5) leads to a Ricci tensor that depends only on time and not
on the spatial coordinates. Another, less obvious, example is given by the
following line element:

ds? = dt* — a®(t)dz® — b (t)dy?® — c2(t)dz>. (2.6)

For o = —1 we get the Bianchi III line element while, for a« = —2 we
obtain the Bianchi VI_; line element [87]. In both cases the geometry
is homogeneous but not isotropic. This example shows that it is a bit
dangerous to infer the homogeneity properties of a given background only
by looking at the form of the line element. A more efficient strategy is to
scrutinize the properties of the curvature invariants.

2.1.2 Perfect barotropic fluids

The material content of the Universe is often described in terms of perfect
fluids (i.e. fluids that are not viscous) which are also barotropic (i.e. with
a definite relation between pressure and energy-density). An example of
(perfect) barotropic fluid has been already provided: the gas of photons
in thermal equilibrium introduced in chapter 1. The energy-momentum
tensor of a gas of photons can be indeed written as:

T, = (py + py)upu” 2T (2.7)
where
dat P v
ut = T Dy = éy, guutu” =1. (2.8)

Equations (2.7) and (2.8) are the first example of a radiation fluid. The
covariant conservation of the energy-momentum tensor can be written as

VTV =0, (2.9)
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where V,, denotes the covariant derivative with respect to the metric g,
of Eq. (2.2). Using the definition of covariant derivative, Eq. (2.9) can be
also written, in more explicit terms, as

Ty +Th, T —T0,T5 =0, (2.10)
where
« 1 «
Fp,y = 59 5(_8[39;”/ + 0vgpu + Ougup), (2.11)

are the Christoffel connections computed from the metric tensor? Juv- In
the FRW metric, Eq. (2.10) implies

Py +3H(py +py) =0, (2.12)
where the overdot denotes a derivation with respect to the cosmic time
coordinate ¢ and

a
H=- 2.1
: (213)

is the Hubble rate. The covariant conservation of the energy-momentum
tensor implies that the evolution is adiabatic, i.e. S =0, where S is the
entropy which, today, is effectively dominated by photons (i.e., today, S =
Sy). Recall, to begin with, that the fundamental thermodynamic identity
and the first law of thermodynamics, stipulate, respectively,©

E=TS5—pV + uN, (2.14)
d€ =TdS — pdV + pdN, (2.15)

where

€ is the internal energy of the system ;

T is the temperature;

S is the entropy;

N is the number of particles of the system;
1 is the chemical potential .

In the case of the photons the chemical potential is zero. The volume V
will be then given by a fiducial volume (for instance the Hubble volume)

bIn the first part of the present discussion we the cosmic time parametrization will be
consistently used. However, the conformal time parametrization can also be used and,
in this case, the form of the equations will be mathematically different but completely
equivalent from the physical point of view. This point will be addressed later in this
chapter.

¢See Appendix B for more details on the kinetic and chemical description of hot plasmas.
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rescaled through the third power of the scale factor. In analog terms one
can write the energy. In formulas:

3
V() = vo(ai) =V, (2.16)
0
Thus, using Eq. (2.16) into Eq. (2.15), we do get
ds a\?
T = Vo( L) by + 3800, 4] (2.17)
aop

Equation (2.17) shows that S = 0 provided the covariant conservation (i.e.
Eq. (2.12)) is enforced. Different physical fluids will also imply different
equations of state. Still, as long as the total fluid is not viscous, it is possible
to write, in general terms, the total energy-momentum tensor as

T, = (ps + pe)upu” — pedy,, (2.18)

where u,, is the peculiar velocity field of the (total) fluid still satisfying
guwutu” = 1. For instance (see Appendix B) non-relativistic matter (i.e.
bosons or fermions in equilibrium at a temperature that is far below the
threshold of pair production) leads naturally to an equation of state p = 0
(often called dusty equation of state). Another example could be a homo-
geneous scalar field whose potential vanishes exactly (see section 5). In this
case the equation of state is p = p (also called stiff equation of state, since,
in this case, the sound speed coincides with the speed of light?).

Viscous effects, when included, may spoil the homogeneity of the back-
ground. This is the case, for instance, of shear viscosity [75]. It is however
possible to include viscous effects that do not spoil the homogeneity of the
background. Two examples along this direction are the bulk viscosity ef-
fects (see [88] for the notion of bulk and shear viscosity), and the possible
transfer of energy (and momentum) between different fluids of the mixture.
For a single fluid, the total energy-momentum 7,7 tensor can then be split
into a perfect contribution, denoted in the following by T}7, and into an
imperfect contribution, denoted by AT}, i.e.

T) =TY + ATY, (2.19)

In general coordinates, and within our set of conventions, the contribution
of bulk viscous stresses can be written, in turn, as [75]

ATY = f(&Z - uuu”) Vau®, (2.20)

dThe idea that, at early times, the Universe could be dominated by a stiff fluid is
originally due to Zeldovich [89] (see also [90]).



From CMB to the Standard Cosmological Model 35

where £ represents the bulk viscosity coefficient [75]. The presence of bulk
viscosity can also be interpreted, at the level of the background, as an ef-
fective redefinition of the pressure (or, more correctly, of the enthalpy).
This discussion follows the spirit of the Eckart approach [91-93]. It must
be mentioned that this approach is phenomenological in the sense that
the bulk viscosity is not modelled on the basis of a suitable microscopic
theory. For caveats concerning the Eckart approach see [94, 95] (see also
[96] and references therein). The Eckart approach, however, fits with the
phenomenological inclusion of a fluid decay rate that has been also consid-
ered recently for related applications to cosmological perturbation theory
[97, 98] (see also chapter 12). It is interesting to mention that bulk viscous
effects have been used in the past in order to provide an early completion
of the SCM [99-101]. According to Eq. (2.20), bulk viscosity modifies the
pressure so that the spatial components of the energy-momentum tensor
can be written as

T =P/, P=p-3HC (2.21)

The bulk viscosity coeflicient £ may depend on the energy density and it
can be parametrized as £(p) = (p/p1)” where different values of v will
give rise to different cosmological solutions [101]. This parametrization
allows for various kinds of unstable quasi-de Sitter solutions [100, 99, 101].
Notice that, according to the parametrization of Eq. (2.21), the covariant
conservation of the energy-momentum tensor implies that

p+3H(p+p) = 9H(p). (2.22)

So far it has been assumed that the energy and momentum exchanges be-
tween the different fluids of the plasma are negligible. However, there are
situations (rather relevant for CMB physics) where the coupling between
different fluids cannot be neglected. An example is the tight-coupling be-
tween photons and the lepton-baryon fluid which fits well before hydrogen
recombination (see chapters 8 and 9). There are also situations in the early
Universe, where it is mandatory to consider the decay of a given species
into another species. For instance, massive particles decaying into massless
particles. Consider, for this purpose, the situation where the plasma is a
mixture of two species whose associated energy-momentum tensors can be
written as

T3 = (pa + pa)ubuy — pag"”,
7" = (pv + pv)ubu, — prgh”. (2.23)
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If the fluids are decaying one into the other (for instance the a-fluid decays
into the b-fluid), the covariant conservation equation only applies to the
global relativistic plasma, while the energy-momentum tensors of the single
species are not covariantly conserved and their specific form accounts for
the transfer of energy between the a-fluid and the b-fluid:

VT = =I'g"%ua(pa + pa);

. (2.24)
V#Tkl: = Fguaua(pa + pa)a

where the term T' is the decay rate that can be both space- and time-
dependent; in Eqgs. (2.24) u, represents the (total) peculiar velocity field.
Owing to the form of Egs.(2.24), it is clear that the total energy-momentum
tensor of the two fluids, i.e. Ty = T + T}" is indeed covariantly con-
served. Equations (2.24) can be easily generalized to the description of
more complicated dynamical frameworks, where the relativistic mixture is
characterized by more than two fluids. Consider the situation where the
a-fluid decays as a — b + ¢. Then, if a fraction f of the a-fluid decays
into the b-fluid and a fraction (1 — f) into the c-fluid, Eqgs. (2.24) can be
generalized as

Vi T} = =I'g"* ua(pa + pa);

VT = [T g ua(pa + pa), (2.25)

VI = (1= f)I' g ua(pa + pa);
and so on. In the case of a FRW metric, Eq. (2.24) can be written in
explicit terms as:

pa+3H (pa + pa) + T(pa +pa) =0 (226)

pb+3H (pp + pv) — T(pa + pa) = 0. (2.27)
If the a-fluid is identified with dusty matter and the b-fluid with radiation
we will have

fm + (3H +T)pm = 0,

— (2.28)
Py +4Hpy, —Tpy = 0.

Note that T is the homogeneous part of the decay rate. To first-order,
the decay rate may be spatially inhomogeneous and this entails various
interesting consequences which will be only marginally discussed in this
book (see, however, [97, 98] and the discussion of chapter 12). It is relevant
to stress that, owing to the form of the FRW metric, the homogeneous decay
rate entails only exchange of energy between the fluids of the mixture. To
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first-order, the peculiar velocity fields will also be affected and the exchange
of momentum is explicit.

We shall get back on the possibility of having interacting fluids in the
early stages of the life of the Universe. Indeed, in chapter 12 interacting flu-
ids will be studied in connection with the evolution of entropy perturbations
for typical wavelengths larger than the Hubble radius.

2.1.3 General Relativity

The moment has come to discuss General Relativity as the guiding dynam-
ical principle connecting the evolution of the geometry with the evolution
of the matter sources. It would be rather difficult to introduce General Rel-
ativity in one single section and specialized books can be consulted (see, for
instance, [102, 103] for two classic introductions). Here just a few impor-
tant concepts will be recapitulated using, as guiding line of the discussion,
the derivation of the Einstein equations from the Einstein-Hilbert action.
This discussion will allow to review various technical aspects which will
be used later on and which should already be rather familiar from more
dedicated treatments of gravitation in its relativistic regime.

Let us therefore start from the total action of gravity supplemented by
the action of the matter sources which will be written as

S = Sgu + Sm, (2.29)

where

SpH = — o G/d4m\/_R (2.30)
is the Einstein-Hilbert action; Sy, is the generic action for the matter
sources; G is the Newton constant. In Eq. (2.30) R = ¢"”R,,, is the
Ricci scalar and g denotes the determinant of the metric. The functional
variation of Sgy implies:

0SmH = — o= G/d4 [ V=9)R+V=gR,,69"" ++/—gg"’ 6R,., | . (2.31)

To evaluate the variation of \/—g, we observe that g can be written as
g =-exp[Irlng,,] (where Tr denotes the trace). Consequently

6g = g6(Tring,.,) = 99" 69 (2.32)
Using Eq. (2.32) it is easy to show that
1 1 1
5o/ — _ 50 = ~/=00" 60 = — ~/—0Gun " . 2.33
Vv 2509 = 2V 99" 00 5V = 99ur09 (2.33)
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The last equality in Eq. (2.33) arises from the simple observation that
9apg®® = 4 which also implies that ¢*?6gas = —gasdg®?. Using the result
of Eq. (2.33) into Eq. (2.31) the functional variation of the Einstein-Hilbert
action can be recast in the following form:

_L 4 — _l 7% Epepn 117
e dx[\/ g<RW 2gWR>5g +v—99""0R,.|. (2.34)

The last term appearing at the right hand side of Eq. (2.34) can be written
in a different way. Recall, indeed, that, from the definition of Riemann
tensor

0SEH =

le% _ @ @ I6] [e% I6] oY
R ., =0T, -0, + 1,15, — T, IG5 (2.35)
the Ricci tensor can be obtained by contraction of the first and third indices,
ie.

_ pa _ o o a 1B B o
Ry = R* 0, = 0a1, — 0,T%, + T¢I T8 19,. (2.36)

From Eq. (2.36), the variation of R,, appearing in the last term of Eq.
(2.34) can be written in terms of the variations of the Christoffel conections:

Ry = 0a6T, — 0,012,
+0T5, T 5 + 0,070

—or8 G — rfa(srgu. (2.37)

Notice now that, by definition of covariant derivative, the following two
equalities hold

Vbl = 0,008, + T2, , — 6T, T, — T0,60) (2.38)

V008, = 0,01%, + To6Th, — 65,00 — 0T,y (2.39)

By now taking the difference of Egs. (2.38) and (2.39) and by comparing the
obtained result with Eq. (2.37) we get to the following important identity

SRy = Va0l — V,6T2, (2.40)

which is often called Palatini identity. Since general relativity is a metric
theory of gravity we will have that the covariant derivative of the metric
tensor vanishes. Therefore, using Eq. (2.40) the last term appearing at the
right hand side of Eq. (2.34) can be expressed as

V=99"" R, = /—=gVal(g"ol'y,) — V=9V, (g"Tg,). (2.41)
From the definition of covariant derivative of a generic four-dimensional
vector V' it can be easily obtained

1

VoV =0,V +T9,VP = ——0,(vV—gV?). 2.42
B8 \/_—g ( g ) ( )
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The second equality follows from the definition of the Christoffel connec-
tions introduced in Eq. (2.11) by noticing that:

o 1 (03
s = 59705970 = Os(Inv—g). (2.43)
Using Eq. (2.42), Eq. (2.41) can be further modified with the result that

/d4x\/—gg“”5RW = /d4m8a(\/—gvo‘), (2.44)

where the vector V¢ is now defined as:
Ve = [g"oTs, — v oL ). (2.45)
In Egs. (2.44) and (2.45) the freedom of renaming the summation indices

has been used. Now the integral of Eq. (2.44) is performed over a four-
dimensional volume ). Thus, by Gauss theorem,

/ d* 20 (vV/—gV®) = / AL o/ —gV*® (2.46)
Q ()

where dX, is the infinitesimal element of a three-dimensional hypersurface.
But this last integral is zero since, to obtain the field equations, the variation
of the action is performed in such a way that 6I" vanishes on ().

We can then go back to Eq. (2.29) and write the variation of the full
action as

08 = 6SEH + 0Sm. (2.47)
Using Eq. (2.34) and dropping the surface term we therefore obtain:

1 1
R Tve /d4m\/—g {(RW - §gm,R) - 87TGTW] ogh”, (2.48)

where it has been used that, by definition of canonical energy-momentum

0S =

tensor,
1
8Sm = 5 / d*a/=gT 09" . (2.49)
Finally, from Eq. (2.48) the Einstein equations are obtained to be
1% 1 v 1%
R, — §5MR = 8nGT),. (2.50)

The covariant derivative of the left-hand side gives zero and this is consistent
with the covariant conservation of the total energy-momentum tensor of
the sources. At the level of notations it is appropriate to remark that the
standard introduction of a cosmological term A in the action (2.30) implies

_ 1 4
SEH = 6:C /d x/—g(R + 2A). (2.51)
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By repeating the same steps outlined above the modified Einstein equations
will read

14 1 v v v
Ry, — 281k = 87GT}, + A5, (2.52)

In this script the cosmological constant will not be viewed as a further
term in the gravity action but rather as a further term in the matter part
of the action. A specific comment on this perspective will be discussed in
the following section. It is often practical to use a unified convention for
the right hand side of Einstein equations. Therefore, the so-called Einstein
tensor will be defined as

1% 1% 1 14
g,=R, - §5uR' (2.53)
According to this notation Eq. (2.52) can be simply written as
g, =8rGT). (2.54)

Since V, T} = 0, it must also happen that V,G# = 0. The validity of the
latter relation follows by contraction of the so-called Bianchi identity [102].

2.2 Friedmann-Lemaitre equations

The three main assumptions of the SCM enter directly the derivation of the
so-called Friedmann-Lemaitre equations which are nothing but the Einstein
equations (2.50) supplemented by the covariant conservation of the total
energy-momentum tensor of Eq. (2.18) and written in a FRW metric (see
Eq. (2.2)). The steps of the derivation of the Friedmann-Lemaitre equations
are very simple:

e take the FRW metric of Eq. (2.2) and compute, according to
Eq. (2.11) the Christoffel connections;

e from the Christoffel connections the components of the Ricci tensor
can be obtained from Eq. (2.36); the contraction of the Ricci tensor
leads to the Ricci scalar;

o the explicit expressions for the components of R, and R can be
inserted into Eq. (2.50) and the explicit form of Einstein equations
is obtained once the total energy-momentum tensor is taken, for
instance, in the form of Eq. (2.18).
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By following this procedure the components of the Ricci tensor and the
Ricci scalar are:

RS = —3(H? + H),
) . o2 )
Rl =— <H +3H? + E) 5, (2.55)

R:—6<H+2H2+£2>,
a

where H has been defined in Eq. (2.13) and the over-dot denotes, as usual,
a derivation with respect to the cosmic time coordinate t.

Equation (2.50) can then be written in explicit terms by specifying the
total energy-momentum tensor which will be taken to be the one of a perfect
fluid (see Eq. (2.18)). Using Eq. (2.55) into Eq. (2.50), the Friedmann-
Lemaitre equations (often quoted as FL equations in what follows) are:

81G k

2

H? = 2 p - (2.56)
. k

H = —47G(pt + pt) + ek (2.57)

pt+ 3H(py + p) = 0. (2.58)

While Eq. (2.56) follows from the (00) component of Eq. (2.50), Eq. (2.57)
is a linear combination of the the (ij) and (00) components of Eq. (2.50).
Eq. (2.58) follows, as already discussed, from the covariant conservation of
the total energy-momentum tensor of the sources. Equations (2.56), (2.57)
and (2.58) are not all independent once the equation of state is specified.
Sometimes a cosmological term is directly introduced in Eq. (2.50). The
addition of a cosmological term entails the presence of a term Ad;, at the
right hand side of Eq. (2.50) (see Eq. (2.52)). In the light of forthcoming
applications, it is preferable to think about the A term as to a component
of the total energy-momentum tensor of the Universe. Such a component
will contribute to py and to py with

PA = —paA- (2.59)
If the evolution of the SCM takes place for positive cosmic times (i.e. ¢ > 0):

e the Universe expands when a > 0;

e the Universe contracts when a < 0.

e the Universe is said to be accelerating if @ > 0;
e the Universe is said to be decelerating if @ < 0.
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In the SCM the evolution of the Universe can be parametrized as a(t) ~ t*
where 0 < o < 1 and ¢ > 0. The power a changes depending upon the
different stages of the evolution. As a complementary remark it is useful to
mention that, recently, cosmological models inspired by string theory try
also to give a meaning to the evolution of the Universe when the cosmic
time coordinate is negative, i.e. t < 0. What sets the origin of the time co-
ordinate is, in this context, the presence of a curvature singularity that can
be eventually resolved into a stage of maximal curvature [104-106] (see also
[107-109] and references therein for some recent progress on the evolution
of the fluctuations in a regularized pre-big bang background with T-duality
invariant dilaton potential). In pre-big bang models it is important to ex-
tend the cosmic time coordinate also for negative values so, for instance
parametrizations as a(t) ~ (—t)~7 are meaningful. Classically there are a
number of reasonable conditions to be required on the components of the
energy-momentum tensor of a perfect relativistic fluid. These conditions go
under the name of energy conditions and play an important role in the con-
text of the singularity theorems that can be proved in General Relativity
[110, 111]. Some of these energy conditions may be violated once the com-
ponents of the energy-momentum tensor are regarded as the expectation
value of the energy density and of the pressure of a quantum field [112].
The main energy conditions are here listed:

e the weak energy condition (WEC) stipulates that the energy den-
sity is positive semi-definite, i.e. py > 0;

e the dominant energy condition (DOC) implies, instead, that the
enthalpy of the fluid is positive semi-definite, i.e. py + py > 0;

e the strong energy condition (SEC) demands that p¢ + 3py > 0.

According to the Hawking-Penrose theorems [110, 111], if the energy con-
ditions are enforced the geometry will develop, in the far past, a singularity
where the curvature invariants (ie. R2, R, R™, RuuapRM’*P) will all
diverge. If some of the energy conditions are not enforced, the geome-
try may still be singular if the causal geodesics (i.e. null or time-like) are
past-incomplete, i.e. if they diverge at a finite value of the affine parame-
ter. A typical example of this phenomenon is the expanding branch of de
Sitter space which will be later scrutinized in the context of inflationary
cosmology.

The enforcement of the energy conditions (or their consistent violation)
implies interesting consequences at the level of the FL equations. For in-
stance, if the DOC is enforced, Eq. (2.57) demands that H < 0 when the
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Universe is spatially flat (i.e. £ = 0). This means that, in such a case the
Hubble parameter is always decreasing for ¢ > 0. If the SEC is enforced
the Universe always decelerates in spite of the value of the spatial curva-
ture. Consider, indeed, the sum of Eqgs. (2.56) and (2.57) and recall that
i = (H? + H)a. The result of this manipulation will be®

a 4G
= (p + 2.
0 3 (Pt 3pt)a ( 60)

showing that, as long as the SEC is enforced & < 0. This conclusion can be
intuitively understood since, under normal conditions, gravity is an attrac-
tive force: two bodies slow down as they move apart. The second interest-
ing aspect of Eq. (2.60) is that the spatial curvature drops out completely.
Again this aspect suggest that inhomogeneities cannot make gravity re-
pulsive. Such a conclusion can be generalized to the situation where the
FL equations are written without assuming the homogeneity of the back-
ground geometry (see chapter 5 for the first rudiments on this approach).
A radiation-dominated fluid (or a matter-dominated fluid) respect both
the SEC and the DOC. Hence, in spite of the presence of inhomogeneities,
the Universe will always expand (for ¢ > 0), it will always decelerate (i.e.
i < 0) and the Hubble parameter will always decrease (i.e. H < 0). To
have an accelerated Universe the SEC must be violated. By parametrizing
the equation of state of the fluid as py = wypy the SEC will be violated
provided wy < —1/3.

Introducing the critical density and the critical parameter at a given
cosmic time ¢

3H? Pt
crit = ) Q= — 2.61
Perit 81G ‘ Pcrit ( )
already mentioned in section 1, Eq. (2.56) can be written as
0 k
t =14+ Yk (2.62)

The critical parameter is is nothing but the total energy density of the
Universe expressed in critical units. Equation (2.62) has the following three
direct consequences:

o if k =0 (spatially flat Universe), Qy =1 (i.e. pt = perit);
e if k < 0 (spatially open Universe), Q; < 1 (i.e. py < perit);
e if k > 0 (spatially closed Universe), Q¢ > 1 (i.e. py > Perit)-

®In section 5 we will see how to generalize this result to the case when the spatial
gradients are consistently included in the treatment.
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Always at the level of the terminology, the deceleration parameter is cus-
tomarily introduced:

i

t) = ——. 2.63
a(t) = -~ (263)
Notice the minus sign in the convention of Eq. (2.63):

e if ¢ < 0 the Universe accelerates;
e if ¢ > 0 the Universe decelerates.

In different applications, it is important to write, solve and discuss the ana-
log of Egs. (2.56), (2.57) and (2.58) in the conformal time parametrization
already introduced in Eq. (2.4). From Eq. (2.55)

3
0
RO - _ﬁH/,
. 1 .
Rg:-7ﬁ<Hﬁ+2H2+2k>ﬂ, (2.64)
6 / 2
R=——=|H +H +k).
a

Using Eq. (2.64) in Eq. (2.50) the conformal time counterpart of
Egs. (2.56), (2.57) and (2.58) become, respectively,

H? = ?cﬁpt -k, (2.65)
H? — H' = 4rGa®(py + pi) — k, (2.66)
py + 3H(pe + pt) =0, (2.67)

where the prime denotes a derivation with respect to the conformal time
coordinate 7 and H = a’/a. Note that Egs. (2.65), (2.66) and (2.67) can
be swiftly obtained from Eqgs. (2.56), (2.57) and (2.58) by bearing in mind
the following (simple) dictionnary:
H . 1 9
H==, H=—(H - H*). (2.68)

a a

2.3 Matter content of the SCM

According to the present observational understanding, our own Universe
is, to a good approximation, spatially flat. Furthermore, the total energy
density receives contribution from three (physically different) components:

Py = pum + PR + pA- (2.69)
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Using the definition of the critical density parameter, a critical fraction is
customarily introduced for every fluid of the mixture, i.e.

Oy = O + Qr + Qa. (270)

In Eq. (2.69), pm parametrizes the contribution of non-relativistic species
which are today stable and, in particular,

PMO = Pco + Pbos (2.71)

ie. pmo (the present matter density) receives contribution from a cold
dark matter component (CDM) and from a baryonic component.! Both
components have the equation of state of non-relativistic matter, i.e. p. =0
and pp = 0 and the covariant conservation of each species (see Egs. (2.9)
and (2.10)) implies

Py +3Hpy, =0, pe+3Hp:. = 0. (2.72)

The term cold dark matter simply means that this component is non-
relativistic and it is dark, i.e. it does not emit light and it does not absorb
light. CDM particles are inhomogeneously distributed. Dark matter may
also be hot. However, in this case it is more difficult to form structures
because of the higher velocities of the particles. The present abundance
of non-relativistic matter can be appreciated by the following illustrative
values:

h2Qwmo = 0.134, h2Qeo = 0.111, h2 Qo = 0.023. (2.73)

Notice that, in Eq. (2.73) the abundances are independent on the indeter-
mination of the Hubble parameter hg. For numerical estimates hg will be
taken between 0.7 and 0.73. A more complete (but still not comprehensive)
discussion on the values of the cosmological parameters can be found at the
end of chapter 1 (see section 1.6).

For CDM the main observational evidence come from the rotation curves
of spiral galaxies, from the mass to light ratio in clusters and from CMB
physics. For baryonic matter an indirect evidence stems from big-bang nu-
cleosynthesis (BBN) (see [113] for a self-contained introduction to BBN).
Indeed for temperatures smaller than 1 MeV weak interactions fall out of
thermal equilibrium and the neutron to proton ratio decreases via free neu-
tron decay. A bit later the abundances of the light nuclear elements (i.e.
4He, 3He, "Li and D) start being formed. While the discussion of BBN

fThe subscript 0, when not otherwise stated, denotes the present value of the corre-
sponding quantity.
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is rather interesting in its own right (see Appendix B for some further de-
tails), it suffices to note here that, within the SCM, the homogeneous BBN
only depends in principle upon two parameters: one is the temperature
of the plasma (or, equivalently, the expansion rate) and the other is the
ratio between the concentration of baryons and the concentration of pho-
tons. Recalling the expression for the concentration of CMB photons (see
Eq. (1.25)), and recalling that pp, = myn, we have

2
Mo = Z—‘;z = 6.27 x 10—10(%) (2.74)
having taken the typical baryon mass of the order of the proton mass.

On top of the dark matter component, the present Universe seems to
contain also another dark component which is, however, much more homo-
geneously distributed than dark matter. It is therefore named dark energy
and satisfies an equation of state with barotropic index smaller than —1/3.
In particular, a viable and current model of dark energy is the one of a
simple cosmological term® with

h2Qno = 0.357. (2.75)
Notice that for a fiducial value of hg ~ 0.7
Qnmo = 0.27, Qeo ~ 0.22, Qo ~ 0.046, Qa0 = 0.73.  (2.76)

Finally, in the present Universe, as discussed in chapter 1 there is also
radiation. Using the same notation employed in Eq. (2.73) we have:

hgQro = hiQy0 + hg Qo + hgQwo, (2.77)

where 2,9 denotes the contribution of neutrinos and zwo the contribution
of relic gravitons. The numerical values of the quantities introduced in Eq.
(2.77) are given by:

h3Q,0 = 2.47 x 1077, h2Q,0 = 1.68 x 1077, h3Qgwo < 10711

(2.78)
The contribution of relic gravitons is, today, smaller than 10~!!. This
bound stems from the analysis of the integrated Sachs-Wolfe contribution
which will be discussed later in this book (see chapters 6 and 7). If neutrinos
have masses smaller than the meV they are today non-relativistic and, in
principle, should not be counted as radiation. However, since the tempera-
ture of CMB was, in the past, much larger (as it will be discussed below),
they will be effectively relativistic at the moment when matter decouples

g A particularly comprehensive review on the role of dark energy can be found in [114].
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from radiation. To be more precise, we can say that current oscillation data
require at least one neutrino eigenstate to have a mass exceeding 0.05 eV.
In this minimal case h3Q,0 ~ 5 x 1074 so that the neutrino contribution to
the matter budget will be negligibly small. However, a nearly degenerate
pattern of mass eigenstates could allow larger densities, since oscillation
experiments only measure differences in the values of the squared masses.

2.4 The future of the Universe

From the analysis of the luminosity distance (versus the redshift) it appears
that type-la supernovae are dimmer than expected and this suggests that
at high redshifts (i.e. z > 1) the Universe is effectively accelerating [59].
The redshift z is defined (see Appendix A for further details) as

1+42z= % (2.79)
where ag is the present value of the scale factor and a denotes a generic
stage of expansion preceding the present epoch (i.e. a < ag). The concept of
redshift (see Appendix A) is related to the observation that, in an expanding
Universe, the spectral lines of emitted radiation become more red (i.e. they
redshift, they become longer) than in the case when the Universe does not
expand. Given the matter content of the present Universe, its destiny can
be guessed by using the FL equations and by integrating them forward in
time. From Eq. (2.56), with simple algebra, it is possible to obtain the
following equation:

d Q Q
== \/ﬂ + Qpoa? + Qp + %, (2.80)
dx « «
where the rescaled variables have been defined:
a k
« a0 ’ x oY, k G%HOQ ’ ( )

and the quantity with subscripts 0 always refer to the present time." To
derive Eq. (2.80) it must also be borne in mind that a first integration of
the covariant conservation equations leads to the following relations:

4 3
a 4
PR = PRO <;O) ; PM = PMO (f) ; PA = PAO- (2.82)

hNotice that k and ;. have opposite sign. While it is useful to define 0, as a critical

fraction, it may also engender unwanted confusion which is related to the fact that,
physically, the spatial curvature is not a further form of matter. With these caveats the
use of )y is rather practical.
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From Eq. (2.80), different possibilities exist for the future dynamics of the
Universe. These possibilities depend on the relative weight of the various
physical components of the present Universe. In the case Q9 Eq. (2.80)
reduces to

Vada
VMo + Qra

From Eq. (2.83) the following conclusions can be easily drawn:

= Ho(t — to). (2.83)

o if Q) = 0, a(t) expands forever with a(t) ~ t%/3 (decelerated ex-
pansion);

e if Q) < 0 (closed Universe) the Universe will collapse in the future
for a critical value acon =~ o/ |Qkl;

o if Q) > 0 (open Universe) the geometry will expand forever in a
decelerated way.

Notice that, in Eq. (2.83) the role of radiation has been neglected since
radiation is subleading today and it will be even more subleading in the
future since it decreases faster than matter and faster than the dark energy.
If Qap # 0 and Q2 = 0 Eq. (2.80) can be solved in explicit terms with
the result that
2/3

a Qo 1/3 . 3
— = | = sinh —\/QAQH()(t—tQ) . (284)
ao Qo 2

This solution interpolates between a matter-dominated Universe expanding
in a decelerated way as t>/3 and an exponentially expanding Universe which

is also accelerating. To get to Eq. (2.84), Eq. (2.80) can be written as

/ _Vade o . (2.85)
Y1+ e’

By introducing the auxiliary variable
Q
a3/2,/9—$ =, (2.86)

g‘/QAO Ho (t — to). (2.87)

we obtain

| -
N

Finally, by introducing a second auxiliary variable y = sinh 3 the integral
can be readily solved and Eq. (2.84) reproduced. While the discussion
for Qf # 0, Qa0 # 0 and Qypg # 0 is more complicated and will not be
treated here, it is also clear that given the matter content of the present
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Universe, it is reasonable to expect in the future, the Universe will accel-
erate while the role of non relativistic matter (and of radiation) will be
progressively negligible.

There are a number of ways in which the kinematical features of the
present Universe can be observationally accessible. The main tool is rep-
resented by the various distance concepts used by astronomers. The three
useful distance measures that could be mentioned are (see Appendix A for
further details on the derivation of the explicit expressions):

e the distance measure (denoted with 7¢(z) in Appendix A and often
denoted with Dy(z) in the literature);

e the angular diameter distance D (2);

e the luminosity distance.

These three distances are all functions of the redshift z and of the (present)
critical fractions of matter, dark energy, radiation and curvature, i.e. re-
spectively, Qno, Qa0, Qro and Q. In practice, the dependence upon Qgrg
can be dropped and it becomes relevant for very large redshift, i.e. z ~ 10.
The three distances introduced in the aforementioned list of items are
integrated quantities in the sense that they depend upon the integral of
the inverse of the Hubble parameter from 0 to the generic redshift z (see
Appendix A for a derivation). The angular diameter distance and the
luminosity distance are related to r.(z) as:
agre(2)
Dalz) = 142
where ag is the present value of the scale factor that could be conventionally

» Du(z) = aore(2)(1 + 2), (2.88)

normalized to 1. The distance measure has been denoted by r. since it
represents the coordinate distance (defined in the FRW line element) once
the origin of the coordinate system is placed in the Milky way. The angular
diameter distance gives us the possibility of determining the distance of an
object by measuring its angular size in the sky. Of course to conduct a
measurement successfully we must have a set of standard rulers, i.e. a set
of objects that have, at different redshifts, the same size.

The luminosity distance gives us the possibility of determining the dis-
tance of an object from its apparent luminosity. Of course, as in the case of
the angular diameter distance, to complete the measurement successfully
we would need a set of standard candles, i.e. a set of object with the same
absolute luminosity.

In Figs. 2.1, 2.2 and 2.3 the three concepts of distance introduced above
are illustrated. In Fig. 2.1 the distance measure is illustrated in the case
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of three models. The lowest (dashed) curve holds in the case of a flat
Universe with Qg = 1. The intermediate (dot-dashed) curve holds in the
case of a flat Universe with Qg = 1/3 and Qa9 = 2/3. Finally the upper
curve (full line) holds in the case of an open Universe dominated by the
spatial curvature (i.e. Qno = Qa0 = 0 and Qi = 1). The angular diameter
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Fig. 2.1 The distance measure as a function of the redshift for three different models
of the Universe.

distance is reported in Fig. 2.2 for the same sample of models described
by Fig. 2.1. For large redshift, the angular diameter distance may well be
decreasing, for some models. This means that the object that is further
away may appear larger in the sky. Finally, in Fig. 2.3 the luminosity
distance is illustrated.

Let us now briefly address the issue of the comparison of the theoretical
curves illustrated in Figs. 2.1, 2.2 and 2.3 with the observational data. In
Fig. 2.4 the base 10 logarithm of the luminosity distance is reported for a
collection of 194 supernovae [115, 116]. This is a subset of 253 supernovae
obtained by imposing the constraint that z > 0.01 (which reduces the
effect of peculiar velocities) and that extinction effects are not present. So,
the data reported in Fig. 2.4 should be compared with the logarithm to
base 10 of the curves reported in Fig. 2.3. In doing so there is a caveat
to mention. Astronomers measure, as we mentioned, luminosity distances.



From CMB to the Standard Cosmological Model 51

0.5

0.45| .
0.4 7 LT T ~
Iy e
X ]

0.35 o Treeigl |

./.,.’. -
S 0.3F "‘.--.._.... g7

< o’ Seag,
n  025- G B "teas s
. LY

=] 4 b P
I 0.2+ By
0.15F ]
oabfl == flat, Q=1 ]

— = =
open, QMO Q/\o 0

0.05 - = = 7

flat, QMO 1/3, Q/\O 2/3

0 L L L L L L L L L
0 05 1 15 2 25 3 35 4 45 5

Fig. 2.2 The angular diameter distance as a function of the redshift for the same sample
of models discussed in Fig. 2.1.

Therefore there is the need fixing the absolute normalization of the absolute
magnitude. In practice this means that if we take blindly the logarithm of
the curves appearing in Fig. 2.3 we would get a curve that can certainly
be compared to observational data but up to an overall constant. To fix
this constant there are, in principle, two different strategies. The first one
is to treat the constant as an additional parameter in the fit. The second
strategy (which is the one suggested, for instance, in Ref. [117]) is to choose
the overall constant by fixing it, once forever, to the best fit value for the
zero point magnitude offset. Sometimes the luminosity distance appearing
in Figs. 2.3 and 2.4 (i.e. HoDy(z)) is also called, in the jargon, Hubble-free
luminosity distance to distinguish it from Dy (z).

2.5 The past of the Universe

Even if today Qo < Qwmo, in the past history of the Universe radiation
was presumably the dominant component. By going back in time, the
dark-energy does not increase (or it increases very slowly) while radiation
increases faster than the non-relativistic matter. In Fig. 2.5 the evolutions
of the critical fractions of matter, radiation and dark energy are reported as-
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Fig. 2.3 The luminosity distance as a function of the redshift for the same sample of
models discussed in Figs. 2.1 and 2.2.

suming, as present values of the illustrated quantities, the numerical values
introduced in the present section (see, for instance, Eq. (2.73)). Recalling
the evolution of the radiation and matter energy densities, radiation and
matter were equally abundant at a redshift

aop h(ZJQMO

14 2eqg = —
ed Qeq h(%QRO

(2.89)

B h2 o
= 3228.91( 0134 )

In other words:

o for z > zeq (i.e. @ < aeq) the Universe is effectively dominated by
radiation;

o for z < zeq (i.e. @ > aeq) the Universe is effectively dominated by
non-relativistic matter until the moment dark-energy starts being
dominant.

Around the equality time, various important phenomena take place in the
life of the Universe and they are directly related to CMB physics. For this
reason it is practical to solve the FL equations across the transition between
radiation and matter. Assuming that the only matter content is given
by dust and radiation, and supposing that the Universe is spatially flat,
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Fig. 2.4 The luminosity distance for 194 supernovae selected among a sample of 253
according to the data published in [115, 116].

Eq. (2.65) implies the following differential equation!

da 2_87TG 4 ag 4 ag 3
<§) -3¢ [ﬂRo(;) —i—pMo(;) ], (2.90)

where the total energy density has been specified as!

4 3
a a
Pt = PR + PM = PRO (;0) + pumo (f) : (2.91)

Using the fact that, according to Eq. (2.89), ao/aeq = pro/PM0, Go can
be eliminated from Eq. (2.90). Taking the square root of the resulting
expression, Eq. (2.90) implies

1 d a QMQ a 1/2
— =) = —_ 1 2.92
Hy d7'<aeq) QRro {(aeq> - } ’ (2.92)

whose solution is simply:

a(7) :aqu%)Q—i—Z(%ﬂ, (2.93)

iBoth assumptions are rather well supported by current observational data.
JThe contribution of dark energy is not essential in the description of the radiation-
mattter transition.
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Fig. 2.5 The evolution of the critical fractions of matter, radiation and dark energy as
a function of the logarithm (to base 10) of (a/ag) where ag denotes, as usual, the present
value of the scale factor.

with
2 Geq h%QMO -1
= — o~ 288.2 Mpec. 2.94
T H\ Qo 8825 ( 0.134 be (2.94)
From Eq. (2.93) 7eq = (V2 — 1)71 and, thus,
h3o\
Teq = 119.39 0134 Mpe, Tdec = 283.47 Mpe, (2.95)

where the second relation holds for h2Qyo = 0.134. Notice that, for 7 < 71,
a(t) ~ 7 (which implies a(t) ~ t'/2 in cosmic time). For 7> 71, a(7) ~ 72
(which implies a(t) ~ 2/ in cosmic time). After equality, two important
phenomena take place:

e Hydrogen recombination
e the decoupling of radiation from matter.

These will be the last two main topics treated in the present chapter.

2.5.1 Hwydrogen recombination

After electron positron annihilation, the concentration of electrons can be
written as ne = xenp where ng is the concentration of baryons and x, is the
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ionization fraction. Before equality, i.e. deep in the radiation-dominated
epoch, z, = 1: the concentration of free electrons exactly equals the con-
centration of protons and the Universe is globally neutral.

After matter-radiation equality, when the temperature drops below the
eV, protons start combining with free electrons and the ionization fraction
drops from 1 to 107#-107°. The drop in the ionization fraction occurs
because free electrons are captured by protons to form Hydrogen atoms
according to the reaction e + p — H + . For sake of simplicity we can
think that the Hydrogen is formed in its lowest energy level. It would be
wrong to guess, however, that this process takes place around 13.2 eV. It
takes place, on the contrary, for typical temperatures that are of the order
of 0.3 eV. The rationale for this statement is that the pre-factor in the
equilibrium concentration of free electrons is actually small and, therefore,
the Hydrogen formation cannot be simply estimated from the Boltzmann
factor.

The redshift of recombination is defined as the moment at which the ion-
ization fraction drops from his equilibrium value (i.e. zo = 1) to . ~ 0.1.
The redshift of decoupling is the determined by the requirement that the
ionization fraction decreases even more. At z, ~ 10~* the decoupling is
considered achieved. Let us go through a more quantitative discussion of
these figures. When the temperature of the plasma is high enough the re-
actions of recombination and photodissociation of Hydrogen are in thermal
equlibrium, i.e. e +p — H + -y is balanced by H + v — e + p. In this sit-
uation the concentrations of Hydrogen, of the protons and of the electrons
follow, respectively, from the equlibrium distribution (see Appendix B for
further details):

T 3/2
NH = Jgu (TT;I; > e(MHimH)/T, (296)
T\ 3/2
np = gp (’n,;j;- ) e(ﬂp_mp)/T7 (2.97)
T\
Ne = ge (m ) elte=me)/T (2.98)
2

where gn, gp and ge are, respectively, 4, 2 and 2. The exponentials ap-
pearing in Eqgs. (2.96), (2.97) and (2.98) are often called Boltzmann sup-
pression factors. Since we are in a situation of chemical equilibrium (see
Appendix B) we can relate the various chemical potentials according to the
order of the reaction, i.e. upg = pip+pe. Eliminating ppr from Eq. (2.96) and
using the product of Eqgs. (2.97) and (2.98) to express exp [(up + fte)/T] in
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terms of the electron and proton concentrations, the following expression
can be obtained:

T —3/2
np = nenp<”;7r ) eBo/T Ey = me+mp—my = 13.26 eV, (2.99)

where FEj is the absolute value of the binding energy of the hydrogen atoms
that corresponds to the energy of the lowest energy level since it has been
assumed that hydrogen recombines in the fundamental state. We now ob-
serve that:

o the Universe is electrically neutral, hence n, = ne;

o the total baryonic concentration of the system is ng = ng + np;

e the concentration of free electrons (or free protons) can be related
to the baryonic concentration as n, = z.np where x, is the ioniza-
tion fraction.

Concerning the second observation, it should be incidentally remarked that
the total baryonic concentration is given, in general terms, by ng = nnx—ny
(where ny and ng are, respectively, the concentrations of nucleons and
antinucleons). However, for T < 10 MeV, ng < 1 and, therefore, ng =
ny + np. The success of big-bang nucleosynthesis implies, furthermore,
that approximately one quarter of all nucleons form nuclei with atomic
mass number A > 1 (and mostly “He), while the remaining three quarters
are free protons. In similar terms we can also say that for temperatures
T < 10keV the concentration of positrons is negligible in comparison with
the concentration of electrons. Using all the aforementioned observations,
both sides of Eq. (2.99) can be divided by the baryonic concentration ng.
Then, using of the global charge neutrality of the plasma together with
Eq. (2.74), Eq. (2.99) can be written as

3/2
1 e 4¢(3)V/2 <£) (BT, (2.100)
L ﬁ Me

which is called the Saha equation for the equlibrium ionization fraction. In
Eq. (2.100) the baryonic concentration has been expressed through ny, i.e.
the ratio between the concentrations of baryons and photons. Introducing
now the dimensionless variable y = T'/eV we have that, using the explicit
expression of 7y, (i.e. Eq. (2.74)), Eq. (2.100) can be written as

1— 2z,

2
e

h3Q
= Py3/2ew0/y, P =6.530 x 10718 <0—b0), (2.101)

x 0.023
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Fig. 2.6 The ionization fraction is illustrated as a function of the rescaled temperature
y=T/eV.

where

(%) =1.96 x 105, Yo = 13.26. (2.102)
Equation (2.101) stipulates that when y ~ 1 (corresponding to 7" ~ eV),
exp (13.26) ~ 10° and thus we still have x, ~ 1. In fact, the smallness of P
appearing in Eq. (2.101) necessarily implies that 1 — 2, ~ 10~ "2, This
observation shows that atoms do not form for 7' ~ 10 eV nor for T' ~ eV
but only when the temperature drops well below the eV. Equation (2.101)
can be made more explicit by solving with respect to x,

—1 4+ /1 + 4Py3/2evo/y
xe=< VL APyT e )eyo/y. (2.103)

2Py3/?

From Figs. 2.6 and 2.7 it appears that in order to reduce the ionization
fraction to an appreciable value (i.e. z. ~ 107!), T must be as low as
0.3 eV. In Fig. 2.6 the ionization fraction is illustrated as a function of the
rescaled temperature, while in Fig. 2.7 the logarithm of the same quantity
is illustrated. Recalling that 7' = T.0(1 + 2) we can see that*:

KFrom now on, without any confusion, we will often drop the subscript + in the tem-
perature.
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Fig. 2.7 The logarithm to base 10 of the ionization fraction is illustrated as a function
of the rescaled temperature y = T'/eV.

o . ~ 107! implies Tiec ~ 0.3eV and z.ec ~ 1300: this is the
moment of hydrogen recombination when photoionization reactions
are unable to balance hydrogen formation;

o z. ~ 107* implies Tyee ~ 0.2eV and zgec ~ 1100: this is the
moment of decoupling when the photon mean free path gets as large
as 10*Mpc (see below in this section and, in particular, Eq. (2.117)).

Often zyec and zgec are used interchangeably when discussing semi-
analytical estimates of temperature anisotropies (see chapter 9). Since the
most efficient process that can transfer energy and momentum is Thompson
scattering, the drop in the ionization fraction entails a dramatic increase of
the proton mean free path. Before decoupling the photon mean free path
is of the order of the Mpc. After decoupling, the photon mean free path
becomes of the order of 10* Mpc and the CMB photons may reach our
detectors and satellites without being scattered. This is the moment when
the Universe becomes transparent to radiation.
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2.5.2 Coulomb scattering: the baryon-electron fluid

Before equality electrons and protons are coupled through Coulomb scat-
tering while photons scatter protons and electrons with Thompson cross
section. Now, the Coulomb rate of interactions is much smaller than the
Hubble rate at the corresponding epoch. Thus, the protons and electrons
form a single (globally neutral) component where the velocities of the elec-
trons and of the protons are approximately equal. This is the reason why
baryons and leptons will be described in the analysis of CMB anisotropies
by a single set of equations, somehow confusingly called baryon fluid.

Photons scatter electrons with Thompson cross section and, in principle,
photons scatter also protons with Thompson cross section. However, since
the rest mass of the proton is roughly 2000 times larger than the rest mass of
the electron, the corresponding cross-section for photon-proton scattering
will be much smaller than the cross-section for photon-electron scattering.
This observation implies that the mean free path of photons is primarily
determined by the photon-electron cross section. Consider then, for ¢ < teq,
the Coulomb rate of interactions given by:

1_‘Coul = UthOCoulle, (2104)

where

COULOMB RATE (x_ =1)

15 T
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log(T/eV)

Fig. 2.8 The Coulomb rate is illustrated around equality in the case when z = 1.



60 A Primer on the Physics of the Cosmic Microwave Background

o vy ~ /T /m, is the thermal velocity of electrons;

® ocoul = (a2,/T?)InA is the Coulomb cross section including the
Coulomb logarithm;

e n. = x.np which may also be written as

2¢(3
Ne = iz) T3 Tnpo. (2.105)
T
Plugging everything into Eq. (2.104) we obtain:
TN\*? [ h2,
Tcom = 1.15 x 10717 2, [ — 00 : 2.1
Coul 5x 10 X <eV> <0.023 eV ( 06)

The Coulomb rate may now be compared with the Hubble rate. Since the
number of relativistic degrees of feedom is given by g, >~ 3.36, according to
the general formula (valid for ¢ < t.q and derived in Eq. (B.44))

T2 s (T
H=1. — =24 10~ — . 2.1
66VTo3 9 x 10 (ev> eV (2.107)
For t > teq we will have, instead
T\ 32
H=H,|— V. 2.108
() (2.108)
Therefore,
Fcow n (TN P h§Qho
=461 x 10" (< ve (5o )0 T > Tear (2109)
T'cou h2Q
C;{ L= 461 x 10" 2, (()OT;??> T < Teq. (2.110)

Equations (2.109) and (2.110) are illustrated in Figs. 2.8 and 2.9 where
the logarithm (to base 10) of the Coulomb rate is plotted in units of the
expansion rate. Figure 2.8 refers to the case when z, = 1. Figure 2.9 refers
to the case when z, # 1 and it is computed from the Saha equation. We
can clearly see that I'cour > H in the physically interesting range of tem-
peratures. This means, as anticipated, that charged particles are strongly
coupled.

2.5.3 Thompson scattering: the baryon-photon fluid

Consider now, always before equality, the Thompson rate of reaction. In
this case we will have that

FTh >~ NeO0Th, (21].].)
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Fig. 2.9 The Coulomb rate is illustrated around equality in the case when ze # 1. The
dependence of the ionization fraction upon the temperature is determined, as in Fig. 2.8

from the Saha equation.

where
(2.112)

othn = 0.665 barn, 1barn = 10~ **cm?2.

Using Eq. (2.112) into Eq. (2.111) we will have
TN\? [ h2Qm0
Dpp = 2.6 x 1072 [ — 0 \Y% 2.11

™ = 2.6 10 x(eV) <0.023 e (2.113)

which shows that I'coyl > 'ty and also that
I o (T h2Qo

T 04x10° (=) T > T, 2.114
g - R0 T ) el 3023 > Teqy  (2114)

/2 2

Trn s (T h2 0

“Th_04x10° [ = . . T <T.. (2115
H X <ev) 0.023 < Teq: (2115)

The previous equations also substantiate the statement that the photon
mean free path is much larger than the electron mean free path for tem-
peratures T' > eV. Thus, Thompson scattering is the most efficient way
of transferring energy and momentum. Equations (2.114) and (2.115) are
illustrated in Figs. 2.10 and 2.11. It is clear that as soon as the ioniza-
tion fraction drops, the Thompson rate becomes suddenly smaller than the
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Fig. 2.10 The base-10 logarithm of the Thompson rate of interaction is illustrated
around equality in the case z. = 1.

expansion rate. After equality the photon mean free path can be written
as
1

aneoTh’

/\Th >~ (2.116)

which can also be written, in more explicit terms, as

0.023 1100 \? 0.88
Arn ~ 1.8 71 Mpec. 2.117
o Te (h39b0> (1 + Zdec) <1 - Yp/2) be ( )

Equation (2.117) shows clearly that as soon as the ionization fraction drops
(at recombinantion) the photon mean free path becomes of the order of 10~
10° Mpec. In Eq. (2.117) the mass fraction of *He appears explicitly and it is
denoted by Y, (typically Y}, o~ 0.24). This is not a surprise since the Helium
nucleus contains four nucleons and the ratio of Helium to the total number
of nuclei is Y}, /4. Each of these absorbs two electrons (one for each proton).
Thus when we count the number of free electrons before recombination the
estimate of the Thompson reaction rate must be multiplied by (1 —Y,/2).
Note, finally, that in the last estimate the recoil energy of the electron has
been neglected. This is justified since the electron rest mass is much larger
than the incident photon energy which is, at recombination, of the order of
the temperature, i.e. 0.3 eV.
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Fig. 2.11 The same quantity reported in Fig. 2.10 is here reported in the case when
ze(T).

In summary, it is important to stress that Coulomb scattering is rather
efficient in keeping tight the coupling between baryons and electrons, at
least in the standard treatment. This occurrence justifies, at an effective
level, for us to consider a single baryon-lepton fluid which is globally neutral
but intrinsically charged. The tight-coupling between photons and charged
particles (either leptons or baryons) is realized before recombination and
it is therefore a very useful analytical tool for the approximate estimate
of acoustic oscillations arising in the temperature autocorrelations which
will be discussed, under different approximations, in chapter 8 and 9. The
(approximate) tight-coupling between photons and charged species allows
then, in combination with the largeness of the Coulomb rate, the treatment
of a single baryon-lepton-photon fluid or baryon-photon fluid for short.
This chain of observations will be turn out to be very useful when writing
the evolution equations for the inhomogeneities prior to decoupling. This
topic will be discussed in chapters 8 and 9 (see, in particular, before and
after Egs. (8.68), (8.69) and (8.70) when talking about the tight-coupling
appoximation).
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2.6 Simplified numerical estimates

In the present chapter the essential ingredients of the standard cosmological
model have been introduced. This formulation is just preliminary, since, as
it will be shown in the next chapter, the SCM has problems. Still, three
important ingredients of the model will remain almost unchanged in the
final formulation of the minimal ACDM paradigm:

e the Universe has been dominated by radiation after weak interac-
tions have fallen out of thermal equlibrium;

o the Universe was dominated by matter at Hydrogen recombination;

e the Universe is today dominated by dark energy.

In the present section some illustrative examples will be discussed. It
will be shown how to exploit the exact forms of the scale factors derived in
Egs. (2.84) and (2.93). Consider, first of all, Eq. (2.93). From Eq. (2.93)
and from the definition of redshift it is easy to deduce, for instance, that

Tree _ Jp4 Zea g, (2.118)
T1 Zrec

This expression automatically gives the value of the conformal time coor-
dinate at recombination in terms of the corresponding redshifts. Suppose
now we wish to evaluate HyecTrec. From Eq. (2.93), using the definition of
H = o’ /a the following expression can be swiftly obtained

(Tree/T1) + 1

HrecTrec =2 .
(Trec/Tl) + 2

(2.119)

Finally, using Eq. (2.118) into Eq. (2.119) we can obtain

1 1(1 N ;> (2.120)

HrecTrec 2 /1 + Req
Zrec

This simple estimate helps to evaluate the semi-analytic form of the so-
called visibility function that appears ubiquitously in the Boltzmann treat-
ment of CMB anisotropies (see chapter 9 for a proper definition). In the

present notations, indeed, this function will be written as exp [-2k%0272 ]
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where k is the comoving wave-number and where

1 1
o= _— —  —148x 102(1+ 7)
\/EHHrecTrec /1 + zzﬂ
_ 14400 13.714,
1050 (2.121)
@ o 3228.91 thMQ
Zree 1050 \ 0.134
h2Q)
= 3.074 x ( 00.1;10) = 12.9 h3; Qo

where hzs = h/0.75. Consider now the case of Eq. (2.84). The problem
now could be to evaluate the ratio 7/7yec. It is clear that, to perform this
calculation, we not only need Eq. (2.93) but also Eq. (2.84) since, between
recombination and the present time, the dark-energy component became
dominant in comparison with the matter component. First of all we can
write

0 _DT (2.122)

)
Trec Tp TI‘EC

where 7, is a putative time at which the dusty matter is still dominant and
the dark energy is on the verge of taking over. Using Eqs. (2.84) and (2.93)
it is easy to obtain

™ _ LTA
T Zy
o V& (2.123)
Trec _ Zp 1_|_ zeq -1
Tp Zeq Zrec ,
where
0 1/6 arcsinhy/(Qa0/QMmo0) d
%:3( A0> It [A:/ - 2y/3 . (2.124)
MO 0 sinh®/° y

Since Qmo = 1 — Qo the integral appearing in Eq. (2.124) effectively
depends only upon one parameter. The integral parametrized by Ix can
be performed numerically. It depends only upon one parameter, i.e. Qyg.
As a consequence, the whole expression denoted by 75 only depends upon
Qnmo- The result of the numerical integration for 7 is reported in Fig. 2.12
with the full line. After performing numerically the integral, therefore, a fit
to the final result can be found in the form 7) ~ Q' where ; >~ 0.0858
(and for 1 as large as 0.09 the fit is still reasonable). In Fig. 2.12 the
result obtained in the case v; = 0.0858 is reported with the dashed line.
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Fig. 2.12 The analytical interpolation and the numerical value of 7y .

Always in Fig. 2.12 the dot-dashed line denotes the case «y; = 0.7 which is
reported for comparison. Consequently, Eq. (2.122) becomes:

Trec 77\ Zrec Zrec

— ~—1 /1 — . 2.125

T0 \/ Rrec |:\/ * Zeq \/ Zeq :| ( )
These considerations will be relevant when trying to obtain simplified es-

timates of the temperature autocorrelations of CMB anisotropies for adia-
batic initial conditions (see chapters 8 and 9).
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Chapter 3

Problems with the SCM

From the quantitative discussions reported in the two previous chapters of
the present book, two possible drawbacks of the SCM are already under-
standable:

e the anisotropies of CMB are not accounted by the SCM (see
Fig. 1.3);

e the huge thermodynamic entropy stored in the CMB (see Eq. (1.20)
and the related discussion) is not explained within the SCM where
the evolution of the Universe is all the time adiabatic (see, for
instance, Egs. (2.12) and (2.17)).

The present hierarchy between the matter and radiation energy density
suggests, furthermore, that the Universe was rather hot in the past. This
conclusion is indirectly tested through the success of big-bang nucleosyn-
thesis (BBN). As already pointed out, in BBN there are essentially only
two free parameters®: the temperature and the the baryon to photon ratio
My (see Eq. (2.74)). After weak interactions fall out of thermal equilibrium
the light nuclei start being formed. Since the *He has the largest binding
energy per nucleon for nuclei with atomic number A < 12, roughly one
quarter of all the protons will end up in *He while the rest will remain in
free protons. Smaller abundances of other light nuclei (i.e. D, *He and "Li)
can be also successfully computed in the framework of BBN [113]. The

2This statement holds, strictly speaking, in the simplest (and also most predictive) BBN
scenario where the synthesis of light nuclei occurs homogeneously in space and in the
absence of matter—antimatter fluctuations. In this scenario the antinucleons have almost
completely disappeared by the time weak interactions fall out of thermal equilibrium.
There are, however, models where both assumptions have been relaxed (see, for instance
[118-120] and references therein). In this case the prediction of BBN will also depend
upon the typical inhomogeneity scale of the baryon to photon ratio.

69



70 A Primer on the Physics of the Cosmic Microwave Background

synthesis of light elements is very important since light elements have to
turn on the thermonuclear reactions taking place in the stars. However,
even if the Universe must be sufficiently hot (and probably as hot as sev-
eral hundreds GeV to produce a sizable baryon asymmetry) it cannot be
dominated by radiation all the way up to the Planck energy scale: this
occurrence would lead to logical puzzles in the formulation of the SCM. In
what follows some of the problems of the SCM will be discussed in a unified
perspective and, in particular, we shall discuss:

the horizon (or causality) problem;

the spatial curvature (or flatness) problem;
the entropy problem;

the structure formation problem;

the singularity problem.

The first two problems in the above list of items are often named kinematical
problems. It is interesting to notice that both the horizon problem as well
as the entropy and structure formation problems are directly related to
CMB physics as it will be stressed below in this section.

3.1 The horizon problem

Two important concepts appear in the analysis of the causal structure of
cosmological models [111], i.e. the proper distance of the event horizon:

do(t) = a(t) /t % (3.1)

and the proper distance of the particle horizon

t dt/
dy(t) = a(t —_—, 3.2
o =at) | (32)
(see also Appendix A for further details). The event horizon measures the
size over which we can admit even in the future a causal connection. The
particle horizon measures instead the size of causally connected regions at
the time ¢t. In the SCM the particle horizon exists while the event hori-
zon does not exist and this occurrence is the direct cause of a kinematical
problem of the standard model. According to the SCM, the Universe, in
its past expand in a decelerated way as

a(t) ~t%, 0<a<l, t>0, (3.3)
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which implies that @ > 0 and G < 0. Inserting Eq. (3.3) into Eqgs. (3.1)
and (3.2) the following two expressions are swiftly obtained after direct

integration:
tmax t A\ t
do(t) = - , 3.4
() ]-_Oll:(tmax) <tmax>:| ( )
1 t\*"
dy(t) = t— tmin| — . .
0= o=t (i) | (35)
Since 0 < a < 1, Egs. (3.4) and (3.5) lead to the following pair of limits
@ -1
tmlil,fgo dp(t) = 1— aH ®), (36)
. lim  de(t) — oo, (3.7)

where both limits are taken while ¢ is kept fixed. Equations (3.6) and (3.7)
show that, in the SCM,

e the event horizon does not exist;
e the particle horizon exists and it is finite.

Because of the existence of the particle horizon, for each time in the past
history of the Universe the typical causal patch will be of the order of
the Hubble radius, i.e. restoring for a moment the speed of light, d () ~
ct. This simple occurrence represents, indeed, a problem. The present
extension of the Hubble radius evolves as the scale factor (i.e. faster than the
particle horizon). Let us then see how large was the present Hubble radius
at a given reference time at which the evolution of the SCM is supposed to
start. Such a reference time can be taken to be, for instance, the Planck
time. The Hubble radius at the Planck time will be of the order of the pum,
i.e. more precisely:

ri(tp) = 4.08 x 10~ ((;1—07) (Z\j‘) (3.8)

The obtained figure can then be measured in units of the particle horizon
at the Planck time, which is the relevant scale set by causality at any given
time in the life of the SCM:

dp(tp) ~ ctp ~ 1073 cm. (3.9)
Taking the ratio between (3.8) and (3.9)

;’;((Zj)) ~ 4,08 x 102 ((;1—07) (Z\j‘) (3.10)
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The third power of Eq. (3.10) measures the number of causally disconnected
volumes at tp. This estimate tells that there are, roughly, to 1087 causally
disconnected regions at the Planck time. In Fig. 3.1 the physics described
by Eq. (3.10) is illustrated in pictorial terms. The Hubble radius at the
Planck time has approximate size of the order of the pm and it contains
1087 causally disconnected volumes each with approximate size of the order
of the particle horizon at the Planck time. A drastic change in the reference
time at which initial conditions for the evolution are set does not alter the
essence of the problem. Suppose that, indeed, the thermal history of the
Universe does not extend up to the Planck temperature. Let us take our
reference temperature to be of the order of 200 GeV. For such a temperature
all the species of the Glashow-Weinberg-Salam (GWS) model are in thermal
equilibrium and the particle horizon is given by

106.75 ( Tow \
dp(tew) =~ 35 3.11
olien) () em (3.11)

where g,(T) is the number of relativistic degrees of freedom at the temper-
ature T here taken to be of the order of Tey ~ 200 GeV (see Egs. (B.35),

Particle horizon
at the Planck
time: ct

Hubble
patch at the
Planck time :H m

87
10

Causally disconnected
domains

Fig. 3.1 A schematic snapshot of the Hubble patch blueshifted at the Planck time (see
Eq. (3.10)). The filled circles represent the typical size of the particle horizon at the
corresponding epoch.
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(B.43)) and (B.44) of Appendix B). The Hubble radius blueshifted at the
temperature Ty, ~ 200 GeV will be instead

7\ (Te
7 (tew) ~ 1.98 x 101 (%—Z) (e\‘;) cm. (3.12)

Thus, since 7 (tew)/dp(tew) =~ 1012, the present Hubble patch will consist,
at the temperature Ty, of 1036 causally disconnected regions. Since the
temperature fluctuations in the microwave sky are of the order of 6T/T ~
1075, the density contrast in radiation will be of the order of §p., /p, ~ 1072
How come the CMB is so homogeneous, if, in the past history of the Uni-
verse there were so many causally disconnected regions? Is there something
else other than causality that can make our Hubble patch homogenous? The
answer to this question seems of course to be negative. The final observa-
tion to be borne in mind is that the root of the horizon problem resides in
the occurrence that, in the SCM, the particle horizon evolves faster than
the scale factor. This point is summarized in Fig. 3.2 where the evolution
of the particle horizon is compared with the evolution of the scale factor.
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Fig. 3.2 The evolution of the particle horizon in the SCM is compared with the evolution
of the scale factor. In the SCM, the particle horizon evolves faster than the scale factor,
since, approximately, dp(a) ~ al/® with 0 < a < 1. Here, for illustration, the case
a = 1/2 (radiation dominance) has been assumed.
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3.2 The spatial curvature problem

The problem of the spatial curvature can be summarized by the following
question: why is the present Universe so close to being flat? From Eq.
(2.56), the total energy density in critical units can be written as

Qi(a) =1+ aQ—];{Q' (3.13)
Equation (3.13) holds at any time where the SCM applies. In particular,
at the present time, we will have

k
Qi(ty) =14+ 5—- 3.14
o) =1+ G (3149
According to the experimental data® [35, 39]
Q4 (to) = 1.02 £ 0.02. (3.15)

Equation (3.15) implies that the contribution of |k|(aqHg) 2 is smaller than
1 (but of order 1). The denominator of the second term at the right hand
side of Eq. (3.13) goes as H%a? ~ a?. So if a(t) ~ t* (with 0 < a < 1),
a? will be a decreasing function of the cosmic time coordinate t. But this
implies that, overall, the second term at the right hand side of Eq. (3.13)
will increase dramatically as time goes by.

As in the case of the horizon problem, a particular reference time may
be selected. At this time initial conditions of the SCM are ideally set. Let
us take this time to be again, the Planck time and suppose that, at the
Planck time

_IkL
ap Hp

If Eq. (3.16) holds around the Planck time, today the same quantity will

be:
k| Ikl ((aeq\*(Hea\* (a0 \*(He\* _ . 60 K
575 ~ ~5 75 — — | 210" 575 (3.17)
agH§ apHE \ ag Hy Geq Heq apHE

Equation (3.17) demands that if |k|ap?Hp ? is of order 1, today its contri-
bution will be 60 orders of magnitude larger. By reversing the argument
it can be argued that if the spatial curvature is (today) smaller than the
extrinsic curvature (i.e. k/a? < HZ), at the Planck time we must require
an enormous fine-tuning:

~ O(1). (3.16)

|| —60
~1 . 1
a% }2) 0 (3.18)

bNotice that this experimental determination is achieved directly from the position of
the first Doppler peak of the CMB temperature autocorrelations.
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In other words: if the Universe is flat today it must have been even flatter
in the past history of the Universe.

Therefore, in summary, since |k|/a? increases during the radiation and
matter-dominated epochs, 2y must be fine tuned to 1 with a precision of
10799, It is possible to write an evolution equation directly in terms of
Q. The strategy will be to use both the definition of Eq. (2.62) as well as
Eq. (2.80). We leave this as an exercise and the result is:

Q(a) —1 = I~ 1 (3.19)

2 29

1—Q0+ Qo <a%)> + QMo <%D) + Qro <%D>
where Qo = Q¢(to). In the limit a — 0, i.e. ap/a — oo, Eq. (3.19) leads to
Oy —1

e
o)

According to Eq. (3.20), we need Q(a) — 1 with arbitrary precision (for
the standards of physics) when a — 0 if we want Q¢ ~ 1 today. This is a
different way of seeing the fine tuning mentioned before in this section.

Q(a) -1~ (3.20)

3.3 The entropy problem

As discussed in introducing the essential features of the black body emis-
sion, the total entropy of the present Hubble patch is enormous and it is of
the order of 10%® (see, for instance, Eq. (1.20)). This huge number arises
since the ratio of Tho/Hp ~ O(10%Y) (see Eq. (1.21)). The covariant con-
servation of the energy-momentum tensor (see Eq. (2.12)) implies that the
whole Universe is, from a thermodynamic point of view (see Eq. (2.17)),
an isolated system where the total entropy is conserved. If the evolution
was adiabatic throughout the whole evolution of the SCM, why does the
present Hubble patch have such a huge entropy? Really and truly the en-
tropy problem contains, in itself, various other sub-problems that are rarely
mentioned. They can be phrased in the following way:

e is the CMB entropy the only entropy that should be included in
the formulation of the second law of thermodynamics?

e is the second law of thermodynamics valid throughout the history
of the Universe?

e is the gravitational field itself a source of entropy?
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e how can we associate an entropy to the gravitational field?

Two mutually exclusive choices then appear: either our own observable
Universe originated from a Hubble patch with enormous entropy or the
initial entropy was very small so that the initial state of the Universe was
highly ordered. The first option applies, of course, if the evolution of the
Universe was to a good approximation adiabatic while the second option
contemplates a violation of the adiabaticity condition. Even more radically
one could wonder if the second law of thermodynamics was indeed enforced
in the early stages of the life of the Universe.

3.4 The structure formation problem

The SCM posits that the geometry is isotropic and fairly homogeneous
over very large scales. Small deviations from homogeneity are, however,
observed. For instance, inhomogeneities arise as spatial fluctuations of the
CMB temperature (see, for instance, Fig. 1.3). These fluctuations will
grow during the matter-dominated epoch and eventually collapse to form
gravitationally bound systems such as galaxies and clusters of galaxies.

In what follows a simplistic description of CMB observables will be
introduced.® By looking at the plots that are customarily shown in the
context of CMB anisotropies (like the one reported in Figs. 1.3 and 3.3)
we will try to understand in more detail what is actually plotted on the
vertical as well as on the horizontal axis. By looking at Fig. 1.3 (or also at
Fig. 3.3) we see that:

e on the horizontal axis the multipole moment /¢ is reported;
e on the vertical axis the corresponding power per logarithmic inter-
val of £ is illustrated.

We will now see, in a moment, how to connect the two-point function of
temperature fluctuations in real space with the quantity illustrated in the
mentioned figures. However, already at this stage, it is important to appre-
ciate that dependence of the angular power spectrum just upon ¢ signals
that, indeed, the microwave sky is, to a good approximation, isotropic.
The logic will be to use various successive expansions with the aim of
obtaining a reasonably simple parametrization of the CMB temperature

€¢The treatment of CMB anisotropies presented here mirrors the approach adopted in
a recent review [33] where the main theoretical tools needed for the analysis of CMB
anisotropies have been discussed within a consistent set of conventions.
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fluctuations. Consider therefore the spatial fluctuations in the temperature
of the CMB and expand them in Fourier integral?:
oT

— A — A 1 i_"f 7oA
Ar(# 7 7) ?(x,n,r):w/dBkek Ai(E ), (321)

where k is the direction of the Fourier wave-number, 7 is the direction
of the photon momentum. Assuming that the observer is located at a
conformal® time 7 (eventually coinciding with the present time 7o) and at
Z =0, Eq. (3.21) can be also expanded in spherical harmonics, i.e.

Ar(7) = agmYem(R) = W /d3k Ar(k, 71, 7). (3.22)
Im

Then, the Fourier amplitude appearing in Eq. (3.21) can be expanded in
series of Legendre polynomials according to the well known relation

Ar(k, i, m) =Y (=) (20 + 1) Are(k, 7) Py (k - 7). (3.23)
£=0
Now the Legendre polynomials appearing in Eq. (3.23) can be expressed
via the addition theorem of spherical harmonics stipulating that

J4
Pul ) = 4447: = > V()Y (). (3.24)

m=—/{

Inserting now Eq. (3.24) into Eq. (3.23) and recalling the second equality
of Eq. (3.22) the coefficients ag,, are determined to be
4r V4 3 * (7. 7
g = W(—z) /d kY (B)Are(k, 7). (3.25)
The two-point temperature correlation function on the sky between two
directions conventionally denoted by 71 and nie, can be written as

C(9) = (Ar(1, 70)A1(f2, 10)), (3.26)

where C(9) does not depend on the azimuthal angle because of isotropy
of the background space-time and where the angle brackets denote a theo-
retical ensamble average. Since the background space-time is isotropic, the
ensamble average of the ag,, will only depend upon ¢, not upon m, i.e.

(@em ) = Ceboe Omm, (3.27)

d1n what follows the subscript v will be dropped from the temperature to match with
the conventions that customarily employed.

€The dependence of the temperature fluctuations upon the conformal or cosmic time
is immaterial for the present calculation. However, it is better to think in terms of the
conformal time coordinate since, as we shall see from chapter 6, the treatment of cosmo-
logical inhomogeneities simplifies if the conformal time parametrization is consistently
used.
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where Cy is the angular power spectrum. Thus, the relation (3.27) implies

. . 1 L
C(9) = (A1(n1,70)A1(N2,70)) = I Z(%‘F D)CpPy(fn - fra). (3.28)
¢
Notice that in Fig. 1.3 the quantity Cy ¢(¢ 4+ 1)/(27) is directly plotted: as
it follows from the approximate equality

v 2l o / *D e, (3.29)
7 47 2w

Cy 0(¢+1)/(27) is roughly the power per logarithmic interval of £. In Fig. 1.3
the angular power spectrum is measured in (uK)2. This is simply because
instead of discussing A (which measures the relative temperature fluctu-
ation) one can equally reason in terms of AT = T.o Ay, i.e. the absolute
temperature fluctuation. In what follows (and, in particular, in chapters 7,
8 and 9) A; will denote the temperature fluctuations which can be either
expressed in absolute terms (as in Figs. 1.3 and 3.3) or in relative terms
(i.e. in dimensionless units). Similar quantities can be defined for other
observables such as, for instance, the degree of polarization. In Fig. 3.3 the
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Fig. 3.3 From top to bottom the spectra for the T, TE and EFE correlations. The
dashed lines indicate foregrounds of various nature. This figure is adapted from [40].
Reproduced by permission of the AAS.
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angular power spectra are reported for (from top to bottom): the tempera-
ture autocorrelations (i.e. the quantity we just discussed), the temperature
polarization cross-correlation (often indicated as TE spectrum), the polar-
ization autocorrelation (often indicated as FE spectrum).

3.5 The singularity problem

The singularity problem is probably the most serious fundamental drawback
of the SCM. While the other problems are certainly very important and
manifest diverse logical inconsistencies of the SCM, the singularity problem
is fundamental since it is related to the structure of the underlying theory
of gravitation, i.e. General Relativity. In the SCM as t — 0

1 1
Ptot = t—2, IJ2 ~ t_2 (330)
and
1
RQ =~ RMVRHV = RMVQBRHVQB >~ t_4 (331)

Thus, in the limit ¢ — 0 the energy density diverges and also the rel-
evant curvature invariants diverge. The Weyl invariant is automatically
vanishing since the geometry is isotropic. The singularity problem does not
only involve the regularity of the curvature invariants but also the possi-
ble completeness (or incompleteness) of causal (i.e. either time-like or null)
geodesics. By the Hawking-Penrose theorems [111] the past-incompleteness
of causal geodesics is just another diagnostic of a singular space-time.

As already mentioned the singularity problem is deeply rooted in the
adoption of General Relativity as underlying gravitational theory. In re-
cent years, in the context of string-inspired cosmological scenarios (see [105]
and references therein) a lot of work has been done to see if cosmological
singularities can be avoided (or, even more modestly, addressed) in gravity
theories that, at early time are different from General Relativity. While
the conclusion of these endevours is still far, it is certainly plausible that
the ability of string theory in dealing with gravitational interactions can
shed some light on the cosmological singularities (and on their possible
avoidance). Two key features emerge when string theory is studied in a
cosmological framework [105]. The first feature is that string theory de-
mands the existence of a fundamental length-scale (the string scale which
10 or 100 times larger than the Planck length). This occurrence seems to
point towards the existence of a maximal curvature scale (and of a maximal
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energy density) which is the remnant of the general relativistic singularity.
While the resolution of cosmological singularities in string theory is still an
open problem, there certainly exist amusing (toy) models where the singu-
larity are indeed resolved. The second key feature of string cosmological
scenarios is represented by the novelty that gauge couplings are effectively
dynamical. This phenomenon has no counterpart in the standard general
relativistic treatment but will not be discussed here.



Chapter 4

SCM and Beyond

It is interesting to see how the conceptual problems treated in chapter 3
can be reduced or, at least, partially relaxed in some conventional scenarios
which can complement the SCM. In spite of the fact that some of these sce-
narios (like the inflationary scenario) can cope with the technical problems
of the SCM (such as the flatness or the horizon problems) none of these
models are able to cope with the deepest of all the problems of the SCM,
i.e. the singularity problem. To this statement it should be added that the
inflationary solution of the entropy problem relies on the possible decay of
inflaton into massless particles with the hope that such a process may pro-
duce a sufficiently high reheating temperature. For an introduction to the
inflationary paradigm Refs. [121, 122] can be usefully consulted (see also
[123-126] for some specific inflationary scenarios). For reasons of space, it
will not be possible to treat some of the unconventional approaches to infla-
tion that are rather interesting especially in the light of their connections
with string theory. Among them, the pre-big bang scenario (developed
in the last fifteen years) represents a rather intriguing option. We refer
the reader to the original papers and to some very comprehensive review
articles [106] (see also [107, 108]).

4.1 The horizon and the flatness problems

The horizon problem in the SCM has to do with the fact that there exist a
particle horizon d,(t) ~ H~1(t). Thus, as we go forward in time (and for
t > 0) the particle horizon evolves faster than the scale factor which evolves,
in the SCM, as t* with 0 < o < 1. This occurrence also implies that at the
moment when the initial conditions are ideally set, our observable Hubble
volume consisted of a huge amount of causally disconnected domains (see,

81
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for instance, Egs. (3.10) and (3.12)). A possible way out of this problem
is to consider the completion of the SCM by means of a phase where not
a particle but an event horizon exist. Consider, for instance, a scale factor
with power-law behaviour going as

alty~t*,  B>1, t>0, (4.1)

and describing a phase of accelerated expansion (i.e. a > 0, @ > 0). The
particle and event horizons are given, respectively, by

i) = 1 [t - tm(%)ﬁ] (42)

d(t) = ﬁ [tmax(ﬁ>ﬁ _ t} (4.3)

From Eqgs. (4.2) and (4.3) it immediately follows that the particle horizon
does not exist while the event horizon is finite:

B
de(t) 2 —— H™ " (t). 4.4
()= 5= H () (44)
Equation (4.4) follows from Eq. (4.3) in the limit ¢yax — +oo while in
the limit ¢min — 0, dp(t) diverges. Similar conclusions follow in the case
when the phase of accelerated expansion is parametrized in terms of the

(expanding) branch of four-dimensional de Sitter space-time, namely
a(t) ~ efit, H; > 0. (4.5)

In this case, the particle and event horizons are, respectively,

1

dy(t) = H* |:eH‘(ttm“‘) - 1] , (4.6)

1

do(t) = H ! [1 - eHi“tmax)} . (4.7)

According to Eq. (4.5) the cosmic time coordinate is allowed to run from
tmin — —00 Up t0 tmax — +00. Consequently, for ¢y, — —oo (at fixed t)
the particle horizon will diverge and the typical size of causally connected
regions at time ¢t will scale as

Li(t) ~ H a(‘;fji)n). (4.8)

So while in the SCM the particle horizon increases faster than the scale
factor, the typical size of causally connected regions scales exactly as the
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scale factor. In the limit ¢,,x — oo the event horizon exist and it is given,
from Eq. (4.7), by

do(t) ~ H (4.9)

implying that in the case of de Sitter dynamics the event horizon is constant.
Of course, as it will be later pointed out, de Sitter dynamics cannot be
exact (see chapter 5). In this case, customarily, we talk about a quasi-
de Sitter stage of expansion where H; is just approximately constant and,
more precisely, slightly decreasing. In the last part of chapter 5 it will be
explicitly shown how to deal with the case of quasi-de Sitter evolution.

To summarize, the logic to address the horizon problem is then to sup-
pose (or presume) that at some typical time ¢; an event horizon is formed
with typical size Hfl. See also Fig. 4.1 for a pictorial illustration. Fur-
thermore, since we are working in General Relativity, we shall also demand
that H; < Mp. Now if the Universe is sufficiently homogeneous inside the
created event horizon, it will remain (approximately) homogeneous also
later on, by definition of event horizon. In other words, if, inside the
event horizon, dp/p is sufficiently small, we can think of fitting inside a
single event horizon at t; the whole observable Universe. In practice, this
condition translates into a typical size of H; which should be such that
H; <107 Mp or, in equivalent terms, an event horizon that is sufficiently
large with respect to the Planck length, i.e. Hi_1 > lp.

To fit the whole observable Universe inside the newly formed event
horizon at the onset of inflation, the de Sitter (or quasi-de Sitter) phase
must last for a sufficiently large amount of time. In equivalent terms it
is mandatory that the scale factor grows of a sufficient amount. Since the
growth of the scale factor is exponential (or quasi-exponential) it is common
practice to quantify the growth of the scale factor in terms of the number
of e-folds, denoted by N and defined as

eN = altr) = ﬁ, N =In <ﬂ). (4.10)

alty) a;

To estimate the condition required on the number of e-folds N we can
demand that the whole (present) Hubble volume (blueshifted at the epoch
t; when the event horizon is formed) is smaller than H. i_l. In fully equivalent
terms we can demand that Hi_1 redshifted at the present epoch is larger
than (or comparable with) the present Hubble radius. By following this
second path we are led to require that

(2),0).(2) ) e o
af ds Ar / reh \@eq / yad \ 40 / mat
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In Eq. (4.11) the subscripts appearing in each round bracket indicate the
specific phase during which the given amount of redshift is computed.
Between the end of the de Sitter stage and the beginning of the radiation-
dominated phase there should be an intermediate phase usually called
reheating (or pre-heating) where the Universe makes a transition from
accelerated to decelerated expansion. The rationale for the existence of
this phase stems from the observation that, during the de Sitter phase, any
radiation present at t; is rapidly diluted and becomes soon negligible since,
as we saw, pr scales as a~%. In equivalent terms we can easily appreciate
that the temperature, as well as the entropy density (possibly present at ¢;)
decay exponentially (or quasi-exponentially) in cosmic time. Consequently,
as soon as the accelerated expansion proceeds, the Universe approaches a
configuration where the temperature and the entropy density are exponen-
tially vanishing. There is therefore the need of reheating the Universe at the
end of inflation. We can introduce the typical curvature scale of reheating,
i.e. Hyen. Consequently Eq. (4.11) implies that

N > 67.95 + %mgl +>In& —In (3‘07) +in (%) (4.12)

& = %, &= %~ (4.13)
To estimate the minimal number of e-folds N we can rely on the sudden
reheating approximation where, basically, as ~ a,. Consequently, under
this approximation we can write Eq. (4.11) as

N> (5{) (%‘*)1/2(%(1 L)t (4.14)

which can also be expressed, by taking the natural logarithm, as

1 f ho 1 h2QR0
> 622+ = — + - _ .
N 62.2 21n<1 5) In ( ) In ( 151 5) (415)

Equation (4.15) can also be obtained directly from Eq. (4.12) by setting®
& =& = ¢ In Egs. (4.12) and (4.15) the following relations have been
used:

a
Heq = /2 Ot Ho (ao
eq

k
Hy = 100 ho—Mpc ! = 1.22 x 10! Mp (4.17)
sec

3/2 h20 2
= —s56 ( 119%2M0
) =1.65 x 10 ( 0131 ) Mp, (4.16)

2In chapter 2 (as well as in chapter 12) the variable £ denotes the bulk viscosity coeffi-
cient. However, since the two variables never appear in contiguous discussions, a possible
clash of notations is avoided.
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Fig. 4.1 The evolution of the particle horizon in the inflationary case (full line) is
reported for a model Universe which passes from a de Sitter stage of expansion to a
radiation-dominated stage which evolves, in turn, into a matter-dominated epoch. The
evolution of a typical scale smaller than the event horizon is also reported. The first
branch (where dp(a) evolves as the scale factor) illustrates the evolution of the typical
size of causally connected regions during inflation. This quantity is formally divergent
for t — —oo.

Equation (4.16) comes directly from Eq. (2.56) by requiring pm(teq) =
pr(teq). Equation (4.17) is just the same relation already derived in
Eq. (1.21).

During a quasi-de Sitter stage of expansion, quantum-mechanical fluc-
tuations of the inflaton will be amplified to observable values and their
amplitude is exactly controlled by . To ensure that the amplified quantum-
mechanical inhomogeneities will match the observed values of the angu-
lar power spectrum of temperature inhomogeneities we have to require
¢ ~ 10~° which demands® that N > 63.

The same hierarchy of scales required to address the horizon problem,
also relaxes the flatness problem. The flatness problem arises, in the SCM,
from the observation that the contribution of the spatial curvature increases
sharply, during the radiation and matter-dominated epochs. This observa-

bWe shall be more specific on the more quantitative aspects of this estimate at the end
of the present section.
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tion entails that if Q; ~ O(1) today, ¢ had also to be fine-tuned to 1
at the onset of the radiation-dominated evolution but with much greater
precision. So, if today 2y ~ 1 with an experimental error of, for instance,
0.1, at the Planck scale €2y had to be fine-tuned to 1 with an accuracy of,
roughly, O(107).

If the ordinary radiation-dominated evolution is preceded by a de Sitter
(or quasi-de Sitter) phase of expansion the spatial curvature will be expo-
nentially (or quasi-exponentially) suppressed with respect to the Hubble
curvature H? which is constant (or slightly decreasing). Thus, if the expo-
nential growth of the scale factor will last for a sufficient number of e-folds,
the spatial curvature at the onset of the radiation dominated phase will be
sufficiently suppressed to allow for a subsequent growth of k/(aH)? during
the radiation and matter-dominated epochs. The same number of e-folds
required to address the horizon problem also guarantees that the spatial
curvature will be sufficiently suppressed during the phase of exponential
expansion. In fact, while today

k
Qi (to) — 1= 5—5 4.18
t( 0) a(g) Hga ( )
at the onset of the de Sitter phase
k
Qi(t) — 1= ———. 4.1
t(t ) a’i2 Hi2 ( 9)

Dividing Eq. (4.18) by Eq. (4.19) we can also obtain rather easily

a; H;
Qiot(to) — 1] = —2/1Qor (81) — 1] 4.20
[Quonlt) =11 = 5 v/ () 1] (4.20)

Now, from Eq. (4.20) it is clear that if Qo (to) is tuned to 1 with the
precision of, say, 10 %, the pre-factor appearing at the right hand side of
Eq. (4.20) must be of the order 0.1 if Qo (%) — 1| was of order 1 at the
onset of the de Sitter phase. Thus, more generally, we are led to require
that

ai H;

aoHo
which becomes, after making explicit the redshift contribution, exactly
Eq. (4.11). We then discover that if N > 63 the spatial curvature at
the end of inflation will be small enough to guarantee that the successive
growth (during radiation and matter) will not cause (today) Qo1 (to) — 1|
to be of order 1 (or even larger). In Fig. 4.2 the evolution of |y — 1| is
reported as a function of the logarithm (to base 10) of the scale factor for
the situation where the Universe inflates during 69 e-folds.

<1, (4.21)
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Fig. 4.2 The evolution of the logarithm (to base 10) of |2; — 1| as a function of the loga
for an inflationary phase where N ~ 69 and in the sudden reheating approximation. The
full line denotes the evolution during inflation while the dashed and the dot-dashed lines
denote the approximate evolution during radiation and matter.

As it will be discussed in chapter 5 the inflationary dynamics can be
modeled in terms of one (or more) minimally (or non-minimally) coupled
light scalar degrees of freedom. Here the word light refers to the typical
scale of the problem, i.e. H; so that the mass of the scalar field should be
small in units of H;. So suppose that, at ¢;, there is a scalar field which has
some typical inhomogeneities over different wavelengths. It is clear that the
most generic evolution of such a system represents a tough numerical task
under general circumstances. By this we mean that it is not said that the
most generic thing a scalar field does will be to inflate. However one can
also guess that if the scalar field ¢ is sufficiently homogeneous over a region
Hi_1 one of the possibilities will be inflation provided the kinetic energy of
the scalar field is sufficiently small in comparison with its potential energy.©
These observations lead to the following requirements:

2 2
|Vf| < 8—V, P* <V, (vf) < ¢, (4.22)
a3 Oy a3

1 1

€This condition can be, indeed, relaxed by noticing that, in the absence of potential,
the (homogeneous) evolution of the inflaton is given by ¢ + 3H¢ ~ 0. This relation
(see section 5, Eq. (5.58)) implies that ¢? scales as a~% and may become, eventually,
subleading in comparison with the potential energy.



88 A Primer on the Physics of the Cosmic Microwave Background

at the time ¢; and over a typical region H fl. If the duration of inflation lasts
just for 63 (or 65) e-folds it can happen that some initial spatial gradients
(i.e. some initial spatial curvature) will still cause inhomogeneities inside
the present Hubble volume.

4.2 Classical and quantum fluctuations

Classical and quantum fluctuations, in inflationary cosmology, have
similarities but also crucial differences. While classical fluctuations are
given, once and forever, on a given space-like hypersurface, quantum fluc-
tuations keep on reappearing all the time thanks to the zero-point energy of
various quantum fields that are potentially present in de Sitter space-time.
If the accelerated phase lasts just the minimal amount of e-folds required
to solve the problem of the Standard Cosmological Model classical fluctua-
tions can definitely have an observational and physical relevance. Suppose,
indeed, that classical fluctuations are present prior to the onset of inflation
and suppose that their typical wavelength was of the order of Hi_l. Then
we can say that their wavelength today is

Ato) = H ' 22, (4.23)

ai

But ag/a; is just the redshift factor required to fit the present Hubble patch
inside the event horizon of our de Sitter phase. From Eq. (4.23) it is clear
that if H, ! = 10%/p ~ 1072® cm, then A(t) will be comparable with H;*
if the number of e-folds is just close to minimal.

If the inflationary phase lasts much more than the minimal amount of
e-folds the classical fluctuations (possibly present at the onset of inflation)
will be, in the future, redshifted to larger and larger length-scales (even
much larger than the present Hubble pacth). In the future these wave-
lengths will be, in some sense, accessible since the Hubble patch increases
as time goes by. Therefore, if the inflationary phase lasts much more than
the minimal amount of e-folds, the only fluctuations potentially accessible
through satellite and terrestrial observations will be quantum-mechanically
generated fluctuations which can be parametrically amplified under specific
conditions to be discussed in chapter 6. In Fig. 4.3 the evolution of the
Hubble radius (in Planck units) is reported as a function of the logarithm
of the scale factor. In Fig. 4.3 inflation lasts for the minimal amount (i.e.
N = 63) while in Fig. 4.4 the duration of inflation is non-minimal (i.e.
N = 85> 63). From Figs. 4.3 and 4.4 the difference in the behaviour
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Fig. 4.3 The evolution of the Hubble radius in the case when the duration of inflation
is minimal. With the dashed lines we also illustrate the evolution of different typical
wavelengths.

of classical and quantum fluctuations is evident. The dashed lines repre-
sent the wavelength of a given perturbation (either classical or quantum
mechanical). If the duration of inflation is minimal, it is plausible (see
Fig. 4.3) that a classical fluctuation crosses the Hubble radius the second
time around the epoch of matter-radiation equality. This means that the
classical fluctuation may have an observational impact. If, on the contrary,
inflation lasts for much more than 63 e-folds (85, in Fig. 4.4) there is no
chance that a classical fluctuation present at the onset of inflation will cross
the Hubble radius around the epoch of matter-radiation equality. In this
second case, the only fluctuations that will be eventually relevant will be
the quantum mechanical ones. Summarizing the discussion conducted so
far, we can say that there are two physically different situations:

e if the duration of the inflationary phase lasts for the minimal
amount of e-folds (i.e. N =~ 63) then it is plausible that some
(observable?) relics of a pre-inflationary dynamics can be eventu-
ally detected in CMB observations;
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Fig. 4.4 The same quantity illustrated in Fig. 4.3 but for a case when the duration of
inflation is non-minimal.

e if on the contrary, the duration of inflation greatly exceeds the
minimal duration we can expect that any memory of the pre-
inflationary phase will be lost thanks to the efficiency of exponential
expansion.

We conclude this section by an important concept which will be relevant
both on a physical and and on a technical ground. It is the concept of hori-
zon crossing. This concept can be introduced by looking at Figs. 4.3 and
4.4. In Figs. 4.3 and 4.4 the dashed lines represent, as already mentioned,
the evolution of the physical wavelengths while the full line sketches the
approximate evolution of the Hubble radius in the concordance model. It
is important to stress that

e in the concordance model (i.e. the ACDM model where inflation
is driven by a single scalar field) the reheating is assumed to be
almost sudden;

e between the end of inflation and the onset of radiation there
are no exotic phases as, for instance, implied by some models of
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quintessence where, after inflation, a relatively long stiff phase? can
take place.

The moment where the physical wavelength crosses the Hubble radius is
called, in the jargon, horizon crossing. We say that this is the jargon (as
opposed to a more accurate terminology) because the particle horizon does
not exist, strictly speaking, during inflation. Therefore, by definition the
horizon crossing is the moment at which

At) ~2nH™ (1), ~ 1. (4.24)

The second relation of Eq. (4.24) is written in terms of the comoving
wavenumber k. Since H ~ 1/7 we will also have that

e when k7 < 1 the corresponding physical wavelength will be larger
than the Hubble radius at the time 7;

e when k7 > 1 the corresponding physical wavelength will be smaller
than the Hubble radius at the time 7.

The previous statements can be also dubbed, according to the current ter-
minology, by saying that the physical wavelength is either larger or smaller
than the Hubble radius. According to Figs. 4.3 and 4.4 the physical wave-
length crosses the Hubble radius twice. It crosses the Hubble radius the first
time at early epoch, during inflation, i.e. when the Hubble radius is roughly
constant. The second crossing can take place at various epochs. In the min-
imal concordance model the second crossing (sometimes also called horizon
reentry) can take place either during the radiation-dominated phase or dur-
ing the matter-dominated phase. The wavelengths that become larger than
the Hubble radius towards the end of inflation will reenter first and they
will make the second crossing during radiation. The wavelengths that left
the Hubble radius around 60 e-folds before the end of inflation will reenter
around recombination.

In practical problems it is often required to estimate the so-called max-
imal number of e-folds, i.e. the number of e-folds corresponding to the
first horizon crossing of the physical wavelength which is, today, compa-
rable with the present extension of the Hubble radius. This number of
e-folds, which will be denoted as Ny, defines the maximal number of e-
folds which are today accessible by our observations. This does not mean
that the effective duration of inflation must coincide with Npax. On the

dA stiff phase can be driven, for instance, by the kinetic energy of the quintessence field
which acts effectively as a barotropic fluid whose sound speed equals the speed of light.
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contrary there are reasons to believe that inflation should last much more
than Npya.x. However, in this case, the physical wavelengths that crossed
the horizon at a given N1 > Npax will reenter in the future.

In the framework of a specific thermodynamic history of the Universe
it is possible to compute Ny .x with reasonable accuracy. In what follows
we will compute Npax in the context of the minimal ACDM model and
under the assumption of sudden reheating. The details of the estimate
imply the knowledge of the calculation of the primordial spectrum of cur-
vature perturbations which will be explicitly derived in chapter 10. By
using the technique already mentioned in this chapter it turns out that the
maximal number of e-folds accessible to our observations coincides with the
minimal number of e-folds required to relax the problems of the Standard
Cosmological Model, so, we can write

1 ho 1 haro
Nuax = 67.95+ = In€ —In [ 22 ) 4+ ~ In | —0"R0__ 4.2
07.95+ 5 In¢ n<0.7>+4 n(4.15><105 (4.25)

which is essentially Eq. (4.12) with & = & = £ as implied by the sudden
reheating approximation. By now assuming that inflation is driven by a
single scalar degree of freedom (see chapter 5) we can also write

52_H2_87T V

where V' denotes the potential of the inflaton, i.e. the scalar degree of
freedom which drives inflation. It turns out also that the amplitude of the
spectrum of curvature perturbations generated by the (quantum) inhomo-
geneities of the inflaton and of the geometry is related to V' through a small
parameter conventionally denoted by € (see Eq. (10.81) of chapter 10):

8 \%4
~ I 4.27
Fr 3Mf>1 ( € >k~Ha ( )

where Pr denotes the power spectrum of curvature perturbations and it
is understood that the expression at the right hand side of Eq. (4.27)
is evaluated at horizon crossing, i.e. for k ~ Ha. The parameter € is an
example of slow-roll parameter. In particular e controls the rate of variation
of H,ie €= —H/HQ. During inflation, as discussed in this chapter, e < 1.
When € ~ 1 the inflationary evolution comes to an end. Using Eq. (4.27)
to eliminate V from Eq. (4.26), Eq. (4.25) can be written as

1
Niax = 67.951 + 1 In (mePr), (4.28)

where the other parameters appearing in Eq. (4.25) have been fixed at their
typical values. Now, as we will learn in the following chapters the curvature
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perturbations generated during inflation will affect the temperature fluctu-
ations of the CMB. Therefore, within the model under consideration, it is
possible to estimate Pr by assuming that all the anisotropies observed in
the CMB are due to the scalar modes of the geometry. This assumption
implies that Pr ~ 2.6 x 107%. Therefore, from Eq. (4.28), Nyax can be
estimated as:

1
Nunax = 63.29 + 7 lne. (4.29)

Again the value of the slow-roll parameter can be experimentally bound and
we may take e < 0.05. For € ~ 0.01 we will have, for instance, Nyax =~ 62.13.

To summarize, by pretending to know which is the thermal history
of the Universe the detail of a specific inflationary model can be used to
compute Np.x with reasonable accuracy. We would be tempted to say
that it is highly desirable that N ~ Ny .x. In other words it might appear
simpler, on the theoretical ground, to select the situation where the total
number of e-folds coincides with maximal number of e-folds accessible to
our extended experience. This is certainly possible. However, within this
choice, it remains to be explained why the initial conditions are taken to be
of quantum mechanical origin. In fact, if inflation lasts around 62 e-folds,
as explained before, classical fluctuations do not have time to be diluted
by the accelerated expansion. So in this respect, if N ~ Ny ., there is
no way of affirming that the initial conditions of the fluctuation observed
in the CMB come from quantum mechanics rather than from a classical
inhomogeneity present on a given space-like hypersurface at the onset of
inflation. For further details on the discussion of N,,.x the interested reader
may consult [127, 128].

4.3 The entropy problem

The entropy of the CMB refers to the entropy of the matter sources of the
geometry. There could be, in principle, also a truly gravitational entropy
associated with the gravitational field itself. The way one can attribute an
entropy to the gravitational field is the subject of debate. This entropy, for
instance, could be connected to the possibility of activating new degrees of
freedom and can be measured, for instance according to Penrose, by the
Weyl tensor [134] (see also [135]). So, for the moment, let us focus our
attention on the entropy of the sources and let us recall that, today, this
entropy seats in photons and it is given, in natural units, by S, ~ 1088.
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Since the evolution of the sources is characterized, in the SCM, by the
covariant conservation of the total energy-momentum, the total entropy of
the sources will also be conserved. We are therefore in the situation where
the entropy at the end of the inflationary phase must be of the order of 1088.
During inflation, at the same time, there is no reason why the evolution of
the sources must not follow from the covariant conservation of the energy-
momentum tensor. If this is the case, the entropy of our observable Universe
must be produced, somehow, at the end of inflation. This is, indeed, what
we can call the standard lore for the problem of entropy generation within
the inflationary proposal. In the standard lore entropy (as well as radiation)
is generated at the end of inflation during a phase called reheating.

During reheating the degree of freedom that drives inflation (the in-
flaton, in single field inflationary models) decays and this process is non-
adiabatic. What was the entropy at the beginning of inflation? The answer
to this question clearly depends upon the specific inflationary dynamics
and, in particular, upon the way inflation starts. Let us try, however, to
get a rather general (intuitive) picture of the problem. Suppose that, at
some time t;, an event horizon forms with typical size Hfl. The source
of this dynamics could be, in principle, a cosmological constant or, more
realistically, the (almost) constant potential energy of a scalar degree of
freedom. In spite of the nature of the source, it can be always argued that
its energy density is safely estimated by H?M3. When the event horizon
forms, massless particles can be around. Suppose, for a moment, that all
the massless species are in thermal equilibrium at a common temperature
T;. Thus, their energy and entropy densities will be estimated, respectively,
by T:* and by T33. The total entropy at t; contained inside the newly formed
event horizon can then be quantified as

S, ~ <%>3 (4.30)

Yet to be discussed (but already mentioned) the quantum fluctuations am-
plified in the course of the inflationary evolution force us to a value of
H;/Mp ~ 107°. On the other hand, we have for inflation to start,

HME > g,T}, (4.31)

where g, is the effective number of relativistic degrees of freedom at ¢; (see
Appendix B, Eq. (B.35)). From Eq. (4.31) it is easy to deduce that

n) 7 o\
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Recalling that H; ~ 107° Mp it is then plausible, under the assumptions
mentioned above, that the entropy at the onset of inflation is of order one
and, anyway, much smaller than the present entropy sitting in the CMB
photons.

During the development of inflation, if there is no significant energy
and momentum exchange between the inflaton field and the photons, the
temperature, the concentration of photons and the entropy density will all
redshift exponentially so that the background will be driven towards a very
flat and cold stage® where, however, the total entropy is still of order one
thanks to the adiabaticity of the evolution. At some point, however, the
inflaton will start decaying and massless particles will be produced. Let
us now try to estimate the entropy produced in this process. It will be, in
general terms, of the order of

4 (Twm\’
rth — 5 5 4.
Sth 37T<Hrh> ( 33)

where T,y is the reheating temperature and where Hrjll is the Hubble ra-
dius at the reheating. Let us assume, to begin with, that the reheating is
instantaneous and perfectly efficient. This amounts to suppose that all the
energy density of the inflaton is efficiently transformed into radiation at t,,.
Recalling now that Hril can be usefully connected with H i_l as

Hy'~ H! (ﬂ) (4.34)
aj

we will have that the effective number of e-folds should be

1 ¢ Tin
> 65.9 + I —2 ,
N >65.9 31n<10_5> 1n<1015GeV)’ (4.35)

where we assumed that H,, ~ Tfh /Mp. So, if the inflationary phase is
sufficiently long, the Hubble radius at reheating will be large enough to
match the observed value of the entropy of the sources. There are at least
three puzzling features, among others, with the argument we just presented:

e the amount of entropy crucially depends upon the temperature of
the reheating which depends, in turn, upon the coupling of the
inflaton to the degrees of freedom of the particle physics model;

€In connection with this point it is interesting to mention the possibility of warm infla-
tion. Since we do not discuss this topic we refer the reader to some of the original papers
[129-132]. The possibility of having a successful warm inflation has been questioned in
[133].
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e the entropy should not exceed the observed one and, consequently,
the solution of the entropy problem seems to imply a lower bound
on the number of the inflationary e-folds;

e the reheating may not be instantaneous and this will entail the
possibility that the number of inflationary e-folds may be smaller
since, during reheating, the Hubble radius may grow.

In some models of reheating the decay of the inflaton occurs through a phase
where the inflaton field oscillates around the minimum of its potential. In
this phase of coherent oscillations the Universe becomes, effectively, domi-
nated by radiation and a(t) ~ t2/3. Consequently, the radiation of H' to
Hfl will be given by a different equation and, more specifically, by

H O\ 23
H'=eV <H—h> H! (4.36)

where the power 2/3 in the last bracket accounts for the evolution during
the reheating phase. In this case, requiring that the total entropy exceeds
a bit the observed entropy we will obtain the following condition, on V:

N>60.1+11n< § >+%1n<i). (4.37)

3 10—3 3 1015 GeV

Equation (4.35) gives a lower estimate for the number of inflationary e-
folds simply because the Universe was redshifting also in the intermediated
(reheating) phase by, roughly, 5 effective e-folds.

According to the presented solution of the entropy problem the initial
state of the Universe prior to inflation must have been rather ordered. Let
us assume, indeed, the validity of the second law of thermodynamics

Sm + Scr > 0, (4.38)

where Sq, denotes, quite generically, the entropy of the gravitational field
itself. Equation (4.38) is telling us that as we go back in time the Uni-
verse had to be always less and less entropic. The conclusion that the
pre-inflationary Universe was rather special seems to clash with the idea
that the initial conditions of inflation were somehow chaotic [122]. The
idea here is that inflation is realized by means of a scalar degree of free-
dom (probably a condensate, see chapter 5) initially displaced from the
minimum of its own potential. In some regions of space the inflaton will
be sufficiently displaced from its minimum and its spatial gradients will be
large in comparison with the potential. In some other regions the spatial
gradients will be sufficiently small. This picture, here only swiftly described,



SCM and Beyond 97

is really chaotic and it is conceptually difficult to imagine that this chaos
could also avoid a large entropy of the pre-inflationary stage. A possible
way out of this apparent impasse may be to include consistently the entropy
of the gravitational field.

There are proposals on the possible measures of the entropy of the
gravitational field. On top of the proposal of Penrose already quoted in
this section [134, 135], Davies [136, 137] proposed to associate an entropy
to the cosmological backgrounds endowed with an event horizon. In this
case Sgr ~ d2 My 2. One can easily imagine models where the entropy of the
sources decreases but the total entropy (i.e. sources and gravitational field)
does not decrease [138-141]. There is also the possibility of associating an
entropy to the process of production of relic gravitons [142, 143] but we
shall swiftly get back on this point later on in chapter 6.

We conclude this section by mentioning a formulation of the information
problem of the present Universe which is particularly lucid and fits well with
the discussion we just presented. It is due to G. Smoot [144]. If we look
at the Universe today in a naive perspective we would expect that, since
the entropy is an extensive quantity, the present information content of the
Universe will be of the order of the Hubble volume in Planck units, i.e.
1089, According to the introduced definition of gravitational entropy this
figure is drastically reduced to something of the order of 10'2°. But if we
apply the same notion at the event horizon during inflation we will have
ME/H? ~ 10", The cosmological parameters are roughly 20 (eventually
supplemented by the equations describing the evolution of the geometry
and of the radiation field). The information content of our Universe then
seems to be compressed. This is another possible facet of what goes under
the name of entropy problem.

4.4 The problem of geodesic incompleteness

Inflation does not solve the problem of the initial singularity. This state-
ment can be appreciated by noticing that the expanding de Sitter space-
time is not past geodesically complete [145-148]. Such an occurrence is
equivalent (both technically and physically) to a singularity. The geodesic
incompleteness of a given space-time simply means that causal geodesics
cannot be extended indefinitely in the past as a function of the affine pa-
rameter that shall be denoted with A\. The causal geodesics are either the
time-like or null geodesics. Let us therefore consider, for simplicity, the case
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Geodesic incompleteness

= = = = 1 Equation (4.37)

— Equation (4.38)

Fig. 4.5 The evolution of null geodesics in the case of Eqgs. (4.46) and (4.47)

of null geodesics i.e.
dt? — a®(t)di* = 0. (4.39)

From the geodesic equation [102]:

A%z dz® dzP
| R 4.4
oz e =0 (4.40)

we immediately obtain the following pair of conditions:

2t [di\?
2t a dt dzt
e + SaNdn 0. (4.42)
Inserting Eq. (4.39) into Eq. (4.41) to eliminate (dZ/d\)? we obtain
af  a . dt
—_ — — )\ = —, 4.4
But if we now recall that
ﬁ = dfﬁ = ﬁ , (4.44)

d\  dtd)  dt
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Eq. (4.43) allows us to express f(t) in terms of the scale factor:
@1
dh alt)’

In the case of expanding de Sitter space-time we will have

X\ = a(t)dt. (4.45)

a(t) ~ et t= %ln (HN\) (4.46)

implying that ¢(A) — —oo for A — 07. This means that null geodesics are
past-incomplete.

To appreciate what would be a geodesically complete space-time let us
consider the following example:

1
a(t) ~ cosh Ht, t= i In[HXA+ VH?2X? +1]. (4.47)

In the case A — 0, t(A) — 0 and the geodesics are complete. The back-
ground discussed in Eq. (4.47) is a solution of Einstein equations but in
the presence of positive spatial curvature while, in the present example, we
considered, implicitly, a spatially flat background manifold. In the case of
pre-big bang models the geometry is geodesically complete in the past and
the potentially dangerous (curvature) singularities may arise but not in the
far past [105, 106] (see also [107, 108] for some possible mechanism for the
regularization of the background). In Fig. 4.5 the null geodesics of Egs.
(4.46) and (4.47) are illustrated, respectively, with the dashed line and with
the full line. It is clear from the plot that, in the case of Eq. (4.47) the
cosmic time parameter is a regular function of the affine parameter while
in the case of Eq. (4.46) there is a singularity for A — 0%.
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Chapter 5

Essentials of Inflationary Dynamics

Some possible dynamical realizations of the inflationary paradigm will now
be swiftly discussed. Diverse models have been proposed so far and the
purpose of the present chapter is to outline some general aspects that will
be useful in the discussion of the evolution of the inhomogeneities.

5.1 Fully inhomogeneous Friedmann-Lemaitre equations

The usual presentation of inflationary dynamics deals predominantly with
homogeneous equations for scalar degrees of freedom in the early Universe.
It is then argued that, when the scalar potential dominates over the spatial
gradients and over the kinetic energy of the scalar degree of freedom the ge-
ometry is led to inflate. In a slightly more quantitative perspective we shall
demand that the aforementioned conditions should be verified over a spatial
region of typical size Hi_1 > 10%¢p where Hi_l, as explained in section 4, is
a newly formed event horizon at the cosmic time ¢;. Why should we neglect
spatial gradients during a phase of inflationary expansion? The answer to
this question can be neatly formulated in terms of the inhomogenous form
of Friedmann-Lemaitre equations. The homogeneous Friedmann-Lemaitre
equations (see Egs. (2.56), (2.57) and (2.58)) have been written neglect-
ing all the spatial gradients. A very useful strategy will now be to write
the Friedmann-Lemaitre equations in a fully inhomogeneous form, i.e. in a
form where the spatial gradients are not neglected. From this set of equa-
tions it will be possible to expand the metric to a given order in the spatial
gradients, i.e. we will have that the zeroth-order solution will not contain
any gradient, the first-order iteration will contain two spatial gradients, the
second-order solution will contain four spatial gradients and so on. This
kind of perturbative expansion has been pioneered, in the late sixties and

101
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in the seventies, by Lifshitz, Khalatnikov [149-151], and by Belinskii and
Khalatnikov [152-154]. Often this approach is dubbed BKL formalism

There are various applications of this formalism to inflationary cosmol-
ogy [155-158] as well as to dark energy models (see, for instance, [159-161]
and references therein). In the present framework, the fully inhomogeneous
approach will be simply employed in order to justify the following state-
ments:

o if the (total) barotropic index of the sources is such that w > —1/3,
then the spatial gradients will be relevant for large values of the
cosmic time coordinate (i.e., formally, ¢ — oo) but they will be
negligible in the opposite limit (i.e. ¢ — 07);

o if the total barotropic index is smaller than —1/3 the situation is
reversed: the spatial gradients will become more and more sub-
leading as time goes by but they will be of upmost importance in
the limit of small cosmic times;

e if w = —1/3 the contribution of the spatial gradients remains con-
stant.

The second point of the above list of items will justify why spatial gradients
can be neglected as inflation proceeds. At the same time, it should be
stressed that the announced analysis does not imply that the inflationary
dynamics is generic. On the contrary it implies that, once inflation takes
place, the spatial gradients will be progressively subleading. Similarly, the
present analysis will also show that prior to the onset of inflation the spatial
gradients cannot be neglected. For the present purposes, a very convenient
form of the line element is represented by

ds? = g datd” = dt* — v (t,7)dz" da? (5.1)
where
goo = 1, gij = —%i;(t, T), goi = 0. (5.2)

Since the four-dimensional metric g, has ten independent degrees of free-
dom and since there are four available conditions to fix completely the
coordinate system,* Egs. (5.1) and (5.2) encode all the relevant functions
allowing a faithful description of the dynamics: the tensor ~;;(¢, %) being
symmetric, contains 6 independent degrees of freedom. The idea is now, in

2The freedom of choosing a gauge when the geometry is not fully homogeneous will be
addressed, repeatedly, starting from chapter 6 and, more formally, in chapter 11. In the
terminology of chapter 11 the choice defined by Eq. (5.2) is an example of synchronous
coordinate system.
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short, the following. The Einstein equations can be written in a form where
the spatial gradients and the temporal gradients are formally separated.
In particular, using Egs. (5.1) and (5.2) it can be easily shown that the
Christoffel connections can be written as

10 . 1 .0 )
1
T3y = 57| =0 + Ojyes + 0ivie (5.4)

where K;; is the so-called extrinsic curvature which is the inhomogeneous
generalization of the Hubble parameter. Notice, in fact, that when v;; =
a®(t)d;; (as it happens in the homogeneous case) K7 = —H§ where H is
the well known Hubble parameter. Using Egs. (5.4) the components of the
Ricci tensor can be written as

R) =K — TrK?, (5.5)
R? = V,K — V. KF,

S0 . .
R = 5 ~ KK} —r. (5.7)

Throughout this discussion the following notations will be employed:

e the overdot denotes a partial derivation with respect to ¢;
e V; denotes the covariant derivative defined in terms of ~;; and of
Eq. (5.4).

While the first convention is rather natural in the light of the previous
treatments, the meaning of V; should not be confused with the spatial part
of the covariant derivative computed with respect to the full metric tensor.

In Egs. (5.5), (5.6) and (5.7) the explicit meaning of the various quan-
tities are given by

TK? =K/ K!, K=K 1l =y"%. (5.8)

The three-dimensional Ricci tensor is simply given in terms of the Christof-
fel connections with spatial indices:

rij = Ol — O, + T, — T4, T (5.9)

mi jm= il>
Equations (5.5), (5.6) and (5.7) allow us to write the Einstein equations in

a fully inhomogeneous form. More specifically, assuming that the energy-
momentum tensor is a perfect relativistic fluid

T} = (p+ p)upu” — poy,, (5.10)
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we will have to write, in explicit terms, both Eq. (2.50) and the covariant
conservation equation discussed in Eq. (2.9). From the (00) and from the
(07) components of Eq. (2.50), the Hamiltonian and momentum constraints
can be derived by using the explicit expressions for the Ricci tensor. The
result will be, respectively:

K? —TrK? +r = 167G[(p + p)uou’ — pl, (5.11)
ViK — Vi KF = 87Guu’(p + p). (5.12)
It is clear that there two relations are constraints (as opposed to dynamical

equations) since they do not contain second derivatives of the metric. The
(ij) components of Eq. (2.50) lead instead to

i P 1
(K] = K K] = K6]) + 500 (K* + TeK?) = (r] = 5rd))
= —87G|(p + )i’ + pd}], (5.13)
A trivial remark is that, in Egs. (5.11), (5.12) and (5.13), the indices are

raised and lowered using directly ~;;(¢,Z). By combining the previous set
of equations the following relation can be easily deduced

qTrK? = 87G | (p + p)uou’ + Z% (5.14)
where
B K

is the inhomogeneous generalization of the deceleration parameter. In fact,
in the homogeneous and isotropic limit,

vij = a*(t)oy, Kl =—HS  q(t) — o2 (5.16)
Recalling the definition of TrK?2, it is rather easy to show that
K2

where the sign of equality (in the first relation) is reached, again, in the
isotropic limit. Since v¥ is always positive semi-definite, it is also clear
that

woul =1+ 'yijuiuj >1, (5.18)

which follows from the condition ¢g"”u,u, = 1. From Eq. (5.14) it follows
that q(t,Z) is always positive semi-definite if (p + 3p) > 0. This result
is physically very important and it shows that spatial gradients cannot
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make gravity repulsive. One way of making gravity repulsive is instead
to change the sources of the geometry and to violate the strong condition.
Egs. (5.14) and (5.15) generalize the relations already obtained in chapter 2
and, in particular, Egs. (2.60) and (2.63). Always in chapter 2 it has
been observed that the acceleration is independent on the contribution
of the spatial curvature. Furthermore, it is easy to show that when the
(negative) spatial curvature dominates over all the other sources the scale
factor expands, at most, linearly in cosmic time (i.e. a(t) ~ t) and the
deceleration parameter vanishes.

Equations (5.11), (5.13) and (5.12) must be supplemented by the explicit
form of the covariant conservation equations written down in chapter 2 (see,
in particular, Eq. (2.9)). Thus, from the (i) and (0) components of Eq.
(2.9) the resulting explicit expressions will be:

= A+ o] - fak{mpmu )

—2K1u u‘(p+p) — ke[(p+p)u u’ +py™] =0, (5.19)

\/—at{\/—[(pﬂtp)%u —p]}—73 VA (p+ p)ugu'}

— Ki[(p + p)utue + pdy] = 0, (5.20)
where v = det(v;;). It is useful to recall, from the Bianchi identity, that
the intrinsic curvature tensor and its trace satisfy the following identity

o1
Vj’l“g = gvlr (521)
Note, finally, that combining Eq. (5.11) with the trace of Eq. (5.13) the
following equation is obtained:
TrK? + K% +7r — 2K = 87G(p — 3p). (5.22)
Equation (5.22) allows to re-write Egs. (5.11) (5.13) and (5.12) as

K —TrK? = 871G [(p + p)ug u’ +2 5 p]’ (5.23)
Lo VI K ) =1l =8rG —(p—|—p)u'uj—|—u5j (5.24)
VA ot ! ! 2 U '
VK — Vi KF = 81G(p + p)u; u, (5.25)
where we used the relation 2K = —%/~. Let us now look for solutions of

the previous system of equations in the form of a gradient expansion. We
shall be discussing v;; written in the form

vik = a®(t)[aw () + Bu(t, D)), M = : o™ — g8 (¢, 7)), (5.26)
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where 3(Z,t) is considered to be the first-order correction in the spatial
gradient expansion. Note that from Eq. (5.26) vix7y* = 67 + O(3?). The
logic is now very simple: Einstein equations will determine the specific
form of §;;(%,t) once the form of «;(Z,t) is known. Putting Eq. (5.26)
into Egs. (5.3) we obtain

KJ = —<H5j + 5—j> +0(5?)
[ [ 2 ’
K= —<3H + %ﬁ) +0(p?), (5.27)

TrK? =3H? + HB + O(5%),
where, as usual, H = a/a represents the homogenous part of the Hubble
parameter. From Eq. (5.12) it also follows that

VifE — Vi = 167Gu; u°(p + p). (5.28)
The explicit form of the momentum constraint suggests that we look for
the solution in a separable form, namely:

B, @) = g(t)B] (). (5.29)
Thus Eq. (5.28) becomes
G(ViBF —V.:B) = 167Gu;u’ (p + p). (5.30)

Using this parametrization and solving the constraint for u;, Einstein equa-
tions to second order in the gradient expansion reduce then to the following
equation:

(..+3H.)Bj+H.Béj+2Pg’_ w—l(..”H.)Béj (5.31)
g g)5; go0; 2 3wl g g i :
In Eq. (5.31) the spatial curvature tensor has been parametrized as
A
rl(Z,t) = ot (5.32)
Recalling that
3w . 1
H=Hya 5", H= —73(7“”; ) g2, (5.33)
the solution for Eq. (5.31) can be written as
; 4 ; 5+ 6w — 3w? i
Bl(Z) = — PHE) — —————P(2)d |,
/(@) H3(3w+1)(3w+5)< Y wrs) @ )
(5.34)

P(Z)

R CTEE)
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with g(¢) simply given by
g(t) = a® T, (5.35)
Note that, in Eq. (5.34), Ho = 2/[3(w + 1) to]. Equation (5.34) can be also
inverted, i.e. P} can be easily expressed in terms of B! (Z) and B(Z):
_H§
4

Using Eq. (5.21) the peculiar velocity field and the energy density can
also be written as

3 w
0, _ _ Swtl 19 B(7
w 87er<3w—|—5>a %B(@),

PI(Z) = [B(2)87 (6w + 5 — 3w?) + B (Z)(3w + 5) (3w +1)].  (5.36)

(5.37)

P G 2

Let us therefore rewrite the solution in terms of ;;, i.e.

2
3Hgy [a—3(w+1) _ w_ﬂg(f)a—Q].

i = a*()[cij (£) + By (7, )] = a*(t) [%‘ (%) + 0> 1By (f)} . (5.38)
Concerning this solution a few comments are in order:

o if w> —1/3, B;; becomes large as a — oo (note that if w = —1/3,
a3t is constant);

o if w < —1/3, 8;; vanishes as a — oo;

o if w < —1, B;; not only the gradients become sub-leading but the
energy density also increases as a — co.

e to the following order in the perturbative expansion the time-
dependence is easy to show: 7;; =~ a?(t)[ay; + a® 1B +
a?GwtD g, ] and so on for even higher order terms; clearly the
calculation of the curvature tensors will now be just a bit more
cumbersome.

Equation (5.38) then proves the statements illustrated at the beginning of
the present section and justifies the use of homogeneous equations for the
analysis of the inflationary dynamics. Again, the debatable issue on how
inflation starts should however be discussed within the inhomogeneous ap-
proach. It is finally relevant to mention that the present formalism also
answer an important question on the nature of the singularity in the stan-
dard cosmological model. Suppose that the evolution of the Universe is
always decelerated (i.e. d < 0) but expanding (i.e. @ > 0). What should
we expect in the limit @ — 07 As emphasized in the past by Belinskii,



108 A Primer on the Physics of the Cosmic Microwave Background

Lifshitz and Khalatnikov (see for instance [154]) close to the singularity
the spatial gradients become progressively less important as also implied
by Eq. (5.38). The latter observation means that the standard big-bang
may be highly anisotropic but rather homogeneous. In particular, close to
the singularity, the solution may fall in one of the metrics of the Bianchi
classification [87] (see also Egs. (2.5) and (2.6)). In more general terms
it can also happen that the geometry undergoes anisotropic oscillations
that are customarily named BKL (for Belinskii, Khalatnikov and Lifshitz)
oscillations.

5.2 Homogeneous evolution of a scalar field

The Friedmann-Lemaitre equations imply that the scale factor can accel-
erate provided w < —1/3, where w is the barotropic index of the generic
fluid driving the expansion. This condition can be met, for instance, if one
(or more) scalar degrees of freedom have the property that their potential
dominates over their kinetic energy. Consider, therefore, the simplest case
where a single scalar degree of freedom is present in the game. The action
can be written as

R 1
S = /d4x\/ [_ﬁ + gaﬁaaﬁpﬁggo — V(cp)], (5.39)

where ¢ is the scalar degree of freedom and V() its related potential. The
scalar field appearing in the action (5.39) is said to be minimally coupled.
Of course, there are other possibilities. For instance the scalar field ¢ can
be conformally coupled or even non-minimally coupled. These couplings
arise when the scalar ﬁeld action is written in the form

1 «o
S = /d4a:\/ { e + go‘ﬁaatp@ggo Vip) — §R<p2:|. (5.40)

Clearly the difference between Eq. (5.39) and Eq. (5.40) is the presence of
an extra term, i.e. —(a/2)Rp?. If @ = 0 we recover the case of minimal
coupling. If & = —1/6 the field is conformally coupled and its evolution
equations are invariant under the Weyl rescaling of the metric.? In all other
cases the field is said to be simply non-minimally coupled. In what follows,
for pedagogical reasons, we will stick to the case of minimal coupling. Before
going to the case of minimal coupling let us write the field equations derived
from the action (5.40) in their full generality, i.e. without assuming a

bThe sign of «v is conventional. If the opposite sign would have been chosen the condition
of conformal coupling would arise when a = 1/6.
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specific value of . In order to do so the derivation leading to Eq. (2.50)
must be repeated. The surface term (derived by means of the Palatini
identity of Eq. (2.40)) and reported in Eq. (2.44) is now more cumbersome
since the term ag?R couples directly the Ricci scalar to the scalar field .
As aresult the integration by parts will produce further terms (proportional
to «) which will contain further derivatives of . The functional variation
of Eq. (5.40) with respect to g"” leads to the modified Einstein equation
which can be written as

1 1
v o__ v af v
(Sﬂ'G + ap )QN = (142a)0,p0"¢ — <2a + §>g Datpdppd,
—2000(04,9°°V oV — V. VY @) + 61V, (5.41)

The functional variation of the action (5.40) with respect to ¢ leads to
a generalized form of the Klein-Gordon equation in curved backgrounds
which can be written as

oV
9*PV Vo +aRp + — = 0. (5.42)
dp
If we set &« = 0 in Eqgs. (5.41) and (5.42) we recover, of course, the result
obtainable by direct functional variation of Eq. (5.39) with respect to g”
and ¢:

1 1 14 v

Ry — S0, R =8nGT}, (5.43)
oV
o 9 _ A4
9 VaVae+ 5= =0, (5.44)
where
VaVgp = 0a0pp — I 305, (5.45)
v 1% v 1 «

Ty =000~ | 30 0ulpo - Vie) . (50

The components of Eq. (5.46) can be written, in a spatially flat FRW
metric, as

22
. 1 , <p2
T) = 3 00 p — o \%4 5j + —(5k80) (5.48)

T = 0 (5.49)
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where, for the moment, the spatial gradients have been kept. To correctly
identify the pressure and energy density of the scalar field the components
of T)] can be written as

5 =ppr  T) = —pe0] + 11 () (5.50)

where Hg is a traceless quantity and it is called anisotropic stress.© By
comparing Eqgs. (5.47), (5.48) and (5.49) with Eq. (5.50) we will have

.2 1
Pp = (% + V) + ﬁ(ak@)Q; (5.51)
.2 1
ro=(5-7) - gt (5:52)
. 1 ) 1 )
Hg () = 2 [81‘4,08j<p — §(3k§0)25g:| . (5.53)

Equations (5.51) and (5.52) imply that the effective barotropic index for
the scalar system under discussion is simply given by

(%) - d@uer
_ Do _

e o T [ .
¢ <%+V>+#(8k§0)2

(5.54)

Concerning Eq. (5.54) three comments are in order:

o if 2 >V and $? > (Okp)?/a?, then p, ~ p,: in this regime the
scalar field behaves as a stiff fluid;

o if V> ¢? > (Oyp)?/a?, then w, ~ —1: in this regime the scalar
field is an inflaton candidate;

o if (Opp)?/a® > ¢? and (Oyp)?/a? > V, then w, ~ —1/3: in this
regime the system is gradient-dominated and, according to the pre-
vious results the inhomogeneous deceleration parameter ¢(t, &) ~ 0.

Of course also intermediate situations are possible (or plausible). If the
scalar potential dominates both over the gradients and over the kinetic en-
ergy for a sufficiently large event horizon at a given time the subsequent
evolution is therefore likely to be rather homogeneous and the relevant
equations will simply be the fully homogenous ones. The various compo-
nents of Eq. (5.43) can the be written in the case of the metric of Eq. (2.2).

€The anisotropic stress is rather relevant for the correct discussion of the pre-decoupling
physics and, as we shall see, is mainly due, after weak interactions have fallen out of
thermal equilibrium, to the quadrupole moment of the neutrino phase space distribution.
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This derivation mirrors exactly what has been already discussed in chap-
ter 2 when we derived the Friedmann-Lemaitre equations from Eq. (2.50).
The only new element of the derivation is represented by Eq. (5.44) which
should now be written in the metric (2.2). For this purpose the trick is
to recall that the covariant derivative of a scalar (¢ in our case) is just an
ordinary derivative. With this observation in mind it is immediate to see
that

9°°V Ve = g™ (0a0sp — T'30,0) = ¢+ 3H¢, (5.55)

where the second equality follows from the explicit form of the metric (2.2)
and of the Christoffel connections. Therefore the explicit form of Einsten
equations which is directly comparable with Eqgs. (2.56), (2.57) and (2.58)
is given by:

1[p? kM
MoH? = 3 [% + V} - (5.56)
: 2k My
MoH = —% +—%, (5.57)
) v

where the reduced Planck mass has been defined according to the following
chain of equalities:

—2 1 M3

Mp = 3G~ 8r
Even if it is not desirable to introduce different definitions of the Planck
mass, the conventions adopted in Eq. (5.59) are widely used in the study of
inflationary dynamics so we will stick to them. Because of the factor v/8m
in the denominator, Mp will be roughly 5 times smaller than Mp.

Before passing to a classification of the inflationary backgrounds in the
minimally coupled case let us try to understand what it implies to have
a # 0. To understand physically what is going on in the case o # 0 the
simplest thing to do is to look at the analog of Eq. (5.58) in the case when
a # 0. Before doing so, it is useful for the present purposes to rephrase
Eq. (5.58) in the conformal time parametrization and then compare the
resulting expression with its generalization derivable from Eq. (5.42). By
recalling that, in the conformal time parametrization dt = a(7)dr (see
Egs. (2.4) and (2.64)), Eq. (5.58) can be written as

"+ 2HY — Vi =0, (5.60)

(5.59)
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where, for our convenience, we neglected the potential but we included the
contribution of the spatial gradient which was, on the contrary, not taken
into account in Eq. (5.58). The notations of Eq. (5.60) are the same as
the one already discussed at the end of chapter 2, i.e. H = a’/a and the
prime denotes a derivation with respect to 7. Let us now compute the free
Klein-Gordon equation as it emerges from Eq. (5.42). The result of this
straightforward manipulation implies

"+ 2H¢' + aRa*p — Vp =0, (5.61)

where R denotes the Ricci scalar evaluated on the (spatially flat) FRW
metric. Recalling now Eq. (2.64) we have Eq. (5.61) which can be simply
written as

1
o+ 2Hy — Ga%cp — V2 =0. (5.62)

By now defining the rescaled field ¢; = ay the final equation reads

"

o — (6a+ 1)%@1 V20, = 0. (5.63)

It is then clear, by looking at Eq. (5.63) why the case @« = —1/6 is special.
In this case the Klein-Gordon equation for ¢; has the same form of the
Klein-Gordon equation in a flat Minkowski space-time. When o« = —1/6
it is said in the jargon that the scalar field ¢ is conformally coupled in
the sense that, by an appropriate conformal transformation of the curved
metric, the Klein-Gordon equation can be brought in its Minkowskian form.
There is a second very important case where Eq. (5.63) coincides with its
Minkowskian analog, i.e. the case a”” = 0. In the latter case, in spite of
the value of « (but always in the situation of vanishing potential term) Eq.
(5.63) assumes the same form it would have in Minkowski space-time. But
the case a” = 0 is nothing but the case of a radiation-dominated Universe
described in terms of the conformal time coordinate.

Viable inflationary models can be constructed not only in the case of
minimal coupling but also in the cases when o # 0. The interested reader
may usefully consult, on this particular problem, Refs. [162-164].

5.3 Classification(s) of inflationary backgrounds

Inflationary backgrounds can be classified either in geometric or in dynam-
ical terms. The geometric classification is based on the evolution of the
Hubble parameter (or of the extrinsic curvature). The conditions & > 0
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and @ > 0 can be realized for different evolutions of the Hubble parameter.
Three possible cases arise naturally:

e de Sitter inflation (realized when H = 0);
e power-law inflation (realized when H < 0);
e superinflation (realized when H > 0).

The case of ezact de Sitter inflation is a useful simplification but it is, in
a sense, unrealistic. On one hand it is difficult, for instance by means of
a (single) scalar field, to obtain a pure de Sitter dynamics. On the other
hand, if H = 0 only the tensor modes of the geometry are excited by the
time evolution of the background geometry.9 This observation would imply
that the scalar modes (so important for the CMB anisotropies) will not be
produced.

The closest situations to a pure de Sitter dynamics is realized by means
of a quasi-de Sitter phase of expansion where H < 0. Quasi-de Sitter
inflation is closely related to power-law inflation where the scale factor
exhibits a power-law behaviour and H < 0. If the power of the scale factor
is much larger than 1, i.e.

alty ~t?,  B>1, (5.64)

the quasi-de Sitter phase is essentially a limit of the power-law models
which may be realized, for instance, in the case of exponential potentials
as we shall see in a moment. Finally, an unconventional case is the one
of super-inflation. In standard Einstein-Hilbert gravity superinflation can
only be achieved (in the absence of spatial curvature) if the dominant energy
condition is violated, i.e. if the effective enthalpy of the sources is nega-
tive definite. This simple observation (stemming directly form Eq. (2.57))
implies that, in Einstein-Hilbert gravity, scalar field sources with positive
kinetic terms cannot give rise to superinflationary dynamics. This impasse
can be overcome in two different (but complementary) ways. If internal
dimensions are included in the game, the overall solutions differ substan-
tially from the simple four-dimensional case contemplated along this book.
This possibility arises naturally in string cosmology and has been investi-
gated [165, 166] in the context of the evolution of fundamental strings in
curved backgrounds [167]. If the Einstein-Hilbert theory is generalized to
include a fundamental scalar field (the dilaton) different frames arise nat-
urally in the problem. In this context, superinflation arises as a solution

dThis statement follows from the considerations developed in the following chapters of
this book and, in particular, from the discussions reported in chapters 6 and 10.
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Fig. 5.1 A schematic illustration of the inflationary potential in the case of large field
models. In this case the slow roll parameters are small since the value of ¢ /Mp is initially
large.

in the string frame as a result of the dynamics of the dilaton (which is, in
turn, connected with the dynamics of the gauge coupling). This is the path
followed, for instance, in the context of pre-big bang models (see [105, 107]
and references therein).

If inflation is realized by means of one (or many) scalar degrees of free-
dom, the classification of inflationary models is usually described in terms
of the properties of the scalar potential. This is a more dynamical clas-
sification which is, however, narrower than the geometric one introduced
above. The rationale for this statement is that while the geometric clas-
sification is still valid in the presence of many (scalar) degrees of freedom
driving inflation, the dynamical classification may slightly change depend-
ing upon the number and nature of the scalar sources introduced in the
problem. Depending on the way the slow-roll dynamics is realized, two
cases are customarily distinguished

o large field models (see Fig. 5.1);
o small field models (see Fig. 5.2).

In small field models the value of the scalar field in Planck units is usually
smaller than one. In large field models the value of the scalar field at the



Essentials of Inflationary Dynamics 115

V(o)

Fig. 5.2 A schematic illustration of the inflationary potential in the case of small field
models.

onset of inflation is usually larger than one (ore even much larger than
one) in Planck units. In Figs. 5.1 and 5.2 a schematic view of the large
and small field models is provided. In what follows examples of large and
small field models will be given. Let us finally comment on the relevance
of spatial curvature. Inflation is safely described in the absence of spatial
curvature since, as we saw, the inflationary dynamics washes out the spatial
gradients quite efficiently. In spite of this statement, there can be situations
(see second example in the following section) where the presence of spatial
curvature leads to exact inflationary backgrounds. Now, these solutions,
to be phenomenologically relevant, should inflate for the minimal amount
of e-folds. If, on the contrary, inflation lasts much more than the required
60 or 65 e-folds, the consequences of inflationary models endowed with
spatial curvature will be indistinguishable, for practical purposes, from the
consequences of those models where the spatial curvature is absent from
the very beginning.
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5.4 Exact inflationary backgrounds

As Eqgs. (2.56), (2.57) and (2.58), also Egs. (5.56), (5.57) and (5.58) are
not all independent. To illustrate inflationary dynamics, the following game
can be, in some cases, successfully played: specify a given geometry, then
obtain the scalar field profile by integrating (with respect to the cosmic time
coordinate) Eq. (5.57). If the result of this manipulation is explicit and
invertible, then Eq. (5.56) allows us to determine the specific form of the
potential. The drawback of this strategy concerns the range of applicability:
few solvable examples are known and two of them will now be described in
pedagogical terms. Consider the following power-law background:

¢ B
a(t) = a1 <—) , 8>1, t>0, (5.65)

, 1=-= (5.66)

where Eq. (5.66) follows from Eq. (5.65) by using the definition of Hubble
parameter. Using now Eq. (5.57), ¢ can be swiftly determined as

— t
t) = o + /28Mp In (F) (5.67)
1
Inverting Eq. (5.67) we can easily obtain:
t Y — o
5.68
(7)) = ewl-F o) (5.68)

With the help of Eq. (5.68), Eq. (5.56) can be used to determine the
specific form of the potential, i.e.

Vi(p) = Voefﬁﬁ (5.69)
Vo = (38 — V)IT2 172V B (5.70)

With the geometry (5.66), Eq. (5.44) is automatically satisfied provided ¢
is given by (5.67) and the potential is the one determined in Eqs. (5.69)—
(5.70). The example developed in this paragraph goes often under the name
of power law inflation [168-171].

Consider now a different example where the scale factor is given by

a(t) = aj cosh (H1t), H; >0, (5.71)
H?

H(t) = Hy tanh (H1t), H=—31_.
®) 1 tanh (1) cosh? (H;t)

(5.72)
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This type of solution is not compatible with Eq. (5.57) if the spatial curva-
ture vanish (or if it is negative). In these cases, in fact, H would be positive
semi-definite and it should equal, by Eq. (5.57), —¢?/2 which is, overall
negative definite. Taking thus into account the necessary contribution of
the spatial curvature, Eq. (5.57) gives us ¢ and, after explicit integration,
also (t). The result of this procedure is that

Ay
= ———— 5.73
¥ = osh H.t’ ( )
A
o(t) = @0 + Fl arctan[sinh (H1t)], (5.74)
1
& /2
A = \/§<? - Hf) Mp. (5.75)
1
Recalling now that, from Eq. (5.74),
H
sinh (Hyt) = tan@, ¢ =~ (9 — o), (5.76)
1
Eq. (5.56) can be used to determine the potential which is
2 k T
V(p) = MpHZ[3 — 2cos® @] + 2 0 P cos? . (5.77)
1

The last example developed in this section goes also under the name of
de Sitter bounce and has been studied in different contexts [172, 173] (see
also [174, 175] for more general considerations on inflationary models with
non-vanishing spatial curvature).

Before ending this section it is amusing to mention another exact solu-
tion which can be obtained by thinking that the inflationary dynamics is
smoothly connected with a radiation-dominated Universe. This is, in some
sense, what should really happen. The toy example we ought to discuss
involves, however, only the dynamics of a single scalar degree of freedom.
So, in this example, the inflaton does not decay at the end of inflation. To
derive the result is useful to integrate directly the evolution equations in the
conformal time parametrization. Recalling the results derived in chapter 2
(see, in particular, Eqs. (2.4) and (2.64)), Egs. (5.56), (5.57) and (5.58)
can be expressed as:

_ 1[¢?

MpH® = 3 [% + Va2], (5.78)

—9 @/2

Mp(H?> —H') = R (5.79)
1%

"+ 2H + 27)“2 =0, (5.80)
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where the prime denotes, as usual, a derivation with respect to the confor-
mal time coordinate 7. The linear combination of Eqs. (5.78) and (5.79)
allow to write the following pair of equations:

—2

M
V= a—;’(zvﬁ +H'), (5.81)
o% = oo (H? — H). (5.82)

Suppose then to have the (dimensionless) scale factor in the form

a(r) = ai(z + Va2 +1), a= ; (5.83)
It can be easily checked that in the limit 7 — —oco and 7 — +o00 the scale
factor of Eq. (5.83) implies

lim a(r)~ = (——), lim a(r) ~ 2a1(1>. (5.84)

T——00 2 T—00 Ti

But this means that the scale factor (5.83) smoothly interpolates between
an inflating de Sitter phase and a radiation-dominated phase. Recall, in fact
(see, for instance, Eq. (2.93)) that, during a radiation dominated phase,
the scale factor goes linearly in the conformal time parametrization. To
appreciate that, indeed, the behavior a(7) ~ (—7)~! is just the conformal
time version of a(t) ~ exp (Hit) let us recall the relation between the cosmic
time ¢ and the conformal time 7. Since a(7)dr = dt we can also write that

[t 1 o
T—/a(t) o~ Hie , a(t) = s (5.85)

The two limiting forms of the scale factor reported in Eq. (5.84) approx-
imate very well the interpolating form given in Eq. (5.83) for conformal
time intervals |7| > 7.

It is easy to obtain, from Eq. (5.83), that

1 1 1 T
H=——, H =5 5.86
Ti \/x2—|—]_ Ti2 (CE2+1)3/2 ( )

Using Eq. (5.86) into Egs. (5.81) and (5.82) the following pair of relations
emerges

7S 2T+ 1—a
Vig) = b 2V — (5.87)
aiTe (22 +1)3/2[z + Va2 + 1]
2 oMy (z+ Va? +1)
L P N
P )

(5.88)
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Now the constructive method spelled out in the present section will be, once
more, applied to Egs. (5.87) and (5.88). More precisely, it will be shown
that Eq. (5.88) can be exactly integrated. By inverting the obtained result
we will be able to obtain the explicit form of the potential in terms of .
From Eq. (5.88), by taking the square root and by choosing the positive
sign it is easy to obtain that

o(T) = V2Mpl(z) + o, (5.89)
Ve+vaZ+1
0= [ (5.90)

The integral appearing in Eq. (5.90) can be performed with elementary
methods. In particular, a first change of variables x = sinhy allows us to
express I1(z) as
eYdy
Ly(z)] = N
Then a further change of variable (i.e. z = e¥) implies a usual integral that
can be solved if we posit z = sinh w where w is a further auxiliary variable.
The final result will be that

I (z) = V2arcsinh[e*"®)] = \/2arcsinh[z + /22 + 1]. (5.92)
Using Eq. (5.92) into Eq. (5.89) the wanted relation can be easily obtained,
ie.

(5.91)

©(T) = ¢o + 2Mparcsinh[z + V22 + 1], (5.93)
which can be easily inverted as
» 170, . 1 — Y=o
o7) = 5 (smhp- =) = (5.94)
Noticing now that
h'p
P l= P 4 /a2 4 1 =sinh (5.95)
4sinh” @

Eq. (5.87) can be used to obtain V() and the final result will be
1+ cosh’@ 4M§>
T 16— Vo= 2.2
cosh” a;'T;

Since Eq. (5.80) is just a consequence of the two equations that have been
explicitly solved (i.e. Egs. (5.78) and (5.79)), it will be automatically
solved.

As already stressed, solvable examples are rather uncommon. It is there-
fore mandatory to devise general procedure allowing the discussion of the
scalar field dynamics even in the situation when the exact solution is lack-

ing. This will be the theme of the following section.

Vip)=Vo (5.96)
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5.5 Slow-roll dynamics

In the previous section it has been pointed out that the expanding de
Sitter phase used for the first description of inflationary dynamics may
not be exact and, therefore, we talked about quasi-de Sitter dynamics. In
inflationary dynamics a number of slow-roll parameters are customarily
defined. They have the property of being small during the (quasi)-de Sitter
stage of expansion. Thus they can be employed as plausible expansion
parameters. As an example consider the following choice®:
H _ &

~ 57 n= H—(p
As we shall see, in the literature these parameters are often linearly com-
bined. The smallness of these two (dimensionless) parameters define the
range of validity of a given inflationary solution characterized by the dom-
inance of the potential term in the field equations. In other words during
the (slow-roll) inflationary phase |¢] < 1 and || < 1. Assoon as e ~n~1
inflation ends.

During a slow-roll phase the (effective) evolution equations for the ho-
mogeneous part of the inflaton background can be written as

€ =

(5.97)

—2 \%4
H%wngn (5.98)
3H¢+%%::0 (5.99)

A naive example of slow-roll dynamics characterized by the following single-

field potential:

m2

A
W@=%—3wﬂq¢+m (5.100)

where V] is a constant. In the jargon, this is a rather simplistic example of
what is called a small field model. The solution of Eqs. (5.98) and (5.99)
implies, respectively, that

VVi

a(t) ~ eHlt, Hl >~ m, (5101)
m2 2
o~ predm’ 3m—Hlt < 1. (5.102)

€Concerning the notation employed for the second slow-roll parameter n we remark that
the same Greek letter has been also used to denote the ratio between the concentration
of baryons and photons (i.e. np) introduced in Eq. (2.74). No confusion is possible both
because of the subscript and because the two variables never appear together in this
discussion. We warn the reader that, however, very often ny, is simply denoted by 7 in
the existing literature and, therefore, it will only be the context to dictate the correct
signification of the symbol.
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The slow-roll phase lasts until the scalar field is approximately constant,
i.e. until the cosmic time ¢¢ that can be read-off from Eq. (5.102):

3H, 3H?

ty ~ W’ Hity ~ 2 (5103)

From Eq. (5.103) the number of e-folds of this toy model can be computed
and it is given by

3H? 9 3H?
N~ — < ==
" > 69, m* < oo

which shows that m should be sufficiently small in units of H; to get a long

(5.104)

enough inflationary phase. In the case of the exact inflationary background
discussed in Eq. (5.66) the definitions of the slow-roll parameters given in
Eq. (5.97) lead quite simply to the following expressions:
1 1

6 k) 77 6 k)

which can be smaller than 1 provided § > 1 as already required in the
process of deriving the solution.

We conclude this section by mentioning a rather naive observation. In
chapter 4 it was observed that, during the stage of reheating the Universe
might be effectively dominated by dusty matter. This is due to the fact that
prior to its decay the inflaton may experience a phase of so-called coherent
oscillations. It is not our purpose to enter the details of reheating (which
are, anyway, model-dependent). We want just to justify the statement that
the coherent oscillations of the inflaton might give rise to a scale factor that

(5.105)

€ =

expands, in average, like the one of dusty matter. Consider therefore the
evolution of ¢ in a potential that can be approximated around its minimum

po as V(p) = (m?/2)(¢ — wo)*:
G+ 3Hp+m?%(p — o) = 0. (5.106)

Defining the auxiliary variable @ = /%y, Eq. (5.106) can also be written
as

d2a3/?
dt?

—3/2

o+ |m?—a 7 =0. 5.107
® 07

If H < m the second term in the square bracket of Eq. (5.107) can be

approximately neglected and the solution of Eq. (5.107) becomes

cosmt sinmt
1) = o+ Ai—g7 + Ae—. (5.108)
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If we choose to set initial conditions in such a way that, for instance, As = 0,
the solution will lead, in the limit mt > 1, to an energy density and pressure
given by:
242 242

P = m2a131, Py = —W;C:;ll cos 2mt. (5.109)
If we now average over one period of oscillations (p,) = 0 while (p,) o a™
which shows that, effectively, the scalar field behaves, in this regime, like
dusty matter. Of course this naive example depends crucially upon the
form of the potential near the minimum. If the potential would be quartic
(rather than quadratic, as assumed above) the effective equation of state
would change and it would be, in particular, the one of radiation.

It has been realized that the reheating phase is actually preceded by a
phase customarily called preheating. The observation is here the following.
Suppose that the inflaton field ¢ is coupled to other (massive) degrees of
freedom. Suppose, for simplicity, that these fields are scalars. Then the
resulting evolution equations for the massive fields coupled to a coherently
oscillating inflaton will be of Mathieu type [215]. Mathieu equation is char-
acterized by resonant bands and this occurrence implies the possibility of
the so called parametric resonance[176-178]. During preheating the clas-
sical coherently oscillating inflaton field decays into massive particles due
to parametric resonance. This stage is also dubbed as explosive decay. To
be precise the explosive decay only arises when the resonant band of the
corresponding Mathieu equation is sufficiently broad. Then the produced
(massive) particles will decay. Because of Pauli blocking, fermions cannot

3

experience explosive decay. Further discussions on preheating can be found
in Refs. [179, 180].

Without entering the details of preheating studies we can say that one
of the attempts of this approach is to stress that there indeed exist models
where reheating is rather fast and efficient so that, after all, the sudden
decay approximation is not so insane and it is, indeed, widely used in order
to assess, for instance, the maximal number of e-folds accessible through
the analysis of CMB anisotropies. There exist, however, radically different
possibilities also. For instance it can happen that, after inflation, a rela-
tively long stiff phase takes place [181]. This can occur, for instance, in
quintessential inflationary models [182] (see also [183] and [184]). The logic
here is that the inflaton field does not decay and after inflation is iden-
tified with the quintessence field. Consequently these models have been
dubbed quintessential inflationary models [182]. In these models the stage
of reheating takes place after a stiff phase that may be rather long. The
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mechanism invoked for instance in [182] is due to the production of quanta
in the transition from the inflationary to the stiff phase. If the coupling
of the degrees of freedom that evolve during the quasi-de Sitter stage of
expansion is nearly conformal [185], then the typical energy density will
scale as H. The gravitationally produced fluctuations will then scale as
radiation. So, when the background is dominated, after inflation, by the
kinetic energy of the inflaton field, the background energy density will scale
as a8 while the energy density of the produced quantum fluctuations will
4 i.e. at a slower rate. This implies that, at some point, the en-
ergy density of the redshifted quantum fluctuations will become dominant
providing and will reheat the Universe.

scale as a~

5.6 Slow-roll parameters

The slow-roll parameters of Eq. (5.97) can be directly expressed in terms
of the potential and of its derivatives by using Eqgs. (5.98) and (5.99). The
result of this calculation is that

. _2 2
_ H Mp(V,
(=3 = (V) (5.110)
o = —_ 572 (Yoo
NS T T Mp( v ) (5.111)

where V, and V,, denote, respectively, the first and second derivatives of
the potential with respect to ¢. Equations (5.110) and (5.111) follow from
Egs. (5.97) by using Eqgs. (5.98) and (5.99). From the definition of € (i.e.
Egs. (5.97)) we can write

1 0H 1 [(OH\ [0V
ot 1 (oH)\(IVY 112
‘ H? 05" 3H3<3<P)(3<P> (5.112)

But from Eq. (5.98) it also follows that
H 1
2 1oV
dp  6Mp 0¥
Inserting now Eq. (5.113) into Eq. (5.112) and recalling Eq. (5.98), Eq.
(5.110) is swiftly obtained.

Consider next the definition of 7 as it appears in Eq. (5.97) and let us
write it as

(5.113)

B B H oV ¢ 82V
= _H_¢§[3_H%} - H¢)[ s op Tamoz O
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where the second time derivative has been made explicit. Recalling now
the definition of € as well as Eq. (5.99), Eq. (5.114) can be written as
—2V
n=e—T, ﬁ:Mﬁ%. (5.115)
It is now possible to illustrate the use of the slow-roll parameters by
studying, in rather general terms, the total number of e-folds and by trying
to express it directly in terms of the slow-roll parameters. Consider, first
of all, the following way of writing the total number of e-folds:

ar g te (2 =
N:/ —a:/ Hdt:/ = dy. (5.116)

i Pi

Using now Eq. (5.98) and, then, Eq. (5.99) inside Eq. (5.116) we do get
the following chain of equivalent expressions:
(43 3H2 Pi d
N = —/ = =22 (5.117)
i V#’ 23 ]WP\/Q—6
Let us now give a simple and well known example, i.e. the case of a mono-

mial potential.! Recently of the form V() o ¢™. In this case Egs. (5.110)
and (5.117) imply, respectively,

-2
_ Mpn® _ -t
= 5 N=———F.

2 @ 2n Mp

Let us now ask the following pair of questions:

(5.118)

e what was the value of ¢ say 60 e-folds before the end of inflation?
e what was the value of € 60 e-folds before the end of inflation?

To answer the first question let us recall that inflation ends when €(¢pf) ~ 1.
Thus from Eq. (5.118) we will have, quite simply, that

V6o = fMP' (5.119)

Consequently, the value of e corresponding to 60 e-folds before the end of
inflation is given by

n
n + 240’

which is, as it should be, smaller than one.

€(pe0) = (5.120)

f1t is clear that monomial potentials are not so realistic for various reasons. A more
general approach to the study of generic polynomial potentials has been recently devel-
oped [186-191]. In this framework the inflaton field is not viewed as a fundamental field
but rather as a condensate. Such a description bears many analogy with the Landau-
Ginzburg description of superconducting phases.
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This last example, together with the definition of slow-roll parameters
suggests a second class of inflationary models which has been illustrated in
Fig. 5.1. The slow-roll dynamics is also realized if, in the case of monomial
potential ¢ is sufficiently large in Planck units. These are the so-called
large field models. Notice that to have a field ¢ > Mp does not imply that
the energy density of the field is larger than the Planck energy density.

The slow-roll algebra introduced in this section allows us to express
the spectral indices of the scalar and tensor modes of the geometry in
terms of € and 77. The technical tools appropriate for such a discussion
are collected in chapter 10. The logic is, in short, the following. The
slow-roll parameters can be expressed in terms of the derivatives of the
potential. Now, the spectra of the scalar and tensor fluctuations of the
geometry (allowing the comparison of the model with the data of the CMB
anisotropies) can be expressed, again, in terms of € and 77. Consider, as
an example, the case of single-field inflationary models. In this case the
scalar and tensor power spectra (i.e. the Fourier transforms of the two-
point functions of the corresponding fluctuations) are computed in chapter
10 (see, in particular, the final formulas reported in Eqgs. (10.81), (10.82)
and (10.83)). Therefore, according to the results derived in chapter 10 we
will have, in summary, that the power spectra of the scalar and tensor
modes can be parametrized as

Py o~ kT, Pr ~ k"=t (5.121)

where nt and ng are, respectively, the tensor and scalar spectral indices.
Using the slow-roll algebra of this section and following the derivation of
Appendix D, ng and nr can be related to € and 7 as

ng=1-6c+27,  np=—2c (5.122)

The ratio of the scalar and tensor power spectra is usually called r and it
is also a function of €, more precisely (see section 10),

r = 7)T(kp)

PR(kp)

Equation (5.123) is often named consistency condition and the wave-

number k;, is the pivot scale at which the scalar and tensor power spectra

are normalized. A possible choice in order to parametrize the inflationary

predictions is to assign the amplitude of the scalar power spectrum, the
scalar and tensor spectral indices and the the r-parameter.

The development of this script can now follow two complementary (but

logically very different) approaches. In the first approach we may want to

= 16e = —8nr. (5.123)
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assume that the whole history of the Universe is known and it consists of an
inflationary phase almost suddenly followed by a radiation-dominated stage
of expansion which is replaced, after equality, by the matter and by the dark
energy epochs. In this first approach the initial conditions for the scalar
and tensor fluctuations of the geometry will be set during inflation. There
is a second approach where the initial conditions for CMB anisotropies
are set after weak interactions have fallen out of thermal equilibrium. In
this second approach the scalar and tensor power spectra are taken as
free parameters and are assigned when the relevant wavelengths of the
perturbations are still larger than the Hubble radius after matter-radiation
equality but prior to decoupling. In what follows the second approach will
be developed. In chapter 10 the inflationary power spectra will instead be
computed within the first approach.
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Chapter 6

Inhomogeneities in FRW Models

Up to now the essentials of the SCM (and of its conventional inflationary
completions) have been introduced dealing, predominantly, with homoge-
neous background geometries. However, as it has been repeatedly men-
tioned in the previous chapter, the observed Universe might possess, in its
infancy, minute inhomogeneities that are not accounted for in the context
of a fully homogeneous paradigm. The path that will now be undertaken
concerns, therefore, the evolution of the inhomogeneities in the case of FRW
backgrounds. This topic is not only interesting per se but it is absolutely
mandatory for the calculation of CMB anisotropies both in conventional
and unconventional inflationary models.

In the present chapter we will also discuss how to use quantum mechan-
ics to normalize the initial inhomogeneities of the the geometry. Usually
this idea is attributed to inflationary models but this is not exactly the case.
A. D. Sakharov [192] has been one of the first to invoke quantum mechanics
to set initial conditions for the evolution of metric fluctuations. The title of
the paper reported in Ref. [192] is The initial stage of an expanding Uni-
verse and the appearance of a non-uniform distribution of matter. Quoting
verbatim from the abstract of Ref. [192] “A hypothesis for the creation of
astronomical bodies as a result of gravitational instability of the expanding
Universe is investigated. It is assumed that the initial inhomogeneities arise
as a result of quantum fluctuations of cold baryon-lepton matter...”. The
model adopted by Sakharov was, according to the modern perspective, not
so reasonable. Still, in spite of questionable premises the quantum nature
of initial conditions represents both a very natural and intriguing option.
In this paper, among other things, Sakharov also develops (in rather ob-
scure manner) the theory of Doppler oscillations and this is the reason
why Doppler oscillations are sometimes dubbed Sakharov oscillations. It
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is amusing to notice that [192] is rarely quoted in current literature where,
on the contrary, the most popular paper of Sakharov is regarded to be the
one spelling out the successful conditions for the generation of the baryon
asymmetry of the Universe [193].

The content of the present chapter can be viewed, in general terms, as
an introduction to the treatment of inhomogeneities in FRW backgrounds.
After the first two general sections, the tensor modes of the geometry will
be directly analyzed. More specifically, in the present chapter the following
topics will be addressed:

decomposition of inhomogeneities in FRW Universes;
gauge issues for the scalar modes;

evolution of the tensor modes;

quantum mechanical treatment of the tensor modes;
spectra of relic gravitons;

the quantum state of cosmological fluctuations.

At the end of the present chapter two complementary topics will also be
treated:

e a digression on the possible ambiguities connected with the quan-
tum mechanical normalization of the tensor modes;
e a numerical approach that allows to compute the graviton spectra.

The evolution of the tensor modes and their quantum-mechanical nor-
malization will lead to the calculation of the spectral properties of relic
gravitons. For practical reasons it is better to study first the evolution
of the tensor modes. They have the property of not being coupled with
the matter sources. In the simplest case of FRW models they are only
sensitive to the evolution of the curvature. Moreover, the amplification of
quantum-mechanical (tensor) fluctuations is technically easier. The analog
phenomenon (arising in the case of the scalar modes of the geometry) will
be separately discussed for the simplest case of the fluctuations induced
by a (single) scalar field (see, in particular, chapter 10 and part of Ap-
pendix C). For technical reasons, the conformal time parametrization is
more convenient for the treatment of the fluctuations of FRW geometries
The background equations in the conformal time parametrization have been
derived in Eqgs. (2.4) and (2.65)-(2.67).
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6.1 Decomposition of inhomogeneities in FRW Universes

Given a conformally flat background metric of FRW type

g;w(T) = a2(7_)77;wa (6.1)

its first-order fluctuations can be written as

59;“/ (7', ‘f) = 5sguu(7—7 f) + 6vguu (7—7 f) + 5tgw/ (7-7 f)v (62)

where the subscripts define, respectively, the scalar, vector and tensor
perturbations classified according to rotations in the three-dimensional
Euclidean sub-manifold. Being a symmetric rank-two tensor in four-
dimensions, the perturbed metric dg,,, has, overall, 10 independent compo-
nents whose explicit form will be parametrized as®

5900 = 2a°¢, (6.3)
5gij = 2&2(¢51j — &@E) — a2hij + &2((9in + 8jWi), (64)
8goi = —a*0;B — a*Q;,

together with the conditions
0,Q"=0,W'=0, hi=0;hi=0. (6.6)

The decomposition expressed by Egs. (6.3)—(6.5) and (6.6) is the one nor-
mally employed in the Bardeen formalism [194-198] (see also [199, 200])
and it is the one adopted in [33] to derive, consistently, the results relevant
for the theory of CMB anisotropies. In the Appendix (see, in particular,
Appendix C and Appendix D) the fluctuations of the Christoffel connec-
tions as well as of the Ricci and Einstein tensors are reported within the
decomposition expressed by Egs. (6.3)—(6.6). If a different decomposition
is adopted, it will suffice to express the relevant degrees of freedom in the
new decomposition in terms of the ones appearing in Egs. (6.3)—(6.5). An
explicit example of this trivial observation will be given in chapter 11 in
connection with the synchronous coordinate system.
Concerning Eqgs. (6.3)—(6.5) few comments are in order:

e the scalar fluctuations of the geometry are parametrized by 4 scalar
functions, i. e. ¢, 1, B and E;

2The partial derivations with respect to the spatial indices arise as a result of the
explicit choice of dealing with a spatially flat manifold. In the case of a spherical or
hyperbolic spatial manifold they will be replaced by the appropriate covariant derivative
defined on the given spatial section.
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e the vector fluctuations are described by the two (divergenceless)
vectors in three (spatial) dimensions W; and Q;, i.e. by 4 indepen-
dent degrees of freedom;

e the tensor modes are described by the three-dimensional rank-two
tensor h;j, leading, overall, to 2 independent components because
of the last two conditions of Eq. (6.6).

The strategy will then be to obtain the evolution equations for the
(separate) scalar, vector and tensor contributions. To achieve this goal we
can either perturb the most appropriate form of the Einstein equation to
first-order in the amplitude of the fluctuations, or we may perturb the action
to second-order in the amplitude of the same fluctuations. Schematically,
within the first approach we are led to compute

1
0V Ry, — 580V R = 8nGa T, (6.7)

where (1) denotes the first-order variation with respect either to the scalar,
vector or tensor modes. Of course it will be very convenient to perturb also
the covariant conservation of the sources which will give rise to a supple-
mentary set of equations that are not independent from Egs. (6.7) (see also
last part of Appendix D).

The form of the energy-momentum tensor depends on the specific phys-
ical application. For instance around recombination, the matter sources are
represented by the total energy-momentum tensor of the fluid (i.e. baryons
photons, neutrinos and dark matter). During inflation, the matter content
will be given by the scalar degrees of freedom whose dynamics produces
the inflationary evolution. In the simplest case of a single scalar degree of
freedom this analysis will be discussed in chapter 10.

Instead of perturbing the equations of motion to first-order in the am-
plitude of the fluctuations, it is possible to perturb the gravitational and
matter parts of the action to second-order in the amplitude of the fluctua-
tions, i.e. formally

698 =635, + 533, (6.8)

From the second order action of Eq. (6.8) the canonical normal modes of
the system can be found and promoted to the status of quantum-mechanical
operators. For the success of such an approach it is essential to perturb
the action to second order in the amplitude of the fluctuations. This step
will give us the Hamiltonian of the fluctuations leading, ultimately, to the
evolution of the field operators in the Heisenberg representation.
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6.2 Gauge issues for the scalar modes

The discussion of the perturbations on a given background geometry is
complicated by the fact that, for infinitesimal coordinate transformations
of the type

at — T =t + €, (6.9)

the fluctuation of a rank-two (four-dimensional) tensor changes according
to the Lie derivative in the direction €. It can be easily shown that the
fluctuations of a tensor T}, change, under the transformation (6.9) as (see,
for instance, [102]):

8Ty — 0Ty = 6Ty — TpVyex — TPV aey — € VaTpuw, (6.10)

where the covariant derivatives are performed by using the background
metric which is given, in our case, by Eq. (6.1). Thus, for instance, we will
have

V€, = 0ue, — f;l,eg, (6.11)

where f:l, are Christoffel connections computed using the background met-
ric (6.1) and they are

a/

T, =Hoy, Too=H, Tl=H&, H= = (6.12)
If T}, coincides with the metric tensor, then the metricity condition allows
to simplify (6.10) which then becomes:
0Guw — 5~gW =00 — Vyu€r — Ve, (6.13)
where
€, = a*(7) (€0, —€i), (6.14)

is the shift vector that induces the explicit transformation of the coordinate
system, namely:

T — T =T+ e€o, i =2t 4 € (6.15)
Equation (6.13) can be also written as
8gus = 09, = 09 — A, (6.16)

where, A, is the Lie derivative in the direction €,. The functions e and ¢;
are often called gauge parameters since the infinitesimal coordinate trans-
formations of the type (6.15) form a group which is in fact the gauge group
of gravitation. The gauge-fixing procedure amounts, in four space-time
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dimensions, to fix the four independent functions e¢g and €;. As they are,
the three gauge parameters ¢; (one for each axis) will affect both scalars
and three-dimensional vectors. To avoid this possible confusion, the gauge
parameters €; can be separated into their divergenceless and divergencefull
parts, i.e.

€; = 0ie + (;, (617)

where 9;¢* = 0. Two relevant remarks are now in order:

e the gauge transformations involving €y and e preserve the scalar
nature of the fluctuations;

e the gauge transformations parametrized by (; preserve the vector
nature of the fluctuation.

The fluctuations in the tilded coordinate system, defined by the transfor-
mation of Eq. (6.15), can then be written as

¢ — ¢ =¢—Heo — €, (6.18)
Y — 1 = + Heo, (6.19)
B—B=B+¢—¢€, (6.20)
E—E=F—¢ (6.21)

in the case of the scalar modes of the geometry. Equations (6.18), (6.19),
(6.20) and (6.21) show, as anticipated, that the scalar gauge transforma-
tions only involve €y and €. Under a coordinate transformation preserving
the vector nature of the fluctuation, i.e.

zt — gt =2t + ¢ 9;¢t =0, (6.22)
the rotational modes of the geometry transform as
Qi—Qi=Qi—( (6.23)

Again, Egs. (6.23) and (6.24) show that the vector gauge transformations
only involve (; and its first derivative so that the gauge transformations
generated by (; preserve the vector nature of the fluctuations.

Finally, the tensor fluctuations, in the parametrization of Eq. (6.4), are
automatically invariant under infinitesimal diffeomorphisms, i.e. Bij = hyj.
It is possible to select appropriate combinations of the fluctuations intro-
duced in Egs. (6.3)-(6.5) that are invariant under infinitesimal coordinate
transformations. This possibility is particularly clear in the case of the

vector modes. If we define the quantity
Vi=Qi+ Wi, (6.25)
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we will have, according to Egs. (6.23) and (6.24), that

t— & =2+ ¢, vV, =V, (6.26)
i.e. V; is invariant for infinitesimal coordinate transformations or, for short,
gauge-invariant. The same trick can be used in the scalar case. In the scalar
case the most appropriate gauge-invariant fluctuations depend upon the
specific problem at hand. An example of fully gauge-invariant fluctuations
arising, rather frequently, in the treatment of scalar fluctuations is given in
section 10 (see in particular Egs. (10.10), (10.9) and (10.11)). Furthermore,
in chapter 11 various gauge-invariant and gauge-dependent treatments will
be discussed mainly for the case of scalar fluctuations. The perturbed
components of the energy-momentum tensor can be written, for a single
species \, as:

0T = bpa, OT) = —dprd?,  OT¢ = (pa + pr)d 0™, (6.27)

where we defined 5u§)‘) = 9;v™ and where the index A denotes the specific
component of the fluid characterized by a given barotropic index and by a
given sound speed. It is also appropriate, for applications, to work directly
with the divergence of the peculiar velocity field by defining a variable
6y = V20N, Under the infinitesimal coordinate transformations of Eq.
(6.15) the fluctuations given in Eq. (6.27) transform according to Eq. (6.10)
and the explicit results are

(5p)\ - 5;3)\ = (5p)\ - p/)\EQ, (6.28)
Spx — 0Px = Opx — wxpA €0, (6.29)
0 — 0y = 0 + V€. (6.30)

Using the covariant conservation equation for the background fluid density,
the gauge transformation for the density contrast, i.e. dcx) = dp(n)/p(r),
follows easily from Eq. (6.28):

S(n) = 6(x) + 3H(1 + wi))eo. (6.31)
There are now, schematically, three possible strategies:

e a specific gauge can be selected by fixing (completely or partially)
the coordinate system; this will fix, in the scalar case, the two
independent functions €y and ¢;

e gauge-invariant fluctuations of the sources and of the geometry can
be separately defined;

e gauge-invariant fluctuations mixing the perturbations of the
sources and of the geometry can be employed.



136 A Primer on the Physics of the Cosmic Microwave Background

The vector modes are not so relevant in the conventional scenarios. If
the Universe is expanding, the vector modes will always be damped depend-
ing upon the barotropic index of the sources of the geometry. This result
has been obtained long ago [201]. However, if the geometry contracts or if
internal dimensions are present in the game [202, 203], such a statement
is no longer true. These topics, however, involve unconventional comple-
tions of the standard cosmological model and will not receive here specific
attention.

The problems related to the choice of a gauge for the scalar modes will
be the guiding theme of chapter 11. So we encourage the interested reader
to find there a more complete discussion on these themes.

6.3 Super-adiabatic amplification

The evolution of the tensor modes of the geometry can be obtained, as
stressed before, either from the Einstein equations perturbed to first-order
(i.e. Eq. (6.7)) or from the action perturbed to second order (i.e. Eq. (6.8)).
Consider, to begin with, the case of the tensor modes of the geometry, i.e.,
according to Eq. (6.6), the two polarizations of the graviton:

B

619ij = —a*hyj, &gV = — (6.32)

The tensor contribution to the fluctuation of the connections can then be
expressed asP

1 1
Oy = S (b +2Hhy), 8T = ~h’

2 (6.33)

1
5Lk, = 5[ajhf + 0;hk — 9% hyj).

Inserting these results into the perturbed expressions of the Ricci tensors
it is easy to obtain:

1
5iRij = 5[h;’j + 2HRj; + 2(H' + 2H?)hij — Vhy), (6.34)

. 1 . ,

SuR] =~ b+ oMK — V2hi), (6.35)
where V2 = 0;0° is the usual four-dimensional Laplacian. In order to pass
from Eq. (6.34) to Eq. (6.35) we may recall that

8: R} = 6:(¢"" Rpi) = 0ug°* Rys + /%6 Rij, (6.36)

bSee also Appendix D for a more complete collection of formulae involving the tensor
fluctuations of the geometry.
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where the relevant Ricci tensor, ie. R;; is simply given (see also
Egs. (2.64)):

Rij = (H +2H?)5;;. (6.37)

Since both the fluid sources and the scalar fields do not contribute to the
tensor modes of the geometry the evolution equation for h! becomes, in
Fourier space, by

h" +oHh! + k2hd = 0. (6.38)

K3

Thanks to the conditions 9;h} = hk =0 (see Eq. (6.6)), the direction of
propagation can be chosen to lie along the third axis and, in this case, the
two physical polarizations of the graviton will be

hi = —h3 = hg, h? = h} = hg, (6.39)

where hg, and hg obey the same evolution equation (6.38) and will be
denoted, in the remaining part of this section, by h. Equation (6.38) can
also be written in one of the following two equivalent forms:

I+ 2Hh), + k*hy, = 0, (6.40)

"

1+ {l& - %]Mk =0, (6.41)

where p = ahy. Equation (6.41) simply follows from Eq. (6.40) by elim-
inating the first time derivative. Equations (6.40) and (6.41) are useful to
highlight different properties of the solutions. For instance Eq. (6.40) can
be solved in the limit when the relevant wavelengths are larger than the
Hubble radius® (i.e. |k7| < 1). In this approximation the term containing
k? can be neglected in Eq. (6.41). Therefore hy, will have a constant mode
for |k7| < 1. In this sense h is the tensor counterpart of the gauge-invariant
variable which will be denoted by R and which measures the fluctuations of
the scalar curvature on comoving orthogonal hypersurfaces (see chapter 11
and discussions therein). Equation (6.40) can be written also in a third
form. By defining the new time variable [204-206]

dr dt
r=—r~ = =, (6.42)
a*(t)  a?(t)
CHere it is appropriate to recall the concept of horizon exit and horizon reentry that
has been already introduced, in qualitative terms, at the end of chapter 4. Here it will

turn out that a more precise description of the amplification process implies an analogy
with a potential barrier. According to this analogy the wavelengths that are larger than
the Hubble radius will be under the potential barrier while those wavelengths that are
inside the Hubble radius will be outside the potential barrier. This will be one of the
themes of the present section.
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Eq. (6.40) can be rearranged as:
d*hy,
dr?
leading to an oscillating behaviour in the short wavelength limit (i.e. |k7|
> 1) and to a solution hy ~ C1(k) + C2(k)r in the long wavelength limit.
Concerning Eq. (6.41), which will be often employed in the forthcoming
sections of this chapter, two comments are in order:

+ Q%(k,r)hy =0, Qk,r) = ka*(r), (6.43)

e in the limit where k? dominates over |a” /a| the solution of the Eq.
(6.41) are simple plane waves;

e in the opposite limit, i.e. |a”/a|] > k? the solution may exhibit,
under certain conditions, a growing mode.

In more quantitative terms, the solutions of Eq. (6.41) in the two afore-
mentioned limits are

2> d"/al, (1) ~ Cy(k)e®*T (6.44)
T dx

k? " /al, ~ A B / —.

<la'fal, ()= Axalr) + Brar) [ s

The oscillatory regime is sometimes called adiabatic since, in this regime,

hi ~ a~t. If the initial fluctuations are normalized to quantum mechanics

(see the following part of the present section) up ~ 1/ Vk initially and,
therefore

(6.45)

On =~ k32| hy(1)| ~ —~w, (6.46)

where w(7) = k/a(7) denotes, in the present context, the physical wave-
number while k denotes the comoving wave-number. Recalling that pi =
ahy, Eq. (6.45) implies that
dx

a2(x)’
This solution describes what is often named super-adiabatic amplification.
In particular cases (some of which of practical interest) Eq. (6.47) implies
the presence of a decaying mode and of a constant mode. Since in the
adiabatic regime hj ~ 1/a, the presence of a constant mode would imply
a growth with respect to the adiabatic solution hence the name super-
adiabatic [207, 208]. We pause here for a moment to say that the adjective
adiabatic is sometimes used not in direct relation with thermodynamic no-
tions as we shall also see in the case of the so-called adiabatic perturbations.
It should be recalled that the first author to notice that the tensor modes

hi(T) ~ Ax + By /T (6.47)
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of the geometry can be amplified in FRW backgrounds was L. P. Grishchuk
[207, 208] (see also [209-212]).

Equation (6.41) suggests an interesting analogy for the evolution of the
tensor modes of the geometry since it can be viewed, for practical purposes,
as a Schrodinger-like equation where the analog of the wave-function does
not depend on a spatial coordinate (like in the case of one-dimensional po-
tential barriers) but on a time coordinate (the conformal time in the case
of Eq. (6.41)). The counterpart of the potential barrier is represented by
the term a”/a sometimes also called pump field. The physics of the pro-
cess is therefore rather simple: energy is transferred from the background
geometry to the corresponding fluctuations. However, the success and ef-
fectiveness of such a transfer depends ultimately on the peculiar features of
the background geometry. For instance, the pump field a” /a vanishes in the
case of a radiation-dominated Universe. In this case the evolution equations
of the tensor modes are said to be conformally invariant (or, more correctly,
Weyl invariant) since, with an appropriate rescaling the evolution equations
have the same form they would have in the Minkowskian space-time. On

the contrary, in the case of de Sitter expansion?
a” 2
a(tT) ~ (— , — = —. 6.48
(1) = (=711 /7) it (6.48)

It should be appreciated that expanding de Sitter space-time supports the
evolution of the tensor modes of the geometry while the scalar modes, in
the pure de Sitter case, are not amplified. To get amplification of scalar
modes during inflation it will be mandatory to have a phase of quasi-de
Sitter expansion.

A more realistic model of the evolution of the background geometry can
be achieved by a de Sitter phase that evolves into a radiation-dominated
epoch which is replaced, in turn, by a matter-dominated stage of expansion.
In the latter case the evolution of the scale factor can be parametrized as:

N\
ai(t) = <—T—1> , 1< -7, (6.49)
ax(1) = w -1 <7 <7, (6.50)
1

_[Br+m)+2n(B+ 1))
am(7) = ,
A [Bre + (B + 1)1
where the subscripts in the scale factors refer, respectively, to the infla-
tionary, radiation and matter-dominated stages. As already discussed, a

T > To, (6.51)

dIn the cosmic time parametrization the (expanding) de Sitter metric is parametrized as
a(t) = ef1t. Recalling that 7 = [ dt/a(t) it follows, after integration, that a(7) ~ 7~ 1.
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generic power-law inflationary phase is characterized by a power 8. In the
case § =1, from Eq. (6.49), the case of the expanding branch of de Sitter
space can be recovered. During the radiation-dominated epoch the scale
factor expands linearly in the conformal time parametrization while during
matter it expands quadratically (see Egs. (6.50) and (6.51)). The form of
the scale factors given in Eqgs. (6.49)—(6.51) is continuous and differentiable
at the transition points, i.e.

ai(—m1) = ax(-71),  ai(-7) = ay(—7),

(6.52)

ar(=m2) = am(~72), @y (~72) = ap(—72).
The continuity of the scale factor and its derivative prevents the presence
of divergences in the pump field, given by a”/a. In Fig. 6.1 the structure

A ala=d(H+2H9)

Fig. 6.1 The effective “potential” appearing in Eq. (6.41) is illustrated as a function of
the conformal time coordinate 7 in the case when the background passes through different
stages of expansion. Being conformally invariant in the case of radiation, a”/a = 0 in
the central part of the plot.

of the potential barrier is reproduced. By using known identities together
with the definition of the conformal time 7 in terms of the cosmic time ¢,
it is possible to express a” /a in terms of the Hubble parameter and its first
(cosmic) time derivative

a//

—= H? +H = a®[H +2H?], (6.53)

where, as usual, the prime denotes a derivation with respect to 7 and a dot
denotes a derivation with respect to t.
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6.4 Quantum mechanical description of the tensor modes

The tensor modes of the geometry will now be discussed along a quantum-
mechanical perspective. Such a treatment is essential in order to normalize
properly the fluctuations, for instance during an initial inflationary phase or
during any initial stage of the Universe where the only relevant fluctuations
are the ones of quantum mechanical origin. The calculation proceeds, in
short, along the following steps:

e obtain the action perturbed to second order in the amplitude of
the tensor modes of the geometry;

e define the appropriate normal modes and promote them to the sta-
tus of (quantum) field operators in the Heisenberg representation;

e solve the evolution of the system and compute the number of pro-
duced particles.

To comply with the first step, let us observe that the second-order action
can be written, up to (non-covariant) total derivatives, as

g _ 1 4., 2 By pig. pi
607’ S 647rG/d za”(1)n*” 0ol Opht, (6.54)

where 7143 is, as usual, the four-dimansional Minkowski metric with signa-
ture mostly minus (i.e. (4+,—,—,—)). Recalling that the polarization can
be chosen as

hl=—h3=hg,  h2=h}=hg. (6.55)

and recalling the definition of reduced Planck mass (see Eq. (5.59))
1 V8T
Mp

, (6.56)
Eq. (6.54) can be rewritten as
5208 = 1 [ Bardra2(r) (W2 + b = (9ihe)? — (ihe)?],  (6.57)
t - 4@% &) ® 10D i@ ) .
becoming, for a single tensor polarization,

Saw = % / B dra®(T) [ — (9:h)?)], (6.58)

where

he he
h= == 6.59
V2p  \20p (6.59)
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denotes, indifferently, each of the two polarization of the graviton. Defining
now the appropriate canonical normal mode of the action (6.58), i.e. = ah
we get to the action

- 1
Sew = 3 / Padr [ + H2p? - 2Hp' — (p)?). (6.60)

From Eq. (6.60) non-covariant total derivatives can be dropped. With this
method it is clear that the term going as —2Huu’ can be traded for (Hu?)’
by paying the prize of a new term proportional to H’u?. Hence, up to total
derivatives, Eq. (6.60) gives:

1
Sgw =3 /d% dr[p? + (H? + H)p? — (9ip)?). (6.61)

From Eq. (6.61) it follows that the Lagrangian and the Hamiltonian of the
tensor modes can be expressed in terms of the appropriate Lagrangian and
Hamiltonian densities, namely,

Lgw(T) = / d3x Loy (T, T), Heyy(T) = / Ba[rp — Lgw].  (6.62)

The quantity = appearing in Eq. (6.62) is the conjugate momentum. From
the actions (6.60) and (6.61) the derived conjugate momenta are different
and, in particular, they are, respectively:

7=u —Hpy, 7= (6.63)

Equation (6.63) implies that the form of the Hamiltonian changes depend-
ing on the specific form of the action. This is a simple reflection of the
fact that, in the Lagrangian formalism, the inclusion (or exclusion) of a
total derivative does not affect the Euler-Lagrange equations. Correspond-
ingly, in the Hamiltonian formalism, the total Hamiltonian will necessarily
change by a time derivative of the generating functional of the canonical
transformation. This difference will have, however, no effect on the Hamil-
ton equations. Therefore, the Hamiltonian derived from Eq. (6.61) can be
simply expressed as:

"

Hyw (1) = %/d% |:7T2 - %;ﬂ + (81'“)2} (6.64)

The Hamiltonian derived from Eq. (6.60) can be instead written as:

Hgy (1) = % / >z [ﬁZ + 2Hus + (&»u)?} (6.65)
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Suppose than to start with the Hamiltonian of Eq. (6.65) and define the
appropriate generating functional of the (time-dependent) canonical trans-
formation, i.e.

2

which is, by definition, a functional of the new momenta (i.e. 7). Thus, we
will have

Flu,m,7) = /d%[m - ﬂuﬂ], (6.66)

T=——=m—Hu, (6.67)

aw(T) = Hgw(T) + ?9_]; (6.68)
Equation (6.67) gives the new momenta as a function of the old ones so that,
if we start with Eq. (6.65) we will need to bear in mind that 7 = 7 + Hu
and substitute into Hgy (7). Equation (6.68) will then allow us to get the
Hgy, (1) reported in Eq. (6.64), as it can be directly verified.

To complete the cases, it should be mentioned that yet another class
of Hamiltonians appears naturally in the treatment of the tensor modes of
the geometry in FRW backgrounds. Indeed, directly from the Lagrangian
density associated with the action reported in Eq. (6.58), the canonical
momenta will simply be IT = a2k’ and the Hamiltonian, here denoted with

Hyg,, will simply be

H () = %/d% [f—j + a2(8¢h)2} (6.69)

This digression on the canonical properties of time-dependent Hamil-
tonians is useful not so much at the classical level (since, by definition of
canonical transformation, the Hamilton equations are invariant) but rather
at the quantum level [213]. Indeed, the vacuum will be the state minimizing
a given Hamiltonian. It happens that some non-carefully selected Hamilto-
nians may lead to initial vacua that, indeed, give rise to an energy density
of the initial state which is (possibly) larger than the one of the background
geometry [214]. The Hamiltonian of Eq. (6.64) is valuable in this respect
since the initial vacuum (i.e. the state minimizing (6.64)) possesses an
energy density which is usually much smaller than the background, as it
should be to have a consistent picture (see also Ref. [33] for the discussion
of the so-called transplankian ambiguities). It should be finally remarked
that all the imaginable Hamiltonians (connected by time-dependent canon-
ical transformations) lead always to the same quantum evolution either
in the Heisenberg or in the Schrodinger description. There are, however,
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practical differences. For instance, Eq. (6.65) seems more convenient in the
Schrodinger description. Indeed at the quantum level the time evolution
operator would contain, in the exponential, operator products as 7u which
are directly related to the so-called squeezing operator in the theory of opti-
cal coherence (see the last part of the present section). In a complementary
perspective and always at a practical level, the Hamiltonian defined in Eq.
(6.64) is more suitable for the Heisenberg description. In what follows the
attention will be focussed on the Hamiltonian (6.64). The interested reader
may also consult the last section of the present chapter as well as the last
section of chapter 10. In these two sections the minimization of different
(but always canonically related) Hamiltonians will be swiftly explored both
for the tensor modes and for the scalar modes. The bottom line of the
two aforementioned sections will be that the class of Hamiltonians of the
type (6.64), when minimized, will lead to an acceptable initial state with
negligible back-reaction. The connection of this problem with the so-called
trans-Planckian effects (or trans-Planckian ambiguities) will be swiftly ex-
plored at the end of chapter 10.

The quantization of the canonical Hamiltonian of Eq. (6.64) is per-
formed by promoting the normal modes of the action to field operators in
the Heisenberg description and by imposing (canonical) equal-time com-
mutation relations:

(&, 7), 7(F,7)] = i6®)(& — 7). (6.70)

Y
The operator corresponding to the Hamiltonian (6.64) becomes:

. 1 "
H(r) = 3 /d%{fr? - %[ﬁ + (&»ﬂ)g] (6.71)
In Fourier space the quantum fields 1 and 7 can be expanded as
M, 7) = —— &k | fpe~ ™ 4 plei
w 9 2(277)3/2 :u’k :u’];:' 9
NP 8| 5omiBT 4 Al P T
(Y, T) = 20m)E /d p{wke +Fe . (6.72)

Demanding the validity of the canonical commutation relations of
Eq. (6.70), the Fourier components must obey:
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Inserting now Eq. (6.72) into Eq. (6.64) the Fourier space representation
of the quantum Hamiltonian® can be obtained:

R a’\ .ot ot
/d3 { s ]T; ]T; E) + <k2 — ;) (NEU% + U%NE)} (6.74)

The evolution of /i and 7 is therefore dictated, in the Heisenberg represen-
tation, by

i =g, H), i#’ = [#, H], (6.75)
where, as usual, units 7 = 1 are assumed. Using now the mode expansion
(6.72) and the Hamiltonian in the form (6.74) the evolution for the Fourier
components of the operators is

= 7, il = —<k2 = “—//)ﬂﬁ (6.76)
k? k a k? :

Wl

implying

A// k2 a// - =0
pg =Y. (677)

It is not a surprise that the evolution equations of the field operators, in the
Heisenberg description, reproduces, for /i the classical evolution equation
derived before in Eq. (6.41). The general solution of the system is then

fi(7) = ag(r0) fi(k, 7) + @' (o) £ (K, 7), (6.78)
k(1) = ag(r0)gi(k, 7) + a_E(TO)gi*(k, 7), (6.79)

where the mode function f; obeys
'+ [kz — %ﬁ} fi=0, (6.80)

and! g; = f/. In the case when the scale factor has a power dependence, in
cosmic time, the scale factor will be, in conformal time a(7) = (—7/71) "
(with 8 =p/(p—1) and a(t) ~ t?). The solution of Eq. (6.80) is then

filk,T) = \/ﬂ_\/—_xﬂp(—x), (6.81)

gi(k,T) = :—N\[ \/—_x{H(l) ) + %Hﬁ”(—x), (6.82)

€In order to derive the following equation, the relations uT

be used.

fOf course if the form of the Hamiltonian is different by a time-dependent canonical
transformation, also the canonical momenta will differ and, consequently, the relation of
g; to f; may be different.
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where x = k7 and

i 1
N = \/gei(““/””, p=p0+5 (6.83)
The function
HM (=) = Ju(—x) + iY,(—x) (6.84)

(where J,(—x) and Y, (—x) are the ordinary Bessel functions) of index p
and argument (—z) is the Hankel function of first kind [215, 216] and the
other linearly independent solution will be H, ,32)(2) =H (1)Z(z). The phases
appearing in Egs. (6.81) and (6.82) are carefully selected in such a way that
for 7 — —o0, fi — k7 /\/2k.

A possible application of the formalism developed so far is the calcula-
tion of the energy density of the gravitons produced, for instance, in the
transition from a de Sitter stage of inflation and a radiation-dominated
stage of (decelerated) expansion. This corresponds to a scale factor that,
for 7 < —7 goes as in Eq. (6.49) with § = 1. For 7 > —7y the scale
factor is, instead, exactly the one reported in Eq. (6.50). Consequently,
from Eq. (6.81) and (6.82), the mode functions

! )e_””, T< -7, (6.85)

1
ik, 7)=—=1- =
k) = = (1=
k ) 1 N ke
gi(k,7)=\/;(m—ﬁ—z)e k, 7T < —Tq. (6.86)

For 7 > —7; the field operators can be expanded in terms of a new set of
creation and annihilation operators, i.e.

ip(r) = bp(r) felk, ) + 0 () (k7). 7> -
#p(r) = bp(r)g(k, 7) + 01 ()i (K, 7). 7> -7, (6.87)
where, f,(k,7) are now simply appropriately normalized plane waves since

in this phase, a” = 0:

_ 1 , k.

(k7)) = —e", gi(k, ) = _i\/jelyv T> T, 6.88
flk.r) = o= ik, ) = —iy/5 L (638)
where y = k[T + 27]. Since the creation and annihilation operators must
always be canonical, b3 and b;% can be expressed as a linear combination of

5 Af .
ap and ag, i.e.

B
(6.89)
B
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Equation (6.89) is a special case of a Bogoliubov-Valatin transformation.
But because

lag.al) = 6@ (k—p),  [bg,bL) = 6@ (k — p) (6.90)
we must also strictly demand that
| By (k)|? — | B_(k)|* = 1. (6.91)

Equation (6.89) can be inserted into Eq. (6.87) and the following expres-
sions can be easily obtained:

() = gl Ba () o + Bo(B) [+ [Ba(R)' 7 + Bo(R)* ], (6:92)
#5(r) = ag[By (K)ge + B-(k)g7] +a' L[By (k)97 + B2 (k)g:].  (6.93)
Since the evolution of the canonical fields must be continuous, Eqgs. (6.78)—
(6.79) together with Eqs. (6.92)—(6.93) imply
fit=m1) = By (k) fe(=71) + B (k) f7 (—71),
9i(—71) = B4(k)g:(—71) + B—(k)g; (—71), (6.94)

which allows to determine the coefficients of the Bogoliubov transformation
Bi (k’)7 i.e.

, 1
B — 21T L -
+(k) € |: T 2$%:|a
1
B_ = — .
() = 57 (6.95)

where 1 = k71 and where Eq. (6.91) is trivially satisfied. Between B4 (k)
and B (k) the most important quantity is clearly B_(k) since it defines
the amount of “mixing” between positive and negative frequencies. In the
case when the gravitational interaction is switched off, the positive/negative
frequencies will not mix and B_ (k) would vanish. The presence of a time-
dependent gravitational field, however, implies that outgoing waves will
mix, in a semiclassical language, with ingoing waves. This mixing simply
signals that energy has been transferred from the background geometry to
the quantum fluctuations (of the tensor modes, in this specific example).
This aspect can be appreciated by computing the mean number of produced
pairs of gravitons. Indeed, if a graviton with momentum k is produced, also
a graviton with momentum —k is produced so that the total momentum of
the vacuum (which is zero) is conserved:

T = SO1NI0) = (0161 + 6 b gllo) = 1B (696)

1
2
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Now the total energy of the produced gravitons can be computed recalling
that

Bl
(27T)3n% : (6.97)

where the factor 2 counts the two helicities. Using now the result of
Eq. (6.95) into Eqgs. (6.96) and (6.97) we do obtain the following inter-
esting result, i.e.

dpgw = 2 %

dpgw k*_ Hf
dink 72 %7 72 (6.98)
where |H;/a;| = 7' = H; (since in our parametrization of the scale

factor a(—71) = 1). The result expressed by Eq. (6.98) implies that, in
conventional inflationary models, the spectrum of relic gravitons is, in the
best case,® flat. In more realistic cases, in fact, it is quasi-flat (i.e. slightly
decreasing) since the de Sitter phase, most likely, is not exact. As it is
evident from the pictorial illustration of the effective potential the modes
inheriting flat spectrum are the ones leaving the potential barrier during
the de Sitter stage and re-entering during the radiation-dominated phase,
i.e. comoving wave-numbers k2 < k < ki where ky = 7 Land ky = Ty L
It is also clear that for sufficiently infra-red modes, we must also take into
account the second relevant transition of the background from radiation to
matter-dominated phase. This second transition will lead, for & < ko a
slope k72 in terms of the quantity defined in Eq. (6.98). In analogy with
what done in the case of black-body emission it is practical to parametrize
the energy density of the relic gravitons in terms of the differential energy
spectrum in critical units

1 dpgw

6.99
Perit dan’ ( )

ng(l/, 7') =

where v = k/[2ma(7)] is the physical frequency which is conventionally
evaluated at the present time since our detectors of gravitational radiation
are at the present epoch. In Fig. 6.2 different models are illustrated in terms
of their energy spectrum. The calculation performed above estimates the
flat plateau labeled by “conventional inflation”. To compare directly the
plot with the result of the calculation one must, however, also take into

8This remark has to be understood, of course, in the light of the detection prospects. If
the spectrum decreases (as opposed to being constant) as a function of the frequency, the
signal at higher frequencies will be smaller. Since the detectors of gravitational waves
are typically operating at high enough frequencies, the best possibility achievable in the
context of conventional inflationary models is to presume that the spectrum is indeed
flat.
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Fig. 6.2 The logarithmic energy spectrum of relic gravitons is illustrated in different
models of the early Universe as a function of the present frequency, v.

account the redshift of the energy density during the matter-dominated
phase.

Before passing to the discussion of the spectra of relic gravitons, it is
appropriate to comment on the way the mixing coefficients behave in the
limit when the wave-number is much larger than the height of the poten-
tial barrier. The mixing coefficients determined in the approximation of a
sudden change of the background geometry (taking place, for instance, in
—711) lead to an ultraviolet divergence in the number of produced gravitons
[217]. For modes of comoving wave-number much larger than the height
of the barrier the sudden approximation is not adequate. In this regime
the mixing coefficients should be computed using a smooth function inter-
polating between the two regimes. The standard analysis [217, 218] leads
to a number of particles which is exponentially suppressed as exp [—qkT]
where ¢ is of order 1 and depends upon the details of the smooth interpo-
lation. So the wave-numbers that never hit the potential barrier can be,
in the first approximation, neglected. The analytical calculations discussed
in the present section will be corroborated by direct numerical integration in
the last section of the present chapter.
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6.5 Spectra of relic gravitons

The spectrum reported in Fig. 6.2 consists of two branches: a soft branch
ranging between vy ~ 107'® hy Hz and vgee ~ 10716 Hz. For v > vgec
we have instead the hard branch consisting of high frequency gravitons
mainly produced thanks to the transition from the inflationary regime to
the radiation-dominated stage. In the soft branch Qaw (v, 70) ~ v=2.
the hard branch Qgw (v, 79) is constant in frequency (or slightly decreasing
in the quasi-de Sitter case). The large-scale observation of the first (thirty)

multipole moments of the temperature anisotropy imply a bound for the

In

relic graviton background. The rationale for this statement is very sim-
ple since relic gravitons contribute to the integrated Sachs-Wolfe effect as
discussed in chapter 7. The gravitational wave contribution to the Sachs-
Wolfe integral cannot be larger than the (measured) amount of anisotropy
directly detected. The soft branch of the spectrum is then constrained and
the bound reads [33, 219, 220]

hiQaw (v, 170)S 6.9 x 1071, (6.100)

for v ~ vy ~ 1071¥Hz. The very small size of the fractional timing error
in the arrivals of the millisecond plusar’s pulses imply that also the hard
branch is bounded according to [221]

Qaw (v, 70) S 107%, (6.101)

for v ~ 1078 Hz corresponding, roughly, to the inverse of the observation
time during which the various millisecond pulsars have been monitored.

The two constraints of Egs. (6.100) and (6.101) are reported in Fig. 6.2,
at the two relevant frequencies. The Sachs-Wolfe and millisecond pulsar
constraints are differential since they limit, locally, the logarithmic deriva-
tive of the gravitons energy density. There exists also an integral bound
coming from standard BBN analysis and constraining the integrated gravi-
ton energy spectrum [222]:

hg/ " Qew(v,70)dInvsS 0.2 h2Q, ~ 1075, (6.102)

In Eq. (6.102) vpmax corresponds to the (model dependent) ultra-violet cut-
off of the spectrum and vy, is the frequency corresponding to the horizon
scale at nucleosynthesis. Notice that the BBN constraint of Eq. (6.102) has
been derived in the context of the simplest BBN model, namely, assuming
that no inhomogeneities and/or matter anti-matter domains are present at
the onset of nucleosynthesis. In the presence of matter—antimatter domains
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for scales comparable with the neutron diffusion scale this bound is relaxed
[120].

From Fig. 6.2 we see that also the global bound of Eq. (6.102) is
satisfied and the typical amplitude of the logarithmic energy spectrum in
critical units for frequencies v; ~ 100 Hz (and larger) cannot exceed 10~ 4.
This amplitude has to be compared with the LIGO sensitivity to a flat
Qcw (v, 79) which could be at most of the order of h3Qqw(vr,70) = 5 X
101! after four months of observation with 90% confidence. At the moment
there is no direct detection of relic gravitons (and more generally of GW)
from any detectors. For an introduction to various detectors of gravitational
waves see, for instance, [223] (see also [33]).

Even if gravitational waves of high frequency are not central for the
present discussion, it should be borne in mind that there exist cosmological
scenarios where, for frequencies larger than 1073 Hz, Qgw(v) can devi-
ate from the inflationary (nearly scale-invariant) spectrum. In particu-
lar, in Fig. 6.2 the expected signals from quintessential inflationary mod-
els [224, 225] (see also [226]) and from pre-big bang models [227-229] are
reported. In quintessential inflationary models the rise in the spectrum
occurs since the inflaton and the quintessence field are unified in a single
scalar degree of freedom. Consequently, during a rather long phase (after
inflation and before the radiation epoch) the Universe is dominated by the
kinetic energy of the inflaton. This dynamics enhances the graviton spec-
trum at high frequencies. In fact, pre big-bang models are formulated in
the framework of the low-energy string effective action where the Einstein-
Hilbert term is naturally coupled to the dilaton. The evolution of the tensor
modes will then be slightly different from the one derived in the present
section and will be directly sensitive to the evolution of the dilaton. Both
in quintessential inflation and in pre-big bang models the spectrum of relic
gravitons is larger at high frequencies suggesting that superconducting cav-
ities are a promising tool for the experimental investigation in this range
of frequencies (see [230-232] and references therein). Another very inter-
esting (complementary) approach along this direction has been reported in
[233, 234] where a prototype detector working in the 100 MHz region has
been described.

6.6 Quantum state of cosmological perturbations

The evolution of the cosmological inhomogeneities has been described, so
far, in the Heisenberg representation. To investigate the correlation prop-
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erties of the fluctuations and their semiclassical limit it is often useful to
work within the Schrédinger representation where the evolution can be
pictured as the spreading of a quantum mechanical wave-functional. The
initial wave-functional will be constructed as the direct product of states
minimizing the indetermination relations for the different harmonic oscil-
lators forming the quantum field. The quantum mechanical states of the
fluctuations will then be a generalization of the concept of coherent state
firstly introduced in [235, 236]. These states are essentially coherent states
associated to Lie algebras of non-compact groups (such as SU(1, 1) which is
isomorphic to the algebra of SO(2,1) and SL(2, R)). Since their discovery,
it has been understood that their typical quantum mechanical property was
to minimize the indetermination relations [236]. It was then appreciated
that these states can be obtained, as the coherent states, by the action of
a unitary operator acting on the vacuum. Following the pioneering work
of Yuen [237] the squeezed states have been experimentally investigated in
quantum optics with the hope of obtaining “squeezed light”. This light
could be of upmost importance for various devices since it would allow
to have one of the conjugate (quantum) variables fluctuating above the
quantum limit while the the other variable fluctuates below the quantum
limit preserving, overall the minimal uncertainty. To have the flavor of the
manifold applications of squeezed states to quantum optics the reader can
consult two classical textbooks [238, 239] and also two (not so recent) re-
view articles [240, 241]. While the experimental evidence is that squeezed
light is rather hard to produce for large values of the squeezing parame-
ter® (which would be the interesting range for applications), the squeezed
states formalism has been applied with success to the analysis of the cor-
relation properties of quantum fluctuations produced in the early Universe
(see, for instance, [242-246] and references therein). In particular a natural
definition of coarse grained entropy arises in the squeezed state formalism
[142, 143].

In what follows, instead of giving the full discussion of the problem in
the Schrodinger representation, the squeezed states will be analyzed not in
the case of a quantum field but in the case of a single (quantum) harmonic
oscillator. This will allow to get an interesting physical interpretation of
Eq. (6.89). To be more precise, the analog of Eq. (6.89) can be realized
with a two-mode squeezed state. However, to be even simpler, only one-
mode squeezed states will be discussed. Let us therefore rewrite Eq. (6.89)

hip the language of this discussion r > 1, see below.
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in its simplest form, namely
b=c(r)a+s(r)al, b =s(r)a+c(r)al, (6.103)

where ¢(r) = coshr and s(r) = sinhr; r is the so-called squeezing param-
eter. Since [a,a!] = 1 and [b,b1] = 1, the transformation that allows to
pass from the @ and a' to the b and b is clearly unitary (extra phases may
appear in Eq. (6.103) whose coeflicients may be complex; in the present
exercise we will stick to the case of real coefficients). In Eq. (6.103) the
index referring to the momentum has been suppressed since we are dealing
here with a single harmonic oscillator with Hamiltonian
52 a2
Ho=5%+%5 :aTa+%, (6.104)
where
a= i(ﬁ;ﬂ‘ﬁ), al = —(& —ip). (6.105)

V2

Equation (6.103) can also be written as
b=2St(z)as(z), b =St(z)al 5(z), (6.106)

where the (unitary) operator S(z) is the so-called squeezing operator de-
fined as

S(z) = e (=" *=="a%) (6.107)
In Eq. (6.107), in general, z = re?”. In the case of Eq. (6.103) ¥ = 0 and
z =r. A squeezed state is, for instance, the state |z) = S(2)|0). The same
kind of operator arises in the field theoretical description of the process of
production of gravitons (or phonons, as we shall see, in the case of scalar
fluctuations). The state |0) is the state annihilated by @ and minimizing
the Hamiltonian (6.104). In the coordinate representation, therefore, the
wave-function of the vacuum will be, in the coordinate representation

22

bo(z) = (2]0) = Noe= T, 4|0) =0, (6.108)
where Ny is a constant fixed by normalizing to 1 the integral over = of
|0 (x)|?. Obviously the wave-function in the p-representation will also be
Gaussian. Equation (6.108) is simply obtained from the condition a|0) =0
by recalling Eq. (6.105) (where p = —i%). By applying the same trick,

iThere should be no ambiguity in this notation. It is true that, in the present script,
the variable » may also denote the ratio between the tensor and the scale power spectrum
arising in the consistency condition (see Egs. (5.123) and (10.83)). However, since the
squeezing parameter and the tensor to scalar ratio are never used in the same context,
there is no possible confusion.
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we can obtain the wave-function (in the coordinate representation) for the

state |z). By requiring b|0) = 0, using Eq. (6.103) together with Eq. (6.105)
we will have the following simple differential equation

.

() + st + [elr) = s(r)] 5

whose solution, up to the normalization constant IV, will be

=0, (6.109)

$u(@) = (a]2) = Noe™ 507, (6.110)
implying that the wave-function will still be Gaussian but with a different
variance (since 0 = e~") and with a different normalization (since N, #
Np). In this case the wave-function gets squeezed in the z-representation
while it gets broadened in the p-representation in such a way that the
indetermination relations AZAp = 1/2. It should be borne in mind that the
broadening (or squeezing) of the Gaussian wave-function(al) corresponds
to a process of particle production when we pass, by means of a unitary
transformation, from one vacuum to the other. In fact, using Eq. (6.103)
we also have

(olafaloy =0,  (0[b'b]0) = sinh?r. (6.111)

So, while the initial vacuum has no particles, the “new” vacuum is, really
and truly, a many-particle system. In the case of the amplification of fluctu-
ations driven by the gravitational field in the early Universe the squeezing
parameter is always much larger than one and the typical mean number of
particles per Fourier mode can be as large as 10*-10°.

Squeezed states, unitarily connected to the vacuum, minimize the in-
determination relations as the well known coherent states introduced by
Glauber (see, for instance, [238]). The usual coherent states can be ob-
tained in many different ways, but the simplest way to introduce them is
to define the so-called Glauber displacement operator:

D(a) = e =270 |a) = D(a)|0), (6.112)
where « is a complex number and |a) is a coherent state such that dla) =
ala). Tt is clear that while the squeezing operator of Eq. (6.107) is quadratic
in the creation and annihilation operators, the Glauber operator is linear
in @ and af. By using the Baker-Campbell-Hausdorff (BCH) formula it
is possible to get, from Eq. (6.112) the usual expression of a coherent
state in whatever basis (such as the Fock basis or the coordinate basis).
In the coordinate basis, coherent states are also Gaussians but rather than
squeezed they are simply not centered around the origin. From the BCH
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formula it is possible to understand that the Glauber operator is simply
given by the product of the generators of the Heisenberg algebra, i.e. a,
a' and the identity. So the Glauber coherent states are related to the
Heisenberg algebra. The squeezed states, arise, instead in the context of
non-compact groups. To see this intuitively, consider the Hamiltonian

1
>
and express it in terms of @ and &' according to Eq. (6.103). The result of
this simple manipulation is

Hy, = bt + (6.113)

N 1 a? at?
Hjy = cosh 2r <ELT€L + 5) + sinh 27"(7 + T) (6.114)
But, in Eq. (6.114), the operators
1
SN R
(a a—+ 2) 05
-2 12
a a
—=L_ —=1L 6.115
9 ) 9 +> ( )

form a realization of the SU(1,1) Lie algebra since, as it can be explicitly
verified:

Ly, L_]=—2Ly,
[Lo, L] = +Lx. (6.116)

Note that the squeezing operator of Eq. (6.107) can be written as the
exponential of Ly and Lo, i.e. more precisely

S(Z) _ e%(z[zw_z*[ﬂ) _ etanhrLy —lInfcoshr]Lo ,— tanhrL_’ (6117)

where the second equality follows from the BCH relation [247, 248]. This
is the rationale for the statement that the squeezed states are the coherent
states associated with SU(1,1). Of course more complicated states can be
obtained from the squeezed vacuum states. These have various applications
in cosmology. For instance we can have the squeezed coherent states, i.e.

|, 2) = S(2) D(«)]0). (6.118)

Similarly one can define the squeezed number states (squeezing operator
applied to a state with n particles) or the squeezed thermal states (squeezed
states of a thermal state [244]. The squeezed states are also important to
assess precisely the semiclassical limit of quantum mechanical fluctuations.
On a purely formal ground the semiclassical limit arises in the limit & — 0.
However, on a more operational level, the classical limit can be addressed
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more physically by looking at the number of particles produced via the
pumping action of the gravitational field. In this second approach the
squeezed states represent an important tool. The squeezed state formalism
therefore suggests that what we call classical fluctuations are the limit of
quantum mechanical states in the same sense a laser beam is formed by
coherent photons. Also the laser beam has a definite classical meaning,
however, we do know that coherent light is different from thermal (white)
light. This kind of distinction follows, in particular, by looking at the
effects of second-order interference such as the Hanbury-Brown-Twiss effect
[238, 239].

In closing this section it is amusing to get back to the problem of en-
tropy [142, 143]. In fact, in connection with squeezed states of the tensor
modes of the geometry it is possible to define a coarse-grained entropy in
which the loss of information associated to the reduced density matrix is
represented by an increased dispersion in a superfluctuant field operator
which is the field-theoretical analog of the quantum mechanical momen-
tum p. The estimated entropy goes in this case as r(v) (now a function of
the present frequency) i.e. as Inm, where 7, is the number of produced
gravitons. Consequently the entropy can be estimated by integrating over
all the frequencies of the graviton spectrum presented, for instance, in Fig.
6.2. The result will be that

3/2
il ) : (6.119)

V1
Sgr = V/ r(v) v dv ~ (10%%)3 (V

Vo P
The factor 10?° arises from the hierarchy between the lower frequency of
the spectrum (i.e. 9 ~ 107!® Hz) and the higher frequency (i.e. vy ~
10' (Hy/Mp)Y/? Hz). From Eq. (6.119) it follows that this gravitational
entropy is of the same order of the thermodynamic entropy provided the
curvature scale at the inflation-radiation transition is sufficiently close to
the Planck scale.

6.7 Digression on different vacua

After having discussed the quantum treatment of the tensor modes of the
geometry as defined by minimizing the Hamiltonian of Eq. (6.64) it is now
appropriate to scrutinize slightly different possibilities. The ideal prosecu-
tion of the present section can be found at the end of chapter 10 where the
analog discussion will be reported in the case of the scalar modes and where
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the relevance of the present discussion for the so-called trans-Planckian am-
biguities will be made more explicit. The content of the present section
closely follows the treatment reported in [213] and in [214].

According to the discussion reported in the previous sections, a possible
selection of different Hamiltonians for the tensor modes

) g L[ 50 e
HO() = | Po=|— +d*(0;0)?], (6.120)
2| a?
H®)(r) =/d3m% 772+2H1l)ﬂ'+(8ﬂ/))2:|, (6.121)
(3) 3 1:~2 o a’
HY ()= [ d o5 |T + (0:) —?¢ , (6.122)
where ]
O=ad%V, ¢yp=a¥, 7= % 7=1, (6.123)

are the relations between the different canonical fields. It is not diffi-
cult to check that it is possible to go from one Hamiltonian to the other
through a suitable canonical transformation. For instance, the transforma-
tion H® (1) — H®)(7) is generated, in a standard way, by

Foos(, @, 7) = /d% <¢fr - %W), (6.124)

a functional of the old fields and of the new momenta 7. By differentiating
the generating functional, we obtain the relation between the old momenta
(i.e. m) and the new ones, as well as a change in the Hamiltonian
=7 —H, (6.125)
HO (,m,7) — HO(,7.7) = HO (g, m.7) + 22222 (6.126)
o T T or
Bearing in mind Eqgs. (6.124) and (6.125), the right-hand side of Eq. (6.126)
leads exactly to Eq. (6.122). With similar considerations, all the Hamilto-
nians (6.120)—(6.122) can be related to one another by suitable canonical
transformations.

ITo keep the discussion as general as possible we will slightly change the notations and
we will introduce two putative fields ¥ and 1 whose relation with A and u is evident
by comparing Egs. (6.120), (6.121) and (6.122) with the analog expressions obtained,
for instance, in Egs. (6.69), (6.65) and (6.64). This notation will just be used in this
section since, as we shall see in chapters (7) and (10) the variable ¢ and ¥ will denote,
respectively, one of the longitudinal fluctuations of the metric and its gauge-invariant
generalization (see also Eq. (6.19)). Always at the level of notations, the subscript
“gw” (referring to the tensor nature of the fluctuations) will be omitted since, with the
appropriate modifications of the respective pump fields, the present discussion can be
largely applied also to the scalar fluctuations of the geometry and to their quantum
mechanical normalization (see last part of chapter 10).
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Fully equivalent classical evolutions should be expected by solving the
appropriate Hamilton equations with the Hamiltonians (6.120)—(6.122).
This statement is also true at the quantum level (see e.g. [256]) because
the different classical actions corresponding to Eqgs. (6.120)—(6.122) only
differ by total derivatives. Hence, thinking for instance in terms of a func-
tional integral approach, the transitions amplitudes differ, at most, by a
field-dependent phase since the total derivatives appearing in the classical
action, once inserted in the path integral, can be explicitly integrated.

As an example, consider the case of H(?)(r) whose associated La-
grangian density is

£z, 1) = % W7 = 2y + H2? — (0)?]. (6.127)

Comparing Eq. (6.127) to the Lagrangian density associated with H®))(r),
we can notice that they differ by a total derivative

D
L0 1) = £O(Z7) + Cfi_, D= %w, (6.128)
T

The wave-functional computed with (6.128) only differs from the one com-
puted with (6.127) by a field-dependent phase, namely
B [y] = e PWTIP [gh). (6.129)

The expectation value of a generic observable (9[1/3, 7] can be computed
using either ®2)[¢)] or ®(3)[1)]. However, if we compute such an expectation
value using ®®)[¢)], we have to bear in mind that the canonical momentum
(7) acts non-trivially on it, its action being fully specified by the transforma-
tion (6.125). The conclusion is that the expectation value of any operator
(’)[@[AJ, 7] is independent on the Hamiltonian one is using (we shall see below
an example of this fact in the context of cosmological perturbations). In
spite of the above equivalence, the state minimizing one of the Hamiltoni-
ans at the initial time 79 does depend on which one of (6.120)—(6.122) is
chosen. The time 7y has been taken before independent on the comoving
wave-number. There are, however, situations where 7y does depend on k.

Let us suppose, for instance, that the effective description of the tensor
modes of the geometry is only valid up to some typical scale M. This
assumption amounts to demanding a cut-off on the physical momenta of
the gravitons, i.e.

k/a(t) < M, (6.130)
In any kind of inflationary background, Eq. (6.130) is saturated at some

time 7o(k) defining an unconventional hypersurface on which initial condi-
tions for the fluctuations are given. This hypersurface has been dubbed in
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[213] new physics hypersurface (NPH, for short). Working in Fourier space,*

U, = v [ ' dgtr)e

X (6.131)

#ET) = Gy / &k iy (r)e 7,
with @[AJE = @[Afiq iy = #T ., the evolution in the Heisenberg representation
;;(T)) _ (AE(TJO) B;;(TaTO)) ( ;;(TO))
(ﬁg(T) Cr(r,m0) Dy(7,70) ) \75(10) )’ (6.132)
where
Al m) = | aulm) £ (7) = g ) )|
Belr,m) = | feln)fe () = ()l

- (6.133)
Crplr.m0) = i | gu(r0)gi(7) — g(70)g m} ,

De(rum) = i ge(r) e (7o) — g2(r) (To)] |

In Egs. (6.133) fx(7) and gx(7) denote the mode functions that are, respec-
tively, solutions of the Heisenberg evolution equations for a (generic) pair
(1&, 7) of canonically conjugated operators. At every time, for consistency
with the canonical commutation relations, the phases and amplitudes of
the mode functions are subjected to the Wronskian condition

fre(m)gi(r) = fi(r)gn(T) = i. (6.134)

In Egs. (6.133), with the condition (6.134), for 7 — 79, Cj(70,70) =
By(10,70) = 0 and Aj(70,70) = Dy(70,70) = 1. Clearly, each of the
Hamiltonians (6.120)—(6.122) leads to different fi(7) and gi(7) all satis-
fying (6.134).

The time 79(k) will be on the NPH and different Hamiltonians will be
minimized at that time. It should already be clear at this point that the
two-point function of, say, @[AJE will depend on the choice of the initial state
through Eqgs. (6.132) and (6.133), since minimizing different Hamiltonians
corresponds to imposing different conditions on the field operators at 7o (k).

KThe Fourier decomposition of the quantum operators used in Eq. (6.132) is fully
consistent with the one used in Eq. (6.72).
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In order to deal with simple mode functions, we will confine our at-
tention to the case of an inflationary background with a scale factor
parametrized, in conformal time, as

- -8
a(t) = (——) , T < =T, (6.135)

71
where 71 marks the end of the inflationary epoch. The pure de Sitter case
corresponds to 8 = 1. The inequality k/a(7) < A is saturated, by definition,
at the time 7o(k). We shall refer to this time as the time of exit from the
NPH, not to be confused, of course, with the more standard “horizon-exit”

time 7. In our case,

1/8
M ) . (6.136)

T0 (k) = —T1 <?
Let us then discuss the minimization of the different Hamiltonians start-
ing with (6.120) but suppressing the label () for simplicity. In Fourier space

Hy(7) = 7 | = (ML + T + K2a® (U 0L + @2%)] : (6.137)

with H(r) = [ d3kHy (7). The appropriately normalized mode functions

are HOW]

T) = 7'/\/ —zH Y (—z
fk( )_ a(T)m\/_HN ( )7
gk (1) = a*(1) f1.» (6.138)

N = \/762(““/2)”, B=pu— (6.139)

where z = k7, and HfL )(—x) are, as usual, the first-order Hankel func-
tions of index g [215]. In order to minimize the Hamiltonian (6.120) let us
consider the auxiliary operator

A 1 [
Qp = Wors {7 - zak\I/E} . (6.140)
Equation (6.140) allows Eq. (6.137) to be expressed as
- g [QEQE + Q,;QTE} : (6.141)
while canonical commutation relations between conjugate field operators,
[ (Z,7), #(F,7)] = 6 (& - §), (6.142)

n Eq. (6.138) the mode functions have been also named f} and gi. However, the
present mode functions, refer to a different Hamiltonian.
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imply [QE, ot =0 3)( —p). Consequently, the state minimizing (6.120) is

the one annihilated by QE (provided it is normalizable).
In order to evaluate the corrections induced on the two-point function
by this particular initial state, we have to compute

<0< ) 7'0|h($ 7)h( >|ro, >>
/ d*k / Bp( () Uy(r) e i FFHFD, (6.143)

where (...) = <0(1),’7'0|...|7'0, 0™M)) means that the expectation values should
be evaluated over the state minimizing H) at the time 79. Inserting
Egs. (6.132) into Eq. (6.143), we obtain

(O, 70|, 7)A(F, 7) |70, 00)
—47T3/d3 /d3 [AHTOA (7, 70) (W (70) U (70))
+ B (7, 70) By (7, 70) (I (10)T(70)) + Bi(7, 70) Ap (7, 70) T (70) ¥5(70)

A (7, 70) By (. ro><@,;<ro>ﬁﬁ<m>>} ) (6.144)

The various expectation values appearing in (6.144) can be computed
using the relation between the canonical operators (evaluated at the initial
time 79) and the operators (6.140) annihilating the initial state. Defin-
ing now the power spectrum (i.e. the Fourier transform of the two-point
function) by

(00l (2. (7. ), 0) = [ 40k P

we obtain, from Eq. (6.144) and with the help of Egs. (6.138)—(6.139),

smkr, (6.145)

160 (k7|2 = | An (k, 7)|2 [1 + %sm (220 + 67r)} , (6.146)
where
2(1-8)
|An(k,7)[> = 2 1(2ﬂ) 208+ 1/2)* <H1> <ﬁ> . (6.147)
M) \ki

In Eq. (6.146) % = wil is the ratio of the generic proper frequency to the
one corresponding to the end-point of the spectrum w; = Hy/a.

In order to derive Eq. (6.146) the limit © = k7 < 1, corresponding to
looking at the correlation function at late times, has been taken. Also, since

|zo| > 1, only the leading correction in 1/x¢ has been kept. Furthermore,
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using k/a(79) = A, according to Eq. (6.135) the initial time 7y can be easily
related to the value of A by

|zo| = |ko| =6%, (6.148)
ex

where HNFH = H(ty(k)) denotes the Hubble parameter at the time ¢ (k)

when a given scale “exits” the NPH. Note that o depends on k except in

the case of pure de Sitter. We see that, as a consequence, corrections to the

standard results are larger at small k for power law inflation (corresponding

to larger values of HNPH) while the opposite is true for superinflation

(0 < B <1). For =1, Eq. (6.146) gives exactly
1 (HY\ sin 2
160 (k, )2 = <_—) {1 o xo]. (6.149)

27‘(2 Mp Xo

Let us now repeat the same procedure in the case of H®). In the case
of (6.121) we have

+ kF (2) (7 + Al + il + 1/3,27%,;)} ., (6.150)
where
kF(x) =H. (6.151)

Solving the evolution in the Heisenberg representation, the mode functions
can be written as [215]

fr(r) = —\/_ Y(-w), (6.152)
N\f\/—_xH Y (—a). (6.153)

In order to minimize the Hamiltonian (6.150) at the initial time 79, we
introduce

A 1

-= —— €

NN [
where 7 is a time-dependent parameter. Using Eq. (6.154), the Hamilto-
nian (6.150) can be put in the same form as (6.141) provided the following
relation is imposed between v and F(x) of Eq. (6.150):

sin 2y = F(z). (6.155)

i — ie”kﬁg} , (6.154)
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The canonical commutation relations Eq. (6.142) now imply [QE,Q;] =
c0s 290®) (k — ), so that the initial state minimizing (6.150) is again the
one annihilated by Q 2

The wave-functional of the initial state can be easily derived and, for
each mode, it has a Gaussian form:

®[yz] = Nexp <— > gw,ﬂ)_g)e?”) . (6.156)
k

This state is normalizable provided |y| < w/4. Using Eq. (6.155), we see
that |y| = w/4 corresponds to a time 7y for which |F(zg)| = 1, which is
basically equivalent to the condition of (standard) horizon crossing. Con-
sequently, provided the modes of the field are inside the horizon at the
“initial” time 79, the state (6.156) is normalizable.

The two-point function to be computed now is

(0@, 70| (2, T)h(F, )| 70,0
4 7 h —i(k-Z+5-T
— vty [ @ [ @i byt je EHID, - (1s)

and the related power spectrum evaluated at late times (z = k7 < 1) is

cos (2xg + Om
ot 72 = 800 ) 1 - o0t O (6.159)
0
In the de Sitter case, 8 =1, Eq. (6.158) gives
1 H\? cos 2x
2 _ 0
ok, 7P = 5 <_M—P) [1 o ] (6.159)

The Hamiltonian (6.122) can be minimized following the same procedure
already discussed in the case of Eqgs. (6.120) and (6.121). Defining the
function

1 a/l

wi(z) = (1 - k??)’ (6.160)

the Hamiltonian (6.122) can be written in the simple form™

. 1, e AR 4 A
A7) = § |Gl + 7fg) + KA+ 00| (6100
Defining now the operator

~ 1 . . o
MErom now on the tilde in the momentum operators will be omitted for the sake of
simplicity.
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the Hamiltonian can again be expressed in the same form previously dis-
cussed, namely, the one given by Eq. (6.141) with the caveat that now the
operator (6.162), if compared to the one defined in Eq. (6.154) has a differ-
ent expression in terms of the canonical fields. The commutation relations
are now [Qg, Q;r?] = wé®)(k — p). The mode functions fi(7) are the same
as the ones given in Eq.(6.152), while g, is given by

N\f\/_[H“ ) + %Hf})(—m)], (6.163)

Repeating the steps used in the two previous cases we arrive at the power
spectrum:

1
160 (k, 7)) = | An(k, 7))2 {1 - % sin (2z¢ + wﬂ)] . (6.164)
0
In the de Sitter case, we have:
1 ( HY\ sin 2z
jr— 1 . .1
|0n (K, 7)|* = 5 2<Mp) [ + p ] (6.165)

Comparing Eq. (6.164) with (6.158) we see that the corrections are even
smaller than the ones obtained using the Hamiltonian of Eq. (6.150). Fur-
thermore, both Egs. (6.164) and (6.158) lead to effects smaller than (6.146).

6.8 Numerical estimates of the mixing coefficients

In various problems it is often difficult to obtain analytical expressions for
the mode functions and, a fortiori, for the mixing coefficients. In these sit-
uations, to determine the graviton spectrum, one has to resort to numerical
methods. In this section we are going to illustrate, with an example, how
it is possible to compute numerically the mixing coefficients. This method
allows, actually, not only the evaluation of the tensor power spectra but
also the evaluation of the scalar power spectra [108, 257, 258]. For reasons
of presentation we will stick here to the tensor case. Notice, moreover,
that the numerical results will both corroborate and enlighten the results
previously obtained (in the present section) within the sudden approxi-
mation. Actually it will be shown, for instance, that the estimate of the
mixing coefficient obtained in the transition from an expanding de Sitter
stage to a radiation dominated phase (i.e. Eq. (6.95)) is correctly repro-
duced. Consider, therefore, a smooth transition between a de Sitter stage
of expansion and a radiation-dominated stage of expansion. As discussed
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Fig. 6.3 The effective potential V(z) reported in Eq. (6.170) is illustrated with the full
line. With the dashed line we report the scale factor a(x) discussed in chapter 5 (see
Eq. (5.83) and derivations therein).

in chapter 4 the smooth transition can be parametrized, in conformal time
as in Eq. (5.83). Consequently the evolution equation for the (complex)
mode function fg(7) will be given by

d? fy, 5 Vat+l-z
aw | T @
where, according to the notations of Eq. (5.83), x = 7/7;; in Eq. (6.166)
it is also practical to define the rescaled wavenumber x = k7. Now the
strategy is very simple. We can select a given 7, at which the numerical
integration begins. Equation (6.166) has to be integrated for different wave-
numbers and initial conditions will therefore be set in such a way that, for
T = "Th,

fr=0 (6.166)

km, = ko, > 1. (6.167)

Equation (6.167) implies that the given mode k, for 7 = 7, is inside the
Hubble radius. In terms of Eq. (6.166) this is equivalent to require that x? is
larger than the effective potential barrier. For x = xy, it will also be required
that the mode functions are appropriately normalized as 1/ V/2k. This can
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Fig. 6.4 The mixing coefficients are reported for three different values of x < 1. With
the full (thin) line at the bottom of the plot the base-10 logarithm of the Wronskian is
reported.

be actually done in an even more precise fashion. In the limit z — —oo it
must actually happen that the effective potential vanishes as 72 not only
in the present case but also under more general circumstances. Therefore,
in this regime, it is always possible to find the correctly normalized mode
function and express it in terms of Hankel functions evaluated in xy,. These
will be the initial conditions of the numerical integration provided xxy, > 1.
By introducing the real and imaginary parts of fi and g as

fel@) = fi(@) +if2(x),  gr(x) = g1(2) +iga(), (6.168)
they will satisfy the following set of equations:
fi=g,  g1=DP() — w1,
fa=g92.  gp=[V(2) —Kfo (6.169)
where, with obvious notation,

V(z) = T‘2a_/l _va?tl-uz
Va0 (a2+41)320
By now integrating Eqgs. (6.169) forward in time the functions fj(z) and

gr(x) can be computed. Even if the numerical integration will be carried

(6.170)
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Fig. 6.5 The mixing coefficients are reported for k = 0.1 (dashed line), for k = 1 (full
line) k = 2 (dot-dashed line). As in Fig. 6.4, on the vertical axis base-10 logarithms are

reported.

out when the potential is given as in Eq. (6.170), the method described
in this section can be applied for any smooth potential V(z). The typical
duration of the transition regime is controlled by 7. Since x = 7/7; the
transition regime will coincide, in the present parametrization, with the
region |z| < 1. For z > 1 (i.e. asymptotically for x — 400) it is possible
to define the mixing coefficients as
1
Ik ($) = m

gi() = -i@ [By (k)e " — B_(r)e™™].

From Eqs. (6.171) it is immediate to obtain that

[By (k)™ + B_(k)e™],
(6.171)

B+(:‘$) = L.eiﬁw(gk - Zkfk)a
V26 (6.172)

B () = ——=e " (g + ik ).
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Since fj, and gy, are both complex, it is practical to compute the two relevant
combinations of mixing coefficients in terms of the real and imaginary parts
defined in Eq. (6.168). The result of this straightforward manipulation is:

By () + 1B-(9) = 1[0 (2)” + (2]
+E[fi(2)? + fa(2)?], (6.173)
|Bi(k)]> = [B_(k)]* = 2[g1(2) f2(x) — ga(x) fr(x)].  (6.174)

Notice that the quantity reported in Eq. (6.174) is nothing but the Wron-
skian of the two solutions fj, and f;; which is always equal to 1 if we impose
quantum mechanical initial conditions. Of course the whole procedure must
be self-consistent. So, after imposing the initial conditions at zy,, forward
integration of Eq. (6.171) will give us the real and imaginary parts of fj
and gx. Then the mixing coefficients can be computed for different k£ as in
Eqgs. (6.173) and (6.174). To close the circle it must occur that for = > 1,
|B. (k)|? +|B_(k)|? are indeed constant in z and |B, (k)|? — |B_(k)|? = 1.
The latter condition must be satisfied for every x and the goodness with
which is satisfied actually determines the accuracy of the whole algorithm.
Before presenting the results of the numerical calculation let us recall that,
in the sudden approximation, we expect exponential suppression for x > 1
and, for k < 1,

1
|B4(k)|* +|B-|> = sath (6.175)

Equation (6.174) follows from Eq. (6.95) by identifying 71 with 7. This
identification is very rough. There are more refined ways to compare the
results of the sudden approximation with the numerical results. They are
described, in some detail, in Ref. [257]. The main strategy is, in short, the
following;:

e compute the mixing coefficient in the sudden approximation in
terms of the typical time-scale of the transition (i.e. what we called
71 in Eq. (6.95);

e compute the mixing coeflicients numerically;

e the two procedure will always lead, by definition, to the same k
dependence but the normalization will be determined with greater
accuracy only by the numerical results;

e finally, the putative time scale of the sudden approximation can be
used as a parameter for the fit of the numerical results in terms of
the sudden results.
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With these caveats in mind we can say that it is justified to presume, for
the sake of comparison, that 73 >~ 7.

In Fig. 6.4 the base-10 logarithm of |B, (k)|? + |B_(k)|? is reported as
a function of the rescaled (conformal) time coordinate x = 7/7;. The fact
that, for z > 1, |By(k)|? + |B_(k)|? is a constant and that |B,(k)* —
|B_(Kk)|?> = 1 shows that the whole procedure is self-consistent. It is also
clear that, because of the previous discussion in this section,

log [| B+ (k)2 + |B_ (k)] = log [25" + 1], (6.176)

where 7%" denotes the mean number of graviton pairs per Fourier mode.
From Fig. 6.4 it can be argued that the estimate of Eq. (6.95) is indeed
reproduced by the numerical calculation. In fact, smaller x are more am-
plified (since they spend more time under the potential barrier). Moreover,
it is clearly visible from Fig. 6.4 that by decreasing x of one order of mag-
nitude the mean number of produced pairs increases by a factor 104, as
predicted by Eq. (6.95). By taking different values of & it is possible to
determine the spectrum numerically with the wanted accuracy. In Fig. 6.5
the modes k > 1 are considered. In this region the sudden approximation
would imply an exponential suppression of the mixing coefficients and this
is basically what can be argued from Fig. 6.5.
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Chapter 7

The First Lap in CMB Anisotropies

In this chapter (and in chapters 8 and 9) the description of the CMB
anisotropies will be introduced by successive approximations. In the present
chapter a simplified account of the physics of CMB anisotropies will be de-
rived in a two-fluid treatment. In chapter 8 a more realistic account of
pre-decoupling physics will be outlined in the framework of an (improved)
fluid description. In chapter 9 the Einstein-Boltzmann hierarchy will be
introduced.

The discussion of the present chapter is organized around the Sachs-
Wolfe effect and its estimate for different initial conditions of the cosmolog-
ical perturbations. The following derivations will be specifically analyzed

the Sachs-Wolfe effect for the tensor modes of the geometry;

the Sachs-Wolfe effect for the scalar modes of the geometry;

the evolution equations of the scalar fluctuations in the pre-
decoupling phase;

a simplified solution of the system allowing the estimate of the
(scalar) Sachs-Wolfe contribution;

e the concept of adiabatic and non-adiabatic modes.

The logic will be to estimate first the Sachs-Wolfe (SW) effect for the ten-
sor modes which have been already treated in chapter 6. Then the same
physical considerations will be applied to the case of the scalar modes of
the geometry. Finally, the scalar SW effect will be computed in a simpli-
fied description where the neutrinos (as well as the baryons) are supposed
to be absent. The only two fluid components of the mixture will be cold
dark matter particles and radiation. Still, as it will be shown, this over-
simplified description allows to compute the so-called Sachs-Wolfe plateau
which is an essential ingredient to set the large-scale normalization of CMB
anisotropies.

171
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Before plunging into the discussion a technical warning is in order. As
far as the scalar modes of the geometry are concerned, the discussion will
be conducted in the longitudinal coordinate system. However this choice
is not essential. In chapter 11 the usefulness of different gauge choices will
be extensively highlighted.

7.1 Tensor Sachs-Wolfe effect

After decoupling, the photon mean free path becomes comparable with the
actual size of the present Hubble patch (see, for instance, Eq. (2.117) and
derivations therein). Consequently, the photons will travel to our detec-
tors and satellites without suffering any scattering. In this circumstance
the photon geodesics are slightly perturbed by the presence of inhomo-
geneities. The temperature fluctuation induced by scalar and tensor modes
of the geometry can then be estimated. Also vector fluctuations may in-
duce relevant sources of anisotropy but they will be neglected in the first
approximation mainly for the reason that, in the conventional scenario, the
vector modes are always decaying both during radiation and, a fortiori,
during the initial inflationary phase [249, 250] (see also [251, 252] for the
case when the pre-decoupling sources support vector modes).

Since the Coulomb rate is much larger than Thompson rate of inter-
actions around equality (see Eqs. (2.109)—(2.114) and (2.110)—(2.115)),
baryons and electrons are more tightly coupled than photons and baryons.
Still, prior to decoupling, it is rather plausible to treat the whole baryon-
lepton-photon fluid as a unique physical entity.

Let us therefore start by studying the null geodesics in a conformally
flat metric of FRW type where go5 = a*(7)jas where gng coincides, in
the absence of metric fluctuations, with the Minkowski metric. If metric
fluctuations are present go s will have the form of a (slightly inhomogeneous)
Minkowski metric. The latter observation implies that:

goo = 1 + dsGoo, dsgoo = 2¢, (7.1)
Gij = —0ij + 0sGij + 6¢Gijs 0sGij = 20dy;, 0¢Gij = —hij,

with Bihz» =0 = h! (see Eq. (6.6)) and where the scalar fluctuations of
the geometry have been introduced in the longitudinal gauge characterized
by the two non-vanishing degrees of freedom ¢ and ¢ (see Eqgs. (6.3) and

(6.4)).
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Neglecting the inhomogeneous contribution, the lowest-order geodesics
of the photon in the background g.5 = a?(7)nas are

APt p dz® dzP

e ey =0 (7.3)
dx® dzP

0 —— =0, 4

where A\ denotes the affine parameter. Recalling Eq. (6.12), the (0) com-
ponent of Eq. (7.3) and Eq. (7.4) can be written, respectively, as

d2r dz\? dr\?
W—’—H(a) +H(a) =0. (7.5)

BRG

Using Eq. (7.6), Eq. (7.5) can be usefully rearranged as
dF dr
—— F2HF? = F=—. 7
5y +2H 0, Y (7.7)
With a simple manipulation Eq. (7.7) can be solved; the result will then
be
dr 1
F=—=——. 7.8
d\  a?(7) (7.8)
Equation (7.7) implies that if the affine parameter and the metric are
changed as

d\ — a® (T)dr, JoB — a? (T)Jap (7.9)

the new geodesics will be exactly the same as before. In particular, as a
function of 7 we will have that the unperturbed geodesics will be

0, nt), (7.10)

at =ntr, nt = (n
02 — n;n’ = 1. Consider now the energy of the photon as measured

in the reference frame of the baryonic fluid, i.e.?

& = guutP", (7.11)

where n

where u* is the four-velocity of the fluid and P is the photon momentum

defined as

dz# E dx*

A\ a? dr’
2The internal energy of a thermodynamic system has been denoted by € in Appendix B.

Now & will denote the energy of a photon in the reference frame of the baryon fluid. These

possible ambiguity is harmless since the two concepts will never interfere in the present
treatment.

Pr = (7.12)
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where E is a parameter (not to be confused with one of the off-diagonal
entries of the perturbed metric) defining the photon energy. If the geodesic
is perturbed by a tensor fluctuation we will have that Eq. (7.12) becomes

E[ g da“x“]. (7.13)

Pt ==

a? e dr
Since the condition u#u”g,, = 1 implies that u® = 1/a, Egs. (7.11) and
(7.13) lead, respectively, to the following two more explicit expressions:

E[.  dbad 25,20 o i
[1+ o ] L T nind. (7.14)

€= a dr dr?

The quantity 5tf‘?j can be computed from 5tI‘?j (see, in particular, the first
expression in Eq. (6.33)) by setting H = 0. The result is:

1
0L = Shiy- (7.15)

Consequently Eq. (7.14) can be be rearranged as

ddea 1/, .. E /., .

I :_i/ﬁ hi;n' n’dr, SZE 1_5/7-; hiyn'n’dr|, (7.16)
where 73 = 79 and 7r = Tgec. The temperature fluctuation due to the tensor
modes of the geometry can then be computed as
<AT) o legf — aiSi

T e (7.17)

By making use of Eq. (7.16), Eq. (7.17) simply becomes:

AT LT

i

The only contribution to the tensor Sachs-Wolfe effect is given by the Sachs-
Wolfe integral. It is clear that since during the matter dominated stage the
evolution of the tensor modes is not conformally invariant there will be a
tensor contribution to the SW effect. The absence of positive detection
places bounds on the possible existence of a stochastic background of grav-
itational radiation for present frequencies of the order of 10718 Hz (see
Fig. 6.2).
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7.2 Scalar Sachs-Wolfe effect

According to the observations discussed in Egs. (7.2), in the case of the
scalar modes of the geometry the perturbed geodesics can be written as

A28z Lo dx® dxP
dr? StaBdr dr
where now Js denotes the scalar fluctuation of the Christoffel connection

computed with respect to gos which is the inhomogeneous Minkowski met-
ric. In the conformally Newtonian gauge the fluctuations of the Christoffel

(7.19)

connections of a perturbed Minkowski metric are®:
5Sf80 = d)lv 5Sf81 = 0;9, 5Sf?j = —¢I- (7.20)
Thus, using Eq. (7.20), Eq. (7.19) becomes
d [ddsa® ~ “0 i ~0
e [ = ] = 5, T9n"n" — 5SF?jn nd — 26T n'n®
= — ¢’ — 20;¢n". (7.21)
Since
dp .,
— = '0; 0, 7.22
© = ¢ +ni'trg (722)
we will also have
doz® i
= | w2 (7.23)

The quantity to be computed, as previously anticipated, is the photon
energy as measured in the frame of reference of the fluid. Defining u* as the
four-velocity of the fluid and P” as the photon four-momentum, the photon
energy will exactly be the one given in Eq. (7.11) but with a different
physical content for P¥ and u*. The rationale for this statement is that
while the tensor modes do not contribute to u*, the scalar modes affect the
0-component of u*. The logic will now be to determine u*, g,, and P* to
first order in the scalar fluctuations of the geometry. This analysis allows to
compute the right hand side of Eq. (7.11) in terms of the inhomogeneities
of the metric. The first-order variation of g"u,u, =1 leads to

Ssg900u’ = —2355u’goo, (7.24)

bThese expressions can be obtained from Egs. (C.2) and (C.3) of Appendix C by setting
H=0.
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so that in the longitudinal coordinate system Eq. (7.24) gives, to first-order
in the metric fluctuations,

1
u’ = 5(1 — ). (7.25)
The divergencefull peculiar velocity field is given by
. LA
Osu' = = 2o, (7.26)
a a

The relevant peculiar velocity field will be, in this derivation, the bary-
onic peculiar velocity since this is the component emitting and observing
(i.e. absorbing) the radiation. In the following this identification will be
understood and, hence, v* = Ufa.

The energy of the photon in the frame of reference of the fluid becomes,
then

€ = guu"P” = goou®P° + giju' P7. (7.27)
Recalling the explicit forms of goo and g;; to first order in the metric fluc-
tuations we have

E déxo} (7.28)

E="|14+¢—nwl + ——1|.

a [ + &= nav, dr
Assuming, as previously stated, that the observer located at the end of a
photon geodesic, is at & =0, Eq. (7.28) can be expressed as

e Efiomaie [Cwesw) m

i

The temperature fluctuation can be expressed by taking the difference be-
tween the final and initial energies, i.e.
oT o afg(Tf) — aiSi
T B ai& '
The final and initial photon energy are also affected by an intrinsic contri-
bution, i.e.

(7.30)

CLfEf o TO — (5Tf
aB T — 0T

(7.31)

where we wrote that
To =Tt + 5STf7 Taec = Ti + 015 (732)

Now the temperature variation at the present epoch can be neglected while
the intrinsic temperature variation at the initial time (i.e. the last scattering
surface) cannot be neglected and it is given by
0Ty 0y
— = —(n 7.33
z‘vi 4 (Tl)7 ( )

since p (1) ~ T}; 4, is the fractional variation of photon energy density.



The First Lap in CMB Anisotropies 177

The final expression for the SW effect induced by scalar fluctuations
can be written as

(57) -2 - =i+ [ e

K2

Sometimes, for simplified esitmates, the temperature fluctuation can then
be written, in explicit terms, as

A r . T , ,
(%)S:[%+¢+”i“ﬁ]7 +/T}f(¢ +¢)dr. (7.35)

Equation (7.35) has three contribution

e the ordinary SW effect given by the first two terms at the right
hand side of Eq. (7.35) i.e. 6,/4 and ¢;

e the Doppler term (third term in Eq. (7.35));

o the integrated SW effect (last term in Eq. (7.35)).

The ordinary SW effect is both due to the intrinsic temperature inhomo-
geneities on the last scattering surface and to the inhomogeneities of the
metric. On large angular scales the ordinary SW contribution dominates.
The Doppler term arises thanks to the relative velocity of the emitter and
of the receiver. At large angular scales its contribution is subleading but
it becomes important at smaller scales, i.e. in multipole space, for £ ~ 200
corresponding to the first peak in Fig. 1.3. The SW integral contributes
to the temperature anisotropy if ¥ and ¢ depend on time. Recalling the
notations of chapter 3 (and, more specifically, Eq. (3.21) and derivations
therein) it is practical, for the forthcoming applications, to separate the
contributions of the ordinary SW effect from the ones arising, respectively,
from the Doppler term and from the integrated SW effect. Therefore we
can write,

A§SW)(£,07 #,70) = A%SW) (Zdecs Ty Tdec)

67 (fdec ) 7—dec)

= ? + (b(fdeca Tdec)7 (736)
A§ISW) ('f()v ﬁa 7-0) = A§ISW) (-fdec; 'ﬁw Tdec)
70
_ / (W + ¢)dr, (7.37)

Tdec
D N D - ~
A% °p) (5507 n, TO) = A% °p) (*TdEC7 n, 7_dec)

- ni'U]ia (fdeca Tdec)- (738)
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Notice that, in Eq. (7.36) the radiation density contrast has been identi-
fied with the one attributed to photons. This is both consistent with the
employed approximations and generally correct since, as it will be shown in
the context of the Boltzmann hierarchy, the neutrino density contrasts does
not enter the ordinary SW term. The definition of A; can differ slightly
for different authors. Indeed, we may choose to work directly with the (di-
mensional) temperature fluctuation d,7. In this case, as already discussed
in chapter 3, the Cy spectrum will have dimensions of (uK)?2.

It is elementary to obtain, from Egs. (7.36), (7.37) and (7.38), the
corresponding expressions in Fourier space. Even if this somehow straight-
forward it is wise to do this calculation step by step especially in the light
of the derivations reported at the end of the present chapter. The definition
of Fourier transform will be the one reported in Eq. (3.21) in chapter 3.
So let us take, as an example, the ordinary Sachs-Wolfe contribution of
Eq. (7.36). At the present time, from Eq. (3.21) it follows that

. 1 Z o ik-Z
A§SW)($0,H7TO) = W/dgkAgsw)(km, To)e k-Zo, (7.39)

At the decoupling time, the Fourier transform of the ordinary Sachs-Wolfe
term reads instead:

A;SW) (xdec; n, 7-dec) = 3/2

/ BEAEY (F, 1, rgee) e o, (7.40)
Since, according to Eq. (7.36)

A (Zo, 71, 70) = AP (Fee, Py Taee)s (7.41)
we must also have

ABY(E, 7, 70)e™To = ASY(E, ft, 7gec) e Faee (7.42)

But recall now that the photons follow, in the first approximation, unper-
turbed (null) geodesics (see Eq. (7.10)). Hence we will have

0= fdec + TAL(TO - 7_dec)~ (743)
Using Eq. (7.43) into Eq. (7.42) it emerges immediately that
A(sw (k A, 7o) = A%SW)(E, f, Tdec)eik'u(TdeC_TO), (7.44)

where pp =n - k is the projection of the photon momentum on the direction
defined by the wave-vector. As we will see in chapter 9 this result can be
obtained also by solving the (perturbed) Boltzmann equation in the sudden
decoupling limit.
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7.3 Scalar modes in the pre-decoupling phase

To estimate the various scalar Sachs-Wolfe contributions, the evolution of
the metric fluctuations and of the perturbations of the sources must be
discussed when the background is already dominated by matter, i.e. af-
ter equality but before decoupling. In this regime, for typical wavelengths
larger than the Hubble radius at the corresponding epoch, the primeval
fluctuations produced, for instance, during inflation, will serve as initial
conditions for the fluctuations of the various plasma variables such as the
density contrasts and the peculiar velocities. As already mentioned in
different circumstances the wavelengths of the fluctuations are larger than
the Hubble radius provided that the corresponding wave-numbers satisfy
the condition k7 < 1 where 7 is the conformal time coordinate that has
been consistently employed throughout the whole discussion of inhomo-
geneities in FRW models. The first step along this direction is to write
down the evolution equations of the metric perturbations which will now
be treated in the longitudinal gauge. For the moment the explicit ex-
pression for the fluctuations of the matter sources will be left unspeci-
fied.

The perturbed components the Christoffel connections are obtained in
Appendix C (see Egs. (C.2) and (C.3)). The perturbed form of the compo-
nents of the Ricci tensor can be readily obtained (see Egs. (C.4) and (C.9)).
Finally, from the first-order form of the components of the Einstein tensor
(see Egs. (C.10), (C.11) and (C.12)), the perturbed Einstein equations can
then be formally written as:

855Gy = 8GO TY, (7.45)
6.G) = 8nGo,TY, (7.46)
.G = 8TGOTY. (7.47)

The fluctuations of total the energy-momentum tensor are written as the
sum of the fluctuations over the various species composing the plasma, i.e.
according to Egs. (C.19)-(C.23),

¢The amplification of the fluctuations during an early stage of inflationary expansion
will be addressed in chapter 10. The approach pursued here will be more model-
independent. In other words, the initial conditions of cosmological fluctuations will
not be set during inflation but later on, i.e. when the relevant modes have wavelengths
larger than the Hubble radius during the radiation-dominated stage of expansion.
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5T =0p=">_ pada, (7.48)
)
8T/ = —86p + 11 = —¢7 Z wxpAd + 1T, (7.49)
5Te = (p+p)v Z + wy ) pavs. (7.50)
A

Concerning Eqs. (7.48)—(7.50) few comments are in order:

e the sum over A runs, in general, over the different species of the
plasma (in particular, photon, baryons, neutrinos and CDM parti-
cles);

e 0, denotes the density contrast for each single species of the plasma
(see Eq. (6.31) for the properties of §) under infinitesimal gauge
transformations);

e the term IT/ denotes the contribution of the anisotropic stress to the
spatial components of the (perturbed) energy-momentum tensor of
the fluid mixture.

Concerning the last point of this list, it should be borne in mind that the
relevant physical situation is the one where Universe evolves for tempera-
tures smaller than the MeV. In this case neutrinos have already decoupled
and form a quasi-perfect (collisionless) fluid. For this reason, neutrinos
will be the dominant source of anisotropic stress and such a contribution
will be directly proportional to the quadrupole moment of the neutrino
phase-space distribution.

In what follows the full content of the plasma will be drastically reduced
with the purpose of obtaining (simplified) analytical estimates. In chapters
8 and 9 the simplifying assumptions adopted in the present section will be
relaxed. Equations (7.45)—(7.47) lead then to the following system:

V3 — 3H(H¢ + ') = d4nGa’*sp, (7.51)
V2(He + ') = —4nGa*(p + p)9, (7.52)

U HEY )+ O+ 16+ SV (6 - 0) 8]
—%aiaj (6 — ) = 4nGa® (5p5? — TTY). (7.53)

where the divergence of the total velocity field has been defined as

(p+p)0 = (px + pa)ba, (7.54)
y
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with 6 = 9;v" and 0, = d;v%. Equations (7.51) and (7.52) are, respectively,
the Hamiltonian and the momentum constraint. The enforcement of these
two constraints is crucial for the regularity of the initial conditions. Taking
the trace of Eq. (7.53) and recalling that the anisotropic stress is, by
definition, traceless (i.e. II! = 0) it is simple to obtain

W+ THY + HY + (2H + H2)p + %VQ(d) ) = 4nGa2p.  (T.55)
The difference of Eqgs. (7.53) and (7.55) leads to
éVQ(qb — )8! — %aiaj(d) — ) = —4ma®G1L. (7.56)
By now applying to both sides of Eq. (7.56) the differential operator 9,0
we are led to the following expression
V4(p — ¢) = 12nGa?d;0°TL . (7.57)
The right hand side of Eq. (7.57) can be usefully parametrized as

0;,0'TI] = "(px + pr) V0. (7.58)

A
This parametrization may now appear baroque but it is helpful since o},
in the case of neutrinos, is easily related to the quadrupole moment of
the (perturbed) neutrino phase space distribution (see section 9). Equa-
tions (7.51)—(7.53) may be supplemented with the perturbation of the co-

variant conservation of the energy-momentum tensor<:
/ ’ Opx
0 = (14 wx)(B¢Y —0\) +3H |wx — g Ox, (7.59)
A
! 1 (5p)\
L = (3w — 1)HO, — —2—0, — P2
3 = (B = Db wr+ 10wy +18py -
+V20y — V3¢ (7.60)

In Eq. (7.60) o appears and it stems directly from the correct fluctuation
of the spatial components of energy-momentum tensor of the fluid mixture.
In Egs. (7.59) and (7.60) the energy and momentum exchange has been
assumed to be negligible between the various components of the plasma.
This approximation is not so realistic as far as the baryon-photon system
is concerned as it will be explained in chapter 8.

dSee Appendix C (and, in particular, Egs. (C.31), (C.32) and (C.33)) for further details
on the derivation.
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7.3.1 Scale crossing and CMB initial conditions

In the problem of the analysis of CMB initial conditions there exist three
kinds of wavelengths (or, for short, scales). They are illustrated schemati-
cally in the cartoon of Fig. 7.1:

e physical wavelengths that are much larger than the Hubble radius
at recombination; in Fig. 7.1 they correspond to the full line and
they are generically labeled by A;

e physical wavelengths that reentered the Hubble radius after equal-
ity (but before decoupling); in Fig. 7.1 they correspond to the
dot-dashed line and they are generically labeled by B;

e physical wavelengths that reentered the Hubble radius prior to
equality (i.e. during the radiation-dominated epoch); in Fig. 7.1
they correspond to the dashed line and they are generically labeled
by C.

The scales illustrated with the full line in Fig. 7.1 are still outside the
Hubble radius (i.e. k7 < 1) at recombination, i.e. 7 =~ Te.. Since these
wavelengths are on the verge of reentering at recombination, they felt the
radiation-matter transition when they were still larger than the Hubble
radius. Similar observations apply for those wavelengths that reentered the
Hubble radius after equality (see the dot-dashed line in Fig. 7.1). These
scales are the ones that determine the essential features of the Sachs-Wolfe
plateau which will be derived later on in this chapter.

The scales illustrated with the dashed line in Fig. 7.1 reentered the
Hubble radius prior to equality and felt the radiation-matter transition
when they were already inside the Hubble radius. These simple remarks
are rather important for the exercises that will be discussed in the remaining
sections of this chapter. When the relevant wavelengths are larger than
the Hubble radius the evolution equations of the system greatly simplify
and analytical solutions are possible. Furthermore, the cartoon reported in
Fig. 7.1 suggests that the most relevant regime is somehow the one when the
Universe is already dominated by matter. Crudely speaking this is correct,
however, for physical reasons that will be more completely discussed in
chapter 8, it will be more appropriate to set the CMB initial conditions
deep in the radiation dominated phase also for those modes that reenter
during the matter epoch.



The First Lap in CMB Anisotropies 183

SCALE CROSSING

45

40+

30

—~ .
@ -
N—’ '
Rd

[ 25 - - RS
(o) -
O ".\O
— «’\O’

208 e”

Plid
151 - -” Equality epoch i
L d
‘ﬂ
. Y
1) 4% s
5 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
log a

Fig. 7.1 The crossing of different wavelengths is schematically illustrated around the
epoch of radiation-matter equality.

7.4 CDM-radiation system

The content of the plasma is formed by four different species, namely dark
matter particles, photons, neutrinos and baryons. The following simplifying
assumptions will now be proposed:

e the pre-decoupling plasma is only formed by a radiation component
(denoted by a subscript r) and by a CDM component (denoted by
a subscript c);

e neutrinos will be assumed to be a component of the radiation fluid
but their anisotropic stress will be neglected: hence, according to
Egs. (7.56) and (7.57), the two longitudinal fluctuations of the
metric will then be equal, i.e. ¢ = ¥;

e the energy-momentum exchange between photons and baryons will
be neglected.

These three assumptions will allow two interesting exercises:

e a simplified estimate of the large-scale Sachs-Wolfe contribution;
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e a simplified introduction to the distinction between adiabatic and
non-adiabatic modes.

Since the neutrinos are absent, then we can set ¢ = ¢ in Eqs. (7.51), (7.52)
and (7.53) whose explicit form will become, in Fourier space

—k*p — 3H(Hy + ') = 4nGa’dp, (7.61)
" 4+ 3HY + (H? + 2H ) = 4w Ga?dp, (7.62)
E*(Hap + ') = 4nGa*(p + p)b. (7.63)

Since the only two species of the plasma are, in the present discussion,
radiation and CDM particles we will have, according to Eqgs. (7.48) and
(7.54):

4
(p+p)f = gprar + pebe, dp = prOr + pcoec. (7.64)

There are two different regimes where this system can be studied, i.e. ei-
ther before equality or after equality. Typically, as we shall see, initial
conditions for CMB anisotropies are set deep in the radiation-dominated
regime. However, in the present example we will solve the system sepa-
rately during the radiation and the matter-dominated epochs. During the
radiation-dominated epoch, i.e. prior to 7.q, the evolution equation for
can be solved exactly by noticing that, in this regime, 36p = dp. Thus, by
linearly combining Eqs. (7.61) and (7.62) to eliminate the contribution of
the fluctuations of the energy density and of the pressure, the (decoupled)
evolution equation for v can be written as:

2
W+ AHY + %¢ =0. (7.65)

Since during radiation a(7) ~ 7, Eq. (7.65) can be solved as a combination
of Bessel functions of order 3/2 (connected with spherical Bessel functions)
which can be expressed, in turn, as a combination of trigonometric functions
weighted by inverse powers of their argument [215, 216]

yCcosy — siny

siny + cos
Pk, ) = Al(k)T + Bl(k)w

y3
where y = k7/4/3. Since Eq. (7.66) plays a relevant role in the subsequent
semi-analytical estimates let us derive it with some detail by recalling some
result already obtained in a totally different context. Indeed, as we shall see
in a moment, Eq. (7.65) can be rearranged in a form which is indeed very
close to the situation already encountered in chapter 6 (see, in particular,
Egs. (6.85) and (6.86)) when describing the evolution of the tensor modes

, (7.66)
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of the geometry in a phase of de Sitter expansion. Consider, therefore, Eq.
(7.65). It is easy to show, by eliminating the first derivative, that Eq. (7.65)
ca be rearranged as

kQ (CLQ)”
" v — — 42
f +[3 — ]f 0, f=a*. (7.67)
Since we are at the radiation epoch (i.e. a(r) ~ 7), Eq. (7.67) becomes
" k'Q 2 2
Tl —=|f=0  f=a", (7.68)
3 72

whose solutions have exactly the same form of Eq. (6.85), i.e. more specif-
ically

= (1= rw= (14D ae

where, now, unlike Eq. (6.85), y = k7/v/3. The solution of Eq. (7.69)
can be written in terms of the real and imaginary part of f by writing

that f(y) = fi(y) + if2(y) (and, analogously, f*(y) = fi(y) — if2(y)).
Consequently, f1(y) and f2(y) become, after simple algebra:

: f2<y>=—(siny+coysy>- (7.70)

The functions f;(y) and fa(y) are exactly the functions appearing in Eq.
(7.66), by noticing that the minus sign appearing in Eq. f2(y) can be
reabsorbed in the definition of B (k). Consider now the solution denoted
by the integration constant A; (k), i.e.

ycosy — siny

Pk, 7) = Ar(k) "

and take the limit y < 1. This limit corresponds to physical wavelengths
that are larger than the Hubble radius before equality. In this limit the
longitudinal fluctuation of the metric goes to a constant, i.e. ¥(k,7) —
(k) for y < 1. For future convenience we can therefore express A;(k) in
terms of ¢, (k): by taking the limit y < 1 in Eq. (7.71) and by requiring
that, in this limit, ¥ (k, ) — ¥ (k), the constant A;(k) is determined to be
A (k) = =3, (k), i.e. Eq. (7.71) becomes
ycosy —siny

(i, 7) = v () LY (7.72)

, (7.71)

This is the case of purely adiabatic initial conditions. If, on the contrary,
A1 (k) is set to zero, then ¢ will not go to a constant. This second solution is
important in the case of the non-adiabatic modes. At the end of this section
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the physical distinction between adiabatic and non-adiabatic modes will be
specifically discussed.

In the case of adiabatic fluctuations the constant mode v, matches to
a constant mode during the subsequent matter dominated epoch. In fact,
during the matter dominated epoch and under the same assumptions of
absence of anisotropic stresses the equation for v is

"+ 3HY' = 0. (7.73)
Since, after equality, a(7) ~ 72, the solution of Eq. (7.73) is then

’ 5
(k) = () + Da(1) (22 (7.74)

where ¥, (k) is a constant in time. The values of ¥, (k) and ¢, (k) are
different but can be easily connected. In fact we are interested in wave-
numbers k7 < 1 after equality and, in this regime®

Y (K) = et (). (7.75)

Disregarding the complication of an anisotropic stress (i.e. from Egs. (7.56)—
(7.57), ¢ = ¢) from Eqgs. (7.59)—(7.60), the covariant conservation equa-
tions become

d, = 39" — be, (7.76)
0, = —HO. + k>, (7.77)
4
6l = 4o — 30, (7.78)
/ k2 2
Or = 0+ K. (7.79)

Combining Egs. (7.78) and (7.79) in the presence of the constant adiabatic
mode ¥, and during the matter-dominated phase

6 4+ k2c20, = — 42k, (7.80)

where ¢; = 1/4/3. The solution of Eq. (7.80) can be obtained with elemen-
tary methods. In particular it will be

0r(k,7) = 1 coskcsT + cosinkesT

— 42k / d€[cos kcsé sin kesT — sin kes€ cos kest]. (7.81)
0

¢Equation (7.75) follows from the conservation of curvature perturbations in the long
wavelength limit, i.e. k7 < 1. The explicit derivation of this result will be given in a
moment, see, in particular, Eqs. (7.103) and (7.104).
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The full solution of Egs. (7.77)—(7.79) will then be:

Sc(kyT) = —2thy — %k%{ (7.82)
Oc(k, ) = k%wm, (7.83)
5u (k) = %wm[cos (kesr) — 3], (7.84)
6.k, ™) = U Gin (keur). (7.85)

V3

Notice that:

e for kTt < 1,0, ~0,;
o for kT < 1, §, = 44./3.

These relations have a rather interesting physical interpretation that will be
scrutinized in the following section of this chapter. The ordinary SW effect
can now be roughly estimated. Consider Eq. (7.34) in the case of the pure
adiabatic mode. Since the longitudinal degrees of freedom of the metric
are roughly constant and equal, inserting the solution of Eqgs. (7.82)—(7.85)
into Eq. (7.34) the following result can be obtained:

AT\ ™ 5
<T>k,s a (Z +w)‘rﬁ‘rdec

= me cos (K ¢s Tdec) = 1_301br cos (K ¢s Tdec), (7.86)

where the third equality follows from the relation between the constant
modes during radiation and matter, i.e. Eq. (7.75). Concerning Eq. (7.86)
few comments are in order:

e for superhorizon modes the baryon peculiar velocity does not con-
tribute to the leading result of the SW effect;

o for kcsTgee < 1 the temperature fluctuations induced by the adi-
abatic mode are simply 1y, /3;

e even if more accurate results on the temperature fluctuations on
small angular scales can be obtained from a systematic expansion
in the inverse of the differential optical depth,f Eq. (7.86) suggests
that the first true peak in the temperature fluctuations is located
at kcgNdec >~ 7.

fThis expansion, called tight coupling expansion, will be discussed in chapters 8 and 9.
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In this discussion, the role of the baryons has been completely neglected. In
chapter 8 a more refined picture of the acoustic oscillations will be developed
and it will be shown that the inclusion of baryons induces a shift of the first
Doppler peak.

7.5 Adiabatic and non-adiabatic modes: an example

The solution obtained in Eqgs. (7.82), (7.83), (7.84) and (7.85) obeys, in the
limit k7 < 1 the following interesting condition

o (k1) = §5c(k7 7). (7.87)

A solution obeying Eq. (7.87) for the radiation and matter density contrasts
is said to be adiabatic. A distinction playing a key role in the theory of the
CMB anisotropies is the one between adiabatic and isocurvature® modes.
Consider, again, the idealized case of a plasma where the only fluid variables
are the ones associated with CDM particles and radiation. The entropy per
dark matter particle will then be given by ¢ = T3 /mnc where n. is the number
density of CDM particles and p. = m¢n. is the associated energy density.
Recalling that 6, = dp./pr and 6. = dp./pc are, respectively the density
contrast in radiation and in CDM, the fluctuations of the specific entropy
will then be

S = % = 35% — 0. = zér — O, (7.88)
where the second equality follows recalling that p, oc 7. If the fluctuations
in the specific entropy vanish, at large-scales, then a chacteristic relation
between the density contrasts of the various plasma quantities appears, i.e.

for a baryon-photon-lepton fluid with CMD particles,
4 4
Oy (k) 6, (k,T) §5C(k,7') o~ §5b(k,r). (7.89)

Eq. (7.88) can be generalized to the case of a mixture of different fluids
with arbitrary equation of state. For instance, in the case of two fluids a
and b with barotropic indices w, and wy, the fluctuations in the specific
entropy are

da(k,7)  Ob(k,T)
San(k, ) = - , (7.90)
14 w, 1+ wy
8To avoid misunderstanding it would be more appropriate to use the terminology non-
adiabatic since the term isocurvature may be interpreted as denoting a fluctuation giving
rise to a uniform curvature. In the following the common terminology will however be
used.




The First Lap in CMB Anisotropies 189

where 0, and 6}, are the density contrasts of the two species. It is appro-
priate to stress that, according to Eq. (6.31), giving the gauge variation
of the density contrast of a given species, S, is gauge-invariant (see, in
fact, Eq. (6.31)). As a consequence of the mentioned distinction the total
pressure density can be connected to the total fluctuation of the energy
density as

op = cfép—i—épnad, (7.91)

(@) -(). o

is the speed of sound computed from the variation of the total pressure and
energy density at constant specific entropy, i.e. 6¢ = 0. The second term
appearing in Eq. (7.91) is the pressure density variation produced by the
fluctuation in the specific entropy at constant energy density, i.e.

0Pnad = (%) d, (793)
/o

accounting for the non-adiabatic contribution to the total pressure pertur-
bation. If only one species is present with equation of state p = wp, then
it follows from the definition that ¢ = w and the non-adiabatic contri-
bution vanishes. As previously anticipated around Eq. (7.88), a sufficient
condition in order to have dpnaq # 0 is that the fluctuation in the specific
entropy d&¢ is not vanishing. Consider, for simplicity, the case of a plasma
made of radiation and CDM particles. In this case the speed of sound and

the non-adiabatic contribution can be easily computed and they are:
/

/ /
o P prtp, 4 Pr
A== = =_(—2 ), 7.94
S0 it 3<3pc+4pr) (7:94)

op 4 dpr 410 pepr 2
PN A Op ) _ A pere N_ 2 (795
§<5c)p 3 <3m_4%> 3(3pc—|—4pr pecs.  (7.95)

Pr
To obtain the final expression appearing at the right-hand-side of Eq. (7.94)
the conservation equations for the two species (i.e. p. = —4Hp, and p, =
—3Hp.) have been used. Concerning Eq. (7.95) the following remarks are
in order:

where

e the first equality follows from the fluctuation of the specific entropy
computed in Eq. (7.88);

e the second equality appearing in Eq. (7.95) follows from the obser-
vation that the increment of the pressure should be computed for
constant (total) energy density, i.e. dp = dp, + dp. = 0, implying
5/)0 = _6pr§
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e the third equality (always in Eq. (7.95)) is a mere consequence of
the explicit expression of ¢? obtained in Eq. (7.94).

As in the case of Eq. (7.90), the analysis presented up to now can be easily
generalized to a mixture of fluids “a” and “b” with barotropic indices w,
and wy,. The generalized speed of sound is then given by
2 _ Wa (Wa + 1) pa + wp (wp, + 1) py,
° (wa + 1)pa + (wp + 1) pp

As we shall see in a while, there are several generalizations of the concept

(7.96)

of non-adiabatic mode. These generalizations depend upon the other pos-
sible components of the fluid mixture. In the CDM-radiation system there
are only two fluids. Consequently, only one non-adiabatic mode can be
constructed. If three (or even four) fluids are simultaneously present (as it
happens in the realistic situation) the structure of the non-adiabatic modes
will be richer. With these caveats in mind let us study in more depth the
CDM-radiation system with the goal of estimating the value of curvature
perturbations after equality. This calculation will allow, at the end of this
chapter, the estimate of the ordinary and integrated SW contributions.

In the case of the CDM-radiation system the barotropic index and the
sound speed can be written in a very simple way. Indeed, recalling the
definition of barotropic index we have®

we — by Pr _ 1
p = — = =
Pt 3(pr + pc) 3(0[ + ].)
/
5 Dt ldn(wy +1) 4
B = i 7.97
ST T T3 dna 3(3a+4) (7.97)

Equation (7.97) expresses the (total) barotropic index and the (total) sound
speed solely in terms of o which is defined, recalling Eqs. (2.89) and (2.93),
as a(T) = a(T)/@eq. Therefore, a(7) is nothing but the rescaled scale factor.
The expressions reported in Eq. (7.97) are exact and are independent of the
present normalization of the scale factor (i.e. we do not need to assume, for
instance, that ag = 1) since ag, pyo amd p.o have been eliminated in favour
of aeq (see Eq. (2.89) and discussions therein). At the level of notation it is
also useful to remark that, within the present approximations, p, = pr = py
(since neutrinos have been neglected) and p. = pym (since baryons have been
neglected). This last remark allows a direct matching between the present
notations and the general discussion of chapter 2. Finally, it is useful to

hn Eq. (7.97) the notations w¢, and c2 have been used. This convention allows to stress
that, in the CDM-radiation syatem, the evolution of curvature perturbations depends
indeed upon the total barotropic index and upon the total sound speed.
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express the critical parameters for CDM and radiation in terms of a(7), i.e.

a(T) 2%+ 2w

QC(T) :QM(T) = = y

a(t)+1 x+1)2
CESENCES (7.98)

() = Qy(7) =

alt)+1)  (z+1)%

where, recalling Eq. (2.93), x = 7/7; is the rescaled conformal time coordi-
nate. Using Egs. (7.93)—(7.95) the non-adiabatic contribution to the total
pressure fluctuation becomes

1 8.k

Opnaa(k,7) = 3750 T4 (7.99)

where the definition given in Eq. (7.88), i.e. S» = (d¢)/s, has been used.
Using the splitting of the total pressure density fluctuation into a adiabatic
and a non-adiabatic parts, Eq. (7.51) can be multiplied by a factor c2
and subtracted from Eq. (7.55). The result of this operation leads to a
formally simple expression for the evolution of curvature fluctuations in

the longitudinal gauge, namely:
U+ MO+ (24 3¢ )]+ ML+ 2c%) + 21]6
1
—cA V3 + §v2(¢ —1p) = 47Ga’pnad, (7.100)

which is independent of the specific form of dpp.q. The left hand side of
Eq. (7.100) can be written as the (conformal) time derivative of a single

scalar function whose specific form is ,
HY' +Ho)
RZ‘@*—ﬁth-

Taking now the first (conformal) time derivative of R as expressed by

(7.101)

Eq. (7.101) and using the definition of ¢, we arrive at the following ex-
pression
"
A7 Ga?(py + py)
+ [2H + (3c% + 1)H?]¢}. (7.102)
Comparing now Egs. (7.102) and (7.100), it is clear that Eq. (7.102)
reproduces Eq. (7.100) but only up to the spatial gradients. Hence, using
Eq. (7.102) into Eq. (7.100) the following final expression can be obtained:
H k*H
!/
= ———0Pnad — =5 ———— (0 —
Dt + pr Pra 127Ga?(ps + pr) (@=¥)
n thH 2
AnGa®(py + pt)

R = {" + H[(2+ 32 )0 + ¢]

(7.103)
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Equation (7.103) is very useful in different situations. Suppose, as a simple
exercise, we consider the evolution of modes with wavelengths larger than
the Hubble radius at the transition between matter and radiation. Suppose
also that dpnag = 0. In this case Eq. (7.103) implies, quite simply, that
across the radiation-matter transition R is constant up to corrections of or-
der of k272 which are small when the given wavelngths are larger than the
Hubble radius. Now it happens so that the relevant modes for the estimate
of the ordinary Sachs-Wolfe effect are exactly the ones that are still larger
than the Hubble radius at the transition between matter and radiation.
This observation allows us to derive Eq. (7.75). In fact, using the defini-
tion of R and recalling that during radiation and matter the longitudinal
fluctuations of the geometry are constants we will have

Rn(le, 7) = —gwm(k), Rk, 7) = —gwr(k). (7.104)

But since Ry (k,7) = Ri(k,7), Eq. (7.75) easily follows. The result ex-
pressed by Eqgs. (7.75) and (7.104) holds in the case when neutrinos are
not taken into account. This result can be however generalized to the case
where neutrinos are present in the system, as it will be discussed in chap-
ter 8. Equation (7.103) can also be used in order to obtain the evolution of
1. Consider again the case of adiabatic initial conditions. In this case, as
already mentioned, deep in the radiation-dominated regime R, = —3, /2.
From the definition of R we can write the evolution for 1 using, as inte-
gration variable, the scale factor. Using the same trick exploited in the
derivation of Eq. (7.97), we have, across the equality time

pt+pe  3a+4
Pt 3a+1)

(7.105)

Thus, plugging Egs. (7.97) and (7.105) Eq. (7.101) it is easy to obtain the
following (first order) differential equation:

P (7.106)

dip 5a+ 6 3(30¢—&-4)¢r(k)7

do 2a(a+1)¢: 4

which can be also written as

() - e () @
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By integrating once the result for 1 (a) is'
e (k

Y(k,a) = fO(oﬁ) {16(vVa+1—1) + afa(9a + 2) — 8]}; (7.108)
the limit for « — oo (matter-dominated phase) of the right hand side of
Eq. (7.108) leads to (9/10)¢,. In the simplistic case of CDM-radiation
plasma a rather instructive derivation of the gross features of the non-
adiabatic mode can also be obtained. If dpyaq is given by Eq. (7.99), Eq.
(7.103) can be simply written as

dR 48, (k) 9 9

% - —m + O(k‘ T ) (7109)
Eq. (7.109) can be easily obtained inserting Eq. (7.99) into Eq. (7.103)
and recalling that, in the physical system under consideration, (p; + pt) =
pe+(4/3)pr. In the case of the CDM-radiation isocurvature mode, the non-
adiabatic contribution is non-vanishing and proportional to S, (k). Further-
more, it can be easily shown that the fluctuations of the entropy density,
S.(k) are roughly constant (up to logarithmic corrections) for kT < 1, i.e.
for the modes which are relevant for the SW effect after equality.) This
conclusion can be easily derived by subtracting Eq. (7.76) from 3/4 of
Eq. (7.78). Recalling the definition of S, the result is

S =—(0, —0.). (7.110)

Since 6, and 6 vanish in the limit k7 < 1, S, is indeed constant. Eq. (7.109)
can then be integrated in explicit terms, across the radiation-matter tran-
sition

R(k,7) = —48. (k) /O i ( dp a (7.111)

36+4)2 _S*(k)3a+4’
implying that R — 0 for o — 0 (pre-equality limit) and that R — —S5./3
for & — oo (matter-dominated limit). Recalling again the explicit form of
R in terms of ¢, i.e. Eq. (7.101), Eq. (7.111) leads to a simple equation
giving the evolution of ¢ for modes kT < 1, i.e.

Y B5a+6 S.(k)

%+2a(a+1)w: 2(a+1)

Tt should be remarked that direct integration of Eq. (7.107) demands for us to fix
the boundary condition a3(a) in the limit o — 0. This boundary term will always
give vanishing contribution, within the present approximations. Indeed, there are two
possible cases. Either ¢(0) # 0 or 1(0) — 0. Incidentally, the first case corresponds to
the adiabatic mode and the second case to the CDM-radiation non-adiabatic mode. In
both cases a3y(a) — 0 for o — 0 unless ¥(a) diverges, at early times.

jOwing to the constancy of S in the limit k7 < 1 we denote the constant value of S
by S« (k).

(7.112)
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The solution of Eq. (7.112) can be simply obtained by imposing the isocur-
vature boundary condition, i.e. ¥(0) — 0:

Yk, o) = i:‘i? {16(1 — vVa+1) + a8 + a(a — 2)]}. (7.113)
Eq. (7.113) is similar to Eq. (7.108) but with few crucial differences. Ac-
cording to Eq. (7.113) (and unlike Eq. (7.108)), ¢ () vanishes, for a — 0,
as Sy /8. In the limit @ — oo ¢(a) — S./5. This is the growth of the
adiabatic mode triggered during the transition from radiation to matter by
the presence of the non-adiabatic pressure density fluctuation.

Having obtained the evolution of 1, the evolution of the total density
contrasts and of the total peculiar velocity field can be immediately ob-
tained by solving the Hamiltonian and momentum constraints of Eqs. (7.51)
and (7.52) with respect to dp and ¢

B op O a dy
b= =T tha T 2<¢+dlna), (7.114)
2k%(a + 1) dvp
=" 7 A1
o (Ba +4) (¢+dlna)’ (7.115)
which also implies that for k7 < 1,
k*(a+1)
= ——50. 7.11
(Ba+4) (7.116)

Equation (7.116) is indeed consistent with the result that the total velocity
field is negligible for modes outside the horizon. Inserting Eq. (7.113) into
Egs. (6.28)—(7.60) it can be easily argued that the total density contrast

goes to zero for o — 0, while for & — oo we have the following relations
2 1
0 =~ —gS* ~ =2~ —§5r (7.117)
The first two equalities in Eq. (7.117) follow from the asymptotics of
Eq. (7.114), the last equality follows from the conservation law (valid for
isocurvature modes) which can be derived from Eq. (7.78), i.e.

O (k, @) = 4k, ). (7.118)
Thanks to the above results, the contribution to the scalar Sachs-Wolfe ef-

fect can be obtained in the case of the CDM-radiation non-adiabatic mode.
From Eq. (7.34) we have

AT\™ /5§ 2
f— =2 = 2pag = =S, 7.119
( T >k,s <4 +w)‘rﬁ‘rdec w ‘ 5 ( )
where the second equality follows from Eq. (7.118) and the third equality

follows from Eq. (7.113) in the limit o — oo (i.e. @ > deq)-
The following comments are in order:
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e as in the case of the adiabatic mode, also in the case of non-
adiabatic mode in the CDM-radiation system, the peculiar velocity

does not contribute to the SW effect;
o for kcsTgee < 1 the temperature fluctuations induced by the adi-

abatic mode are simply 21,4 (unlike the adiabatic case);
e Equation (7.119) suggests that the first true peak in the tempera-
ture fluctuations is located at kcsgec =~ m/2.

The last conclusion comes from an analysis similar to the one conducted
in the case of the adiabatic mode but with the crucial difference that, in
the case of the isocurvature mode, v vanishes as 7 at early times. This
occurrence implies the presence of sinusoidal (rather than cosinusoidal) os-
cillations. This point will be further discussed in section 8. In Fig. 7.2 the
evolution of ¥ (a) is illustrated for the adiabatic and for the non-adiabatic
mode. In the case of the adiabatic mode, deep in the radiation epoch (i.e.
a — 0) ¥ — 1, (conventionally chosen to be 1 in Fig. 7.2). Always in
the case of the adiabatic mode, for a — co (i.e. during the matter epoch)
Ym = 9¢,/10. In Fig. 7.3 the evolution of R(«a) is reported. For the
adiabatic mode R is constant. In fact, according to Eq. (7.103) the non-
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Fig. 7.2 The longitudinal fluctuation of the metric is plotted as a function of the scale
factor in the case of the adiabatic mode (see Eq. (7.108)) and in the case of the non-

adiabatic mode (see Eq. (7.113)).
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Curvature fluctuations
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Fig. 7.3 The curvature fluctuation R is plotted as a function of the scale factor in the
case of the adiabatic (full line) and in the case of the non-adiabatic (dashed line) modes.
In both cases the curves are reported for the CDM-radiation system.

adiabtic pressure variation vanishes. In the case of the non-adiabatic mode
OPnad 7 0 and R goes to zero deep in the radiation epoch (i.e. @ — 0) and
it goes to a constant in the matter epoch. Correspondingly, in the case of
the non-adiabatic mode ¥ («) goes to zero in the limit o — 0 and it goes
to a constant for a — oo.

7.6 Sachs-Wolfe plateau: mixture of initial conditions

In the present section, building up on the results obtained so far, we will
compute the ordinary SW contribution in the case of a mixture of adiabatic
and non-adiabatic initial conditions. In the case of the CDM-radiation sys-
tem this is indeed the most general situation. However, as already men-
tioned, there could be even richer mixtures of fluids and these situations
will be partially discussed in chapter 8.

Some of the derivations performed in the previous section will then be
repeated but in a slightly different perspective. Let us therefore introduce
a different variable, i.e. the density contrast on uniform curvature hyper-
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surfaces that will be conventionally denoted by (:
Hép
0
In Eq. (7.120) the variable ¢ has been defined in terms of quantities defined
in the longitudinal gauge. The geometric meaning of R and ¢ will be dis-

cussed in full detail in chapter 11. For the moment let us take Eq. (7.120)
as a useful variable whose properties will be exploited in the present deriva-

(=—v-

. (7.120)

tions.

Inserting Eqgs. (7.120) and (7.101) into Eq. (7.51) the relation between

¢ and R can be obtained since Eq. (7.51) becomes:

V24

127Ga?(p+ p)’
When the relevant modes are outside the Hubble radius (i.e. kT < 1)
Eq. (7.121) implies, in Fourier space, ((k) ~ R(k) + O(k?7%). So the
two variables can be used interchangeably as long as k7 < 1. But this is
exactly the limit we are interested in when the evaluation of the SW plateau
is concerned.

The evolution equation of ¢ can be swiftly obtained from the evolution
of the total density fluctuation dp. The equation for dp follows from the
perturbation of the covariant conservation equation. The result of this
calculation is reported in Appendix D (see, in particular, Eq. (D.50)). By
setting F = 0 in Eq. (D.50) we obtain the evolution equation for dp in the
longitudinal gauge:

op" =3¢ (p+ p) + (p + p)0 + 3H(dp + op) = 0, (7.122)

(=R+ (7.121)

where 6 is the divergence of the total peculiar velocity of the fluid introduced
in the momentum constraint (see Eqgs. (7.52), (7.54) and (7.64)). Recalling
now that, according to the decomposition of Eq. (7.91), ép = c¢Z5p+ 6pnad,
Eq. (7.122) rapidly becomes

H 0

"= ———6pnaa — = 7.123
¢ pgp Pmad T3 (7.123)

Equation (7.123) is obtained by directly inserting Eq. (7.120) into
Eq. (7.122) and by expressing the pressure fluctuation in terms of the adi-
abatic and non-adiabatic contribution. Since 6 ~ O(k?7?), the dynamical
content of the evolution equation of ¢ and of R (see Eq. (7.103)) is the
same, as anticipated from the inspection of Eq. (7.121), when k7 < 1.
Furthermore, it can be directly verified with some algebra that if we insert
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the Hamiltonian constraint (expressed in the form (7.121) into Eq. (7.123),
the dependence upon ( can be eliminated and the resulting equation for
R coincides with Eq. (7.103) (provided the momentum constraint (7.52) is
used to eliminate 6).
With these specifications in mind, we have the solution for the evolution
of R (or of ¢) that can be written as
!

R(k,T) >~ C(lﬂ,’r) = R*(k) — m

where R (k) and S, (k) are constant and will be taken to be characterized
solely in terms of their power spectrum, i.e.

- 71'2 -
(Ru(FYR. () = 5 Pr(0)) F + 7).

S. (k). (7.124)

(7.125)
- 272 () (7
The form of Pr(k) and Ps(k) will be taken to be of the type
k ny—1
Pr(k) = Ar <—> ; (7.126)
kp
k ns—1
Ps(k) = As (—) , (7.127)
kp

In Egs. (7.126) and (7.127) the typical wave-number k;, is called pivot scale
and it represents the scale at which the spectral amplitudes are defined.
By assuming a specific thermal history of the Universe and by selecting
a specific inflationary model the spectral amplitudes Az and As can be
estimated. Also the slopes n, and n can be estimated once the early evolu-
tion of the geometry is assumed. This discussion is postponed to chapter 10
where the power spectra of the scalar modes of the geometry will be dis-
cussed in the context of conventional inflationary models. In what follows
we will concentrate more on the CMB side and we will show that it is also
productive to study CMB observables in terms of a set of (undetermined)
initial conditions. According to the parametrizations of Eqgs. (7.126) and
(7.127) the scale-invariant limit is realized when n, — 1 and ny — 1. This
scale invariant limit is often dubbed Harrison-Zeldovich spectrum. Finally,
it should be mentioned that, in the most general case (but always within
the CDM-radiation system) the adiabatic and non-adiabatic contributions
can be correlated in the sense that ,

(8. (FYR. (7)) = 2T P00 (F + ),

& (7.128)

Nps—1
Psr(k) = Asr (k_) ,
P
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where Agp is spectral the amplitude and n,s the slope of the cross-
correlation. In the simplest situation n,.; = (n, + ns)/2. To estimate
the ordinary and integrated SW contributions we do need the values of
0y (k, Taec) = 6r(k, Taec) as well as the values of ¢ at the same epoch. Fol-
lowing the same steps discussed in the previous section, the value of ¥ (k, 7)
can be obtained by direct integration. The previous equation also implies

o? _ R.(k) S, (k)
m¢(ka T) - 2 Il (OZ) + TZQ(Q), (7129)
where
[ BPBB+4)
SRV SRCESTEEhe

(7.130)

e} 63
n= ], e

By using the obvious change of variables y = § + 1 both integrals can be
evaluated with elementary methods:

Il(a)=/1a+ {311\/— 5\F+—+—}

VI VY
Iz(a):£a+1{yﬂ+3f_ﬁ_%:| (7.131)

By performing the elementary integrals (7.131) the final result will be:

2{16[va + 1 — 1] + afa(9a + 2) — 8]}

I =
(@) 15va + 1 ’ 13)
Ta(a) = 2{16[1 — Va + 1] + a[8 + a(a — 2)]} '
2 B Sva+1 '
Thus, the dependence of ¥ (k, ) will be
R
Yk, 7) = 15( 3) {16[Va+1—1] 4+ afa(9a + 2) — 8]}
S. (k)
B3 l—-—vVa+1]+ a8+ ala—2)]}. (7.133)
In the two physically interesting limits we will have, therefore,
3 S« (k)
g‘1>>ml Yk, 7) = 5R*(k) + g (7.134)
2 a [ Ry (k)
g‘1<r<n Yk, 7) = 3R*(k) + 3 [ 3 *(k)} (7.135)

Notice that R.(k) appears also in the correction which goes as a.
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The quantity we need to estimate is then according to Eq. (7.36),

7 5r k7 ec
ASYE, 7, Taee) = % + ¥(k, Taec)- (7.136)
In Eq. (7.136) we have already the value of ¢ after equality (see Egs. (7.133)
and (7.134)). We need the value of the radiation density contrast after
equality. From Eq. (7.78) we do know that, for typical wavelengths larger

than the Hubble radius,

8 — 4 ~0 (7.137)
which also means, integrating once upon the conformal time coordinate,
0r(k, Taec) = 49(k, Taec) + 0r(k, 1) — d0b(k, 1), (7.138)

where ¥(k, 1) and 0, (k, 71) denote the longitudinal fluctuation of the metric
and the radiation density contrast for 73 <« 7¢q, i.e. in the limit o — 0.

Using then Eq. (7.138) into Eq. (7.136) we get the following interme-
diate expression:

- or(k, 1
A%SW) (kaﬁaTdec) = (4 T) +2¢(k;7-dec) - w(k77—i)' (7139)

Two out of the three contributions appearing in Eq. (7.139) have already
been estimated. The last quantity to be estimated is actually 6.(k, 7). To
do that we may simply observe, from Eq. (7.120), that the total density
contrast can be written as

50k, 75) = 3wy + 1)[Ra (k) + bk, )] (7.140)

But now it is enough to observe that, well before equality, the total den-
sity contrast coincides with the radiation density contrast and wy = 1/3.
Consequently,

5ulk, ) = A[R () + b(k, 7)) = %R*(k), (7.141)

since, according to Eq. (7.135) the only contribution to ¢ (in the limit @ —
0) comes from the adiabatic component and it is ¢(k, 1) = —(2/3)R. (k).
Therefore, from Eq. (7.139) the following expression can be easily ob-
tained by using, simultaneously, Eqgs. (7.141) together with Eqs. (7.134)—
(7.135):
5
From this expression it is easy to compute the angular power spectrum

— 2
AP, Taee) = {— +£8u(k) . (7.142)

since

2
W - ;/k3dlnk|ASW)(k,m)|Q (7.143)
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Recalling now that, from Eq. (7.44)
AW E f,70) = ABY(E, A, Tec e FrTo—Tree)] (7.144)

we can obtain the specific form of A%?W)(k,ro) by expanding the plane

wave ask

o~ ikm(To—Tacc) _ Z(_i)ﬁ(zg + 1)je(kT0)Pe(p) (7.145)
14

where jg(k7p) are the spherical Bessel functions [215] and they are defined,
in terms of the standard solutions of the Bessel equation, as

. ™
]g(k‘Tg) =4 /%J“l/z(kﬁ)). (7.146)

We recall that, in Eq. (7.145) (as in Eq. (7.44)), = k-7 is the projection
of the photon momentum on the direction of the Fourier wave-vector. The
quantity appearing in the integrand of Eq. (7.143) can then be written,
using Egs. (7.125) and (7.128)

(SW) 2 271'2 PR(k) 4
|Ar (K, 7o) _F{ o5 +2—5P3(k)

4
- 2—577738(k) COS Yrs }jez(kro). (7.147)

Concerning Eq. (7.147) few remarks are in order:

e the spectrum of the curvature perturbations appears explicitly but
some authors prefer to write down the Sachs-Wolfe plateau in terms
of the spectrum of 1; it is clear that while R is constant along
the radiation-matter transition (for the modes relevant for the SW
plateau), v is not constant and Eq. (7.104) will then have to be
used to relate the two spectra appropriately;

e in Eq. (7.36) cosvys is the correlation cosine which can be either
positive or negative or even 0 (if the adiabatic and non-adiabatic
modes are uncorrelated);

e notice finally that we named differently the spectral indices of the
adiabatic and non-adiabatic modes (i.e. respectively, n, and ng);
when only one adiabatic mode is present we will denote, in chapter
10, the scalar spectral index as ns.

kNotice that |Tdec] <€ 70 so that the dependence upon Tqec can be neglected in the
argument of the spherical Bessel function.
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Inserting Eq. (7.147) into Eq. (7.143) we easily obtain:

swy)  Ar
o =5

4
— 2—5AR5’ZR5'(TLTS, ) cos Yrs (7.148)

4
Zr(ng, ) + 2—5ASZS(7L37 l)

The various functions appearing in Eq. (7.148) are

k() ny—1 00 dyO
Z’R(Tlr,é) = 47T<]€_> / _ygriljlg(yo)v
0

P Yo
k ns—1 < g 1
Zs(ny, l) = 47T<k_0> / S0y 32 (o), (7.149)
p 0 Yo
]f Nps—1 oo d ne1.
Z’RS’(nrsaé) = 47T<k_0> / ﬂyos 1]?@0)7
p 0 Yo

where yo = k79. The integrals appearing in Egs. (7.149) lead to the
same expression but evaluated for different values of the spectral index.
Therefore, calling the spectral index, generically, n we will have

]f n—1 00 .
Z(n, t) = 27> (k—()) / Y6~ J7 11 2(Yo) dyo- (7.150)
0

p

The integral appearing in Eq. (7.150) can be performed for —3 < n < 3
with the result

- 1 PB—n/2T(l+n/2—1/2)
/0 Tous i1 2 (0) = 5 = T T f—nja) )

The duplication formula for the Euler I' function implies [215, 216]

3-n\  V2r[(3—n)
P( 2 > ©25/2-nT(4 — n/2)’

(7.152)

Inserting now Eq. (7.152) into Eq. (7.151) we do get, from Eq. (7.149) the
following general expression for Z(n, £)

ko\"" . T(3—n)(l+n/2—1/2)
i <—°> (7.153)

Z(n,l) = — F 2(4—n/2)0(5/2+(—n/2)

Concerning Eqs. (7.148) and (7.153) few comments are in order:
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e the estimates presented in this section hold for sufficiently large
angular scales, i.e. £ < 30;

e the correlation angle introduced in Eq. (7.148) may be equal to
7/2 and in this case the adiabatic and the non-adiabatic mode are
said to be uncorrelated;

e if cosv,s > 0 the cross-correlation reduces the value of the SW
plateau while, in the opposite case, the cross-correlation increases
the SW plateau.

It should be pointed out that we normally talk about the SW plateau
because, indeed, when the spectra are all scale invariant, i.e. n, = ng =
nys = 1, then Eq. (7.148) implies that

f(f + 1) . Ar 4 4
o Cy= 5% + 25As 25,4725 COS Yrs- (7.154)

But recalling now Eq. (3.29) we clearly see that, in the case of scale in-

variant spectrum, the power per logarithmic interval of £ also exhibits a
plateau. We conclude this section by presenting a quick estimate of the
integrated SW effect. From Eq. (7.37) it easily follows, in the absence of
neutrinos, that

A%ISW)(k7 Tdec) = 2¢(k7 Tdec) - 2¢(k’ Ti)' (7155)
Using now the Eqgs. (7.134) and (7.135), Eq. (7.155) implies that
2 2
Agswmﬂ’ Taed) = ER*(k) + 35*(@_ (7.156)

According to Eq. (7.156), the ISW mimics the ordinary SW effect. More
specifically, the ISW tends to partially cancel the ordinary SW effect. This
conclusion can easily be reached by comparing Egs. (7.142) and (7.156) in
the case of vanishing non-adiabatic contribution (i.e. S, = 0). It should
be stressed that here the main focus have been the large angular scales.
However, the ISW effect contributes about 20 % on all angular scales up to
the Doppler region.

The possibility of having a mixture of modes (adiabatic and isocurva-
ture) as initial condition for the CMB anisotropies led to a number of mode-
independent analysis of various sets of data. In [259] it was argued, on the
basis of Maxima data, that mixture of isocurvature and adiabatic modes
could not be excluded and in [260] Enqvist and Kurki-Suonio pointed out
that the Planck explorer mission could detect isocurvature modes thanks
to its foreseen sensitivity to polarization. CMB polarization is basically
induced by scattering processes (either last Thompson scattering or late
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reionization scattering). This occurrence allows us to eliminate possible
contamination with line-of-sight (integrated) effects and makes polariza-
tion a valuable tool in order to constrain isocurvature modes. In [261]
CDM isocurvature modes in open and closed FRW backgrounds have also
been considered.

In [262, 263] the importance of polarization was also stressed in view of
the Planck explorer planned sensitivities. A general (model independent)
analysis of the recent WMAP data (combined with other sets of data includ-
ing 2dF galaxy redhift survey) was recently performed in [264, 265]. The
results can be roughly summarized by saying that the isocurvature fraction
allowed by the present data ranges from about 10 % (when only one isocur-
vature mode is present on top of the adiabatic mode) up to 40 % (when
two isocurvature modes are allowed together with their cross-correlations).
Finally the fraction of isocurvature modes rises to about 60 % when three
isocurvature modes are allowed. Notice, as a remark, that in [265] the au-
thors indeed allowed for general correlations between adiabatic and isocur-
vature modes while the power spectrum was parametrized by means of a
power-law. From the analyses reported so far it seems that the constraints
on isocurvature modes are rather dependent upon the possible correlations
with the adiabatic modes. In [266] (see also [267]), following the analysis
of Ref. [259], the possibility of (correlated) CDM and adiabatic modes has
been discussed in light of WMAP and large-scale structure data. Different
values of the spectral indices for the power of each mode (and of their cor-
relation) have been scrutinized. As a consequence, the bounds reported in
[259] became more stringent by, roughly, a factor of 1/6.

One can also address the question on how some correlated mixture of
adiabatic and isocurvature modes may arise in the early Universe. This
subject will be also partially addressed in chapter 13 where some general
ideas on how isocurvature modes may be excited in the early Universe will
be introduced. As an example, consider Ref. [268] where a model dependent
analysis has been performed. In the context of minimal curvaton models
(see chapter 13) the authors found that correlated isocurvature modes seems
to be disfavoured with respect to pure adiabatic modes. However, the
presence of a (totally correlated) baryon isocurvature mode does not seem
to be ruled out (see also [269, 270]).



Chapter 8

Improved Fluid Description of
Pre-Decoupling Physics

The results obtained in the previous chapter are only meaningful for suffi-
ciently large scales or, equivalently, for sufficiently small harmonics ¢. For
larger harmonics (i.e. for smaller length-scales) the approach introduced in
chapter 7 fails. The angular separation appearing in the expression of the
angular power spectrum of Eq. (3.26) is related to the harmonics as

0 ~ %, ko~ {ho10™* Mpc™* (8.1)

where the second relation gives the comoving wave-number in terms of ¢
for a Universe with Qyg ~ 0.3 and Q¢ =~ 0.7. In chapter 7 the general
system of fluctuations has been (artificially) reduced to the case when only
radiation and CDM particles were present. In the present chapter this as-
sumption will be dropped and the main theme will therefore be a consistent
improvement of the approximations already exploited in chapter 7. More
specifically the list of topics to be addressed shall include:

the general four-components plasma;

a more quantitative discussion of the CDM component;

the tight-coupling between photons and baryons;

the general solution for the adiabatic mode;

some useful numerical solutions in the tightly coupled regime.

In the last part of the chapter the physics of non-adiabatic modes (al-
ready introduced in chapter 7)will be further discussed. Since here both
baryons and neutrinos will be included, qualitatively new solutions of the
pre-equality evolution equations will arise. These solutions can then be used
to set initial conditions of the numerical integrations leading, ultimately, to
the estimate of the temperature autocorrelations. These initial conditions
can be viewed either as an alternative or as a completion of the standard
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adiabatic solution. If they are taken to be alternative to the standard adia-
batic mode, as we shall see, they fail to reproduce the observed patterns of
the Doppler oscillations. However, it can happen that subleading entropic
modes are present together with a dominant adiabatic mode. In this cir-
cumstance the phenomenological viability of the scenario will depend upon
the relative weight of the adiabatic and of the entropic contributions.

8.1 The general plasma with four components

The pre-decoupling plasma contains four components, namely, photons,
baryons, neutrinos and CDM particles. Under the assumption that the
dark-energy component is parametrized in terms a cosmological constant,
there are no extra sources of inhomogeneity to be considered on top of
the metric fluctuations which shall be treated, as in chapter 7, within the
longitudinal coordinate system. Since the neutrinos are present in the game
with their anisotropic stress, it will not be possible any longer to consider
the case ¢ = ¥. When all the four species are simultaneously present in
the plasma, Eq. (7.51) can be written in Fourier space as

—k*) — 3H(Ho + ') = 4G a*[6p~ + dpy + dpe + dp). (8.2)

Defining as d,,, 0, dp and . the neutrino, photon, baryon and CDM density
contrasts, the Hamiltonian constraint of Eq. (8.2) can also be rearranged
as

CSH(HG + ) — k2 = gHg[(Ru&, F (1= R)3,) + by + b, (8.3)

where, for N, species of massless neutrinos,

7 4N\*? Ty
Tungl,<ﬁ> 5 Rl/: ]_—|—/]" 5 R»YZI—RV, (84)

so that R, and R, represent the fractional contributions of photons and
neutrinos to the total density at early times deep within the radiation-
dominated epoch. Two technical remarks are in order:

e Eq. (2.65) has been used (in the case of vanishing spatial curvature)
in Eq. (8.2) in order to eliminate the explicit dependence upon the
total energy density of the background;

e Eq. (8.3) has been written under the assumption that the total
energy density of the sources is dominated by radiation since this is
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the regime where the initial conditions for the numerical integration
are customarily set.®

Taking now into account the four components of the plasma, from the
momentum constraint of Eq. (7.52), and from Eq. (7.55) the following pair
of equations can be derived:

3. .4
K*(Ho + ') = 5712 g(Ryau + Ry0,) + 0601 + 0.0 |, (8.5)

k2
U+ (20 + ¢)H+ H +H)p — (6 )
H2
= T(RV&, +64R,), (8.6)
where, following Eq. (7.54), the divergence of the (total) peculiar velocity
field has been separated for the different species, i.e.

4 4
(p+p) = gp,ﬂy + §p797 + pcbe + pub. (8.7)

Note, once more, that in Eqs (8.5)—(8.6), Eq. (2.65) has been used in order
to eliminate the explicit dependence upon the (total) energy and pressure
densities.

Finally, according to Eqgs. (7.56)—(7.57) the neutrino anisotropic stress
fixes the difference between the two longitudinal fluctuations of the geom-
etry. Recalling Egs. (7.56) and (7.57) we will have

V(¢ — v) = 12rGa’0;0°11. (8.8)

For temperatures smaller than T' >~ MeV the only collisionless species of the
plasma are neutrinos (which will be assumed to be massless, for simplicity).
Neutrinos will then provide, in the absence of large-scale magnetic fields,
the dominant contribution to the anisotropic stress.” The term at the right
hand side of Eq. (8.8) can then be parametrized, for future convenience, as

QI = (py + pu)V30,. (8.9)
Hence, using Eqgs. (2.65) and (2.66), Eq. (8.8) can then be written as
k(¢ —¢) = —6H’R,0,, (8.10)

2Needless to say that it is equally possible to drop this assumption and to write the
equations in their full generality across the radiation-matter transition using the form of
the scale factor given, for instance, in Eq. (2.93).

bIndeed, large-scale magnetic fields represent a rather plausible source of anisotropic
stress that has been considered in the literature [253-255].
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The evolution equations for the various species will now be discussed. The
CDM and neutrino components are only coupled to the fluctuations of the
geometry. Their evolution equations are then given respectively by

0.+ Hb. = k>, (8.11)
oL =3¢ — 0. (8.12)
and by
4
o = _§9V+4¢’, (8.13)
/ k_2 2 2
0, = 0 =Ko, +k9, (8.14)
Ay 3
o, = 159,, TGk Fva: (8.15)

Equations (8.13) and (8.14) are directly obtained from Egs. (7.59) and
(7.60) in the case w, = 1/3 and o, # 0. Equation (8.15) is not obtainable
in the fluid approximation and the full Boltzmann hierarchy has to be
introduced. The quantity F,3 introduced in Eq. (8.15), is the octupole
term of the neutrino phase space distribution. For a derivation of Egs.
(8.13), (8.14) and (8.15) see Egs. (9.31), (9.32) and (9.33) in chapter 9.

8.2 CDM component

Equations (8.11) and (8.12) are the easiest to solve. Indeed, Eq. (8.11)
can be easily rearranged as (f.a)’ = k*¢a and the solution will then be,
formally,

2 T
0k, 7) = % / bk, 7 )a(r)dr'. (8.16)

Equation (8.12) can also be usefully recasted in the form (d. — 3¢)’ = —6.
whose solution is
dr’

5ok, 7) = 3ub(k, ) — k2 / ’ e / "k a(r")dr" (8.17)

Owing to its simplicity the CDM system can be solved analytically under
different useful approximations. Here, again, we will refer to Fig. 7.1

which illustrates, through a simple cartoon, the relevant scales arising in
the matter-radiation transition. Consider, indeed, the scales that are still
outside the horizon before equality. For these scales, as discussed already
in chapter 7, the adiabaticity condition implies that

Selk, ) = 36.(k,7) = ~20 (k) (8.18)
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where 6,(k,7) denotes, indifferently, the density contrast of photons and
neutrinos and where 1, (k) parametrizes the primeval adiabatic mode that
has been introduced in Eq. (7.72). Now, Eq. (7.72) is exact before matter
radiation equality. So it holds both in the limit k7 < 1 and in the limit
kT > 1. Let us therefore consider Eq. (7.72) for 7 < 7eq and in the case
k7 > 1. This is the situation contemplated by the dashed line in Fig. 7.1
and corresponding to the case when the given physical wavelength reenters
the Hubble radius prior to equality. In this limit the Hamiltonian constraint
of Eq. (8.2) is dominated by the Laplacian, i.e.©

— k2 ~ ;H2 {& + %50], kT > 1. (8.19)

Equation (7.72) then allows us to solve for §,(k, ), i.e.

Yk, 7) = —915251)2 [cos (k—T) V3 sin (k—T)] (8.20)

Vv3/)  (k7) V3
5ulle, ™) = Guin (k) {cos (%) _ % sin (k_\/;ﬂ (8.21)

where, in comparison with Eq. (7.72), we traded y for k7/+/3. It should be
appreciated that, in the limit k7 > 1 (i.e. when the dashed line of Fig. 7.1
is below the full (thick) line for a < aeq) the second term appearing in
the two square brackets of Egs. (8.20) and (8.21) (and going as a sine) is
negligible in comparison with the first term (which goes as a cosine).

Let us now compute d.(k,7) and 6.(k, ) before equality. For this cal-
culation we need, certainly, Egs. (8.16) and (8.17) but also Eq. (7.72). By
changing integration variable in Eq. (8.16) and (8.17), and by assuming
U(k,7) = ¢(k,T) we can easily write

0.(k,y) = ” /w@[}(mk)dw, (8.22)
vlky) =3uk) -3 [ 50 [ sueaas 2

where y = k7/V/3, w = k7' /v/3 and z = k7" /\/3. Using Eq. (7.72) inside

¢Equation (8.19) will be first solved in the case when the CDM density contrast is
subleading in comparison with the radiation density contrast and in the case when the
Universe is effectively dominated by radiation.
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Eqgs. (8.22) and (8.23) and doing the integrals as indicated we will have

Be(k,y) = —3V/3k wr(k)% Ok, 820
Cily) =~ / i %Stdt’ (8.25)
)

where Ci(y) is the cosine integral function of y [215, 216]. As expected, in
Egs. (8.24) and (8.25) two integrations constants appear, i.e. Cq(k) and
C3(k). They can be determined by requiring that d.(k, y) matches the value
of the CDM density contrast which is deduced both from the Hamiltonian
constraint and from the adiabaticity condition. Indeed, for y > 1 and for
y < 1, Eq. (8.25) implies, respectively:

Sels ) ~ 9 (k) | €1 (B) Iny + Co () +o<§>} (8.26)
5o, ) = (k) [—6 + 9Ca (k) + 9
+9(1 + C1 (k) Iny + O(y?)], (8.27)

where v = 0.577216 is the Euler-Mascheroni constant. We then have
Eq. (8.27) that must equal to —(3/2)¢,(k) and this implies, as it can be
immediately checked, that

Gk =-1, Gy =5 -~ (8.28)

The two conditions of Eq. (8.28) demand, when inserted in Eq. (8.26),

that

de(k, ) = =99 (k) [ln (%) +v - % + (’)(\k/—fﬂ (8.29)
Equation (8.29) stipulates that, after crossing the Hubble radius (but before
equality), the CDM density contrast is constant (up to logarithmic correc-
tions). This observation will be rather relevant for the computations that
will follow.

Owing to the slow growth of d.(k, 7), the Hamiltonian constraint in the
form (8.19) can be used to determine the metric fluctuation after equality
(i.e. for 7 > Toq) and prior to recombination (i.e. 7 < Tyec). Indeed, using
Eq. (8.29) at the right hand side of Eq. (8.19) we can easily compute
an approximate expression of ¢ (k, 7eq) which turns out to be, after simple
algebra:
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This constant value of the metric fluctuation is preserved until recombina-
tion and decoupling. Recall, in fact, the results of chapter 7. Equation
(7.73) gives the evolution of ¥(k,7) during matter. Since, during mat-
ter domination, the total sound speed is effectively vanishing, the corre-
sponding equation will not have Laplacians. Consequently the solution of
Eq. (7.73) (reported in Eq. (7.74)) will hold both inside and outside the
Hubble radius. Since this equation has a dominant constant mode, this jus-
tifies the statement that ¢ (k, 7), for 7 > 7o, freezes at its value at equality
even for modes k7 > 1.

While the statement of constancy of the metric fluctuation implied by
Eq. (8.30) is correctly captured by the physical considerations we presented
so far, the numerical value of the coefficient appearing at the right hand
side of Eq. (8.30) is not so accurate. To determine the coefficient more
appropriately it is useful to derive a slightly different expression for the
evolution of d.. Indeed, let us assume that 1)’ ~ 0 to a good approximation
and let us insert 6. (determined from Eq. (8.12)) inside Eq. (8.11). The
resulting expression will be:

5! + Hée + k> = 0. (8.31)
We can now use Eq. (8.19) to eliminate k%t and the result will be

8" + Mo, — ArGa’pe [56 + %&] =0, (8.32)

We will now drop the contribution of the radiation density contrast but
we will keep the radiation component of the background. The experienced
reader will recognize Eq. (8.32) as the standard from of the Meszaros
equation which is customarily derived in the nonrelativistic approximation
and for typical wavenumbers k < kj; where kj is the Jeans scale. Equa-
tion (8.32) can be solved by passing from the conformal time to the auxiliary
variable & = a/aeq. Recall, in this context, that from Eq. (2.65)
1 3, «

1—|—%_2 a+1

3
4ra’p. = 5712 (8.33)
Furthermore, by expressing the derivatives with respect to 7 (i.e. the con-
formal time coordinate) as derivatives with respect to a we will have that:
o= aHd5C 6! = a(H? + H’)% + aQHQ@ (8.34)
° da’ © do da?’ '
Using Eqgs. (8.33) and (8.34) inside Eq. (8.35) we do get the standard form
of the equation:
d*5. 3a+2 dé. 3
— - ——06. =0, 8.35
do?  2a(a+1)da  2a(a+1) (8:35)
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if we recall that, from Eqs. (2.65) and (2.66),

o 20 2430 (8.36)
H 21+«

Equation (8.35) will have, of course, two linearly independent solutions.
Since it is a second-order equation we can always find the second solution
from the equation of the Wronskian, provided we are able to guess the
first (linearly independent) solution. This can be easily done. Suppose,
indeed, that the second derivative of d. with respect to a vanishes. Then
the corresponding solution can be obtained by setting to zero the second
derivative with respect to a in Eq. (8.35). The resulting expression will
become:

dbe 3
da 3o+ 25C (8.37)

whose solution is clearly

6 (a) = <1 + ga> (8.38)

From the evolution equation of the Wronskian we can then deduce, after
simple algebra, the second linearly independent solution which is:

63 (a) = [(1 + ;a> In (%) - 3@} (8.39)

Since this is a general technical trick, let us do the explicit calculation
leading to Eq. (8.39). For sake of simplicity let us name, just for this
derivation 6" = § and A the second (linearly independent) solution which
will turn out to be 5((;2). The Wronskian and its first derivative will be, by
definition,

dA dd
aw 2A 25
Jo ez Aaar (841)

Both ¢ and A satisfy Eq. (8.35). Therefore Eq. (8.35) written, respectively,
for 0 and A can be combined as
A @ 3a+2 di 3 5
do?  2a(a+1)da  2a(a+1)
d’A 3a+2 dA 3
-0 — ———A| =0.
{doﬂ + 20(a@+1) da  2a(a+1) ] 0

(8.42)
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By simplifying the terms containing dA the remaining terms, recalling
Egs. (8.40) and (8.41) we will reconstruct the evolution equation of the
Wronskian:

aw 3o+ 2

da + 2a(a+ 1)
Now Eq. (8.43) can be solved. Then, the obtained result will be inserted
into Eq. (8.40). This will allow to determine A as a function of § (which
is known and given by Eq. (8.38) ) and of W. The solution of Eq. (8.43)
can be obtained with elementary methods and it is:

1
W(a) = WCESE (8.44)

Inserting Eq. (8.44) into Eq. (8.40) and recalling that 6 = (2 + 3a)/2,
we will have, with simple algebra, A that is determined by the following

first-order relation:
d A 2
d [ } _ . (8.45)
do [ 3a+2 ava+ 1(3a + 2)2

To determine A from Eq. (8.45) the following elementary integral can be
easily solved:

/a( da _ 3Va+1 L, [%}

W =0. (8.43)

(8.46)

n
3a+2)2V/a+1 20Ba+2) 4
But then, A is determined to be

Ala) =3vVa+1- <1 + %a) In [\/_7&1_1] (8.47)
Equation (8.47) coincides with Eq. (8.39) up to a sign, i.e. A(a) = —6%.
This is not a crucial difference since the minus sign can simply be reabsorbed
in the integration constant that parametrizes the appropriate part of the
general solution of Eq. (8.35). The general solution of Eq. (8.35) will then
become:

Se(k, @) = Dy (k)5 () + Da (k)5 (). (8.48)

The two solutions 5((;1) and 5((;2) are illustrated in Fig. 8.1 as a function
of @ = a/aeq. As it will become clear in a moment, Fig. 8.1 exhibits an
important aspect that will have an impact on the following steps of the
present calculation. Namely the occurrence that, after equality, the domi-
nant solution is always the one reported in Eq. (8.38). Of course, to make
this qualitative statement more quantitative the two arbitrary constants
appearing in the general solution (8.48) must be appropriately fixed.
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Fig. 8.1 The two linearly independent solutions of Eq. (8.35) are illustrated. It is clear

from the graphic that for a > aeq the dominant solution is the one denoted by 5((;1) and
reported in Eq. (8.38).

To obtain a correct estimate of the two integration constant in the
intermediate regime (i.e. across the radiation-matter equality) the strategy
is again rather simple. We can evaluate Eq. (8.48) in the limit o <« 1
and compare it with Eq. (8.29). The requirement that the two expressions
coincide (as they should) will uniquely determine D4 (k) and Dy (k) in terms
of ¢+ (k). By then inserting the obtained coefficients back into Eq. (8.48) a
more accurate estimate of 1 (k,7) can be obtained in the limit 7 > 7.

Let us therefore determine D (k) and D2 (k). By expanding Eqgs. (8.38)
and (8.39) to leading order in o we can get the approximate form of

Eq. (8.48) valid in the limit & = a/aeq < 1. The result of this proce-
dure is:

So(k, @) = Dy (k) — 3Ds(k) — Do(k) In (%) +0O(a) (8.49)

valid up to terms containing the first power of . Now recall that o =
(2z + x?) where x = 7/71. So, in the interesting limit we will have o ~
2(7/71).9 By now demanding that Eq. (8.49) exactly matches Eq. (8.29)

dWe remind the reader that, by definition, o = 1 at 7eq. Therefore we will have

Teq/T1 = V2 —1.
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(which holds in the same limit) the following equality must hold

—Qwr(k)[<7— %) +Ink - %ln?)—f—lnT]

= Dy(k) — 3Dy(k) — Da(k)InT + Do(k)In (271),  (8.50)

which implies:

Da(k) =905(8), Da() =905~ —m (Z2)]. s

By now inserting the obtained expression back into Eq. (8.49) we do get,
to leading order in (1/),

Se(k, ) = Dy (k) [1 + ;a] +o<é>, (8.52)

where the contribution of the second solution (multiplying D2 (k)) is negli-
gible for a > 1: indeed in this limit it is easy to find that
4 39 6 59 —7/2
de(k, ) ~ e 35 +O(« ). (8.53)
Using Eq. (8.19) we shall obtain a more accurate estimate of the metric
fluctuation prior to recombination

27 7 2% In (0.15k7,
’g[](k, Trec) = 7¢r(k) |:A/ - 5 + —In ( \/7§-1>:| ~ Mﬁ. (854)

The second equality in the last equation can be simply obtained by noticing
that 71 and 7oq (i.e. 71 = Teq/(V2 — 1)) and that [y — 7/2+1n2 —In/3 —
In (v/2 — 1)] = In0.15. The factor in the denominator simply arises because
27/2 ~ (0.272) 72

There exist both crude and more refined accounts of the evolution of
metric fluctuations for k7 > 1 and 7 < 7q. The crudest approximation one
can imagine is to completely ignore the oscillatory contribution arising in
Eq. (8.20) for the expression of ¢(k, 7) in the limit k7 > 1 and for 7 < Teq.
Under this approximation Eq. (8.20) implies ¢ ~ v,(k)/(k*7?). Hence,
ignoring oscillations,

Y(k,7) = % T < Teq. (8.55)

There exist also more refined ways of accounting of the value of the
metric fluctuations for wavelengths shorter than the Hubble radius and
involve the concept of transfer function. Equation (8.55) is a very crude

example of transfer function. In more general terms we can say that

1#(7% Teq) = T(kv keq)wr(k)7 keq = %MpCd (856)
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where the value of k.q holds for the case of a spatially flat Universe. The
function T'(k, keq) is given by [271]:

In[1+2.34¢q] 9
T(k ko) = ——— 311 4 3. 1.61
(k, ke) 731 [1+3.89¢+ (1.61¢q)
+(5.46 ¢)° + (6.71 ¢)*]~1/4,
k
q= Ty (8.57)

The quantity ¢ appearing in Eq. (8.57) is given, more generally, by ¢ =
(kMpc)/(Thg) where k is measured in inverse Mpc so that ¢ is ultimately
dimensionless. The quantity I' is the so called shape parameter. In the case
of a spatially flat Universe where Qo < Qpp (as implied by observational
data), we have ¢ ~ kMpc, i.e. more specifically

hoT' = h2Qge S0~ V2hoSo/ Qo (8.58)

Now, if we focus our attention on the case koq < k < 11 kcq the transfer
function of Eq. (8.57) can be approximated as

14keq
t

The selected interval of k/keq is the one relevant for the region off the first
two Doppler oscillations of the angular power spectrum. The goodness of
the approximation (8.59) can be understood by plotting (8.59) and (8.57)
in the range keq < k < 1lkeq. In Fig. 8.2, Egs. (8.57) and (8.59) are
illustrated, respectively, with the full line and with the dashed line.

T(k) ~ iln { (8.59)

8.3 Tight-coupling between photons and baryons

As discussed at the end of chapter 2, the strength of the Coulomb cou-
pling (in comparison with the strength of Thompson scattering) justifies
the consideration of a unique proton-electron component which will be the
so-called baryon fluid.® The baryon fluid is however also coupled, through
Thompson scattering, to the photons. Since the photon-electron cross sec-
tion is larger than the photon-protron cross section, the momentum ex-
change between the two components will be dominated by electrons.! The

€This nomenclature is a bit dangerous since it may be misunderstood. Sometimes to
avoid misunderstandings it is better to speak about baryon-lepton fluid. In what follows,
for sake of simplicity, we will adhere to the common practice and talk about baryon fluid.

fThis observation explains why the Thompson cross section for electrons will appear
ubiquitously in our equations.
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Fig. 8.2 The full transfer function and its interpolation.

evolution equation of the photon component can be written as:

4
5; = —597 + 49, (8.60)
! k2 2
0, = Zéy + k%9 + axe neorn (6p — 0,). (8.61)
For the baryon-lepton fluid, the two relevant equations are instead:
o, = 3¢ — O, (8.62)
4
0, = —Hby + k¢ + g%anemeaTh(ﬂw — ). (8.63)
b

From Eqgs. (8.61) and (8.63) it can be argued that the Thompson scattering
terms drag the system to the final configuration where 6, ~ 6,,. In fact, by
taking the difference of Eqs. (8.61) and (8.63) the following equation can
be easily obtained:

(07 — Hb)/ + FTh(G'y — 0b) = .](7'7 f), (8.64)
where
4p Ry +1
r = ele 1 —=1 = ede 5 .
Th = GNeT aTh( + pr) anet, UTh< i ) (8.65)

]€2
J(7, @) = 0, + Hb. (8.66)
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For future convenience, in Eq. (8.66) the baryon-to-photon ratio Ry, has
been introduced, i.e.
3 pb 698.38 h3,

Rb(z)zlﬁz ( 2+ 1 ><0.023)' (8.67)
From Eq. (8.64) it can be easily appreciated that any deviation of (6, —6y)
swiftly decays away in spite of the strength of the source term J(7,Z). In
fact, from Eq. (8.64), the characteristic time for the synchronization of the
baryon and photon velocities is of the order of (zeneoTn) ™!, which is small

in comparison with the expansion time. In the limit o, — oo the tight-
coupling is exact and the photon-baryon velocity field is a unique physical
entity which will be denoted by 6,1,. The evolution equation for 6.1, can be
easily obtained by summing up Eq. (8.61) and Eq. (8.63) with a relative
weight (given by Ry) allowing the mutual cancellation of the scattering
terms. The result of this procedure implies that the whole baryon-photon

system can be written as
4

&, = 4 — 26, (8.68)
8, = 3¢ — O, (8.69)
, ‘HRy, k257 9
—— Oy = ——— + k%0. .
T (1+Ro) ° 4(1+ Ry) +EY (8.70)

The introduction of the baryon-photon velocity field also slightly modifies
the form of the momentum constraint of Eq. (8.5) which now assumes the
form:

3. .04 4
E*(Ho + ') = 5H? [gRVHV + ngu + Rp)0yp + 0:Qc |- (8.71)

Equation (8.70) has been derived by adding and subtracting the evo-
lution equations of the single species. Furthermore Eq. (8.70) does not
include any dissipative effect (connected, for instance, with shear viscos-
ity). Shear viscosity is important for the estimate of the Silk damping scale
and appears in Eq. (8.70) in connection with an extra term going as V297b.
To derive this modification it is instructive to reconstruct Eq. (8.70) within
a slightly different (but physically equivalent) framework.

8.4 Shear viscosity and silk damping

Consider, indeed, Eq. (D.51). In the longitudinal gauge (which is consis-
tently used in this chapter), Eq. (D.51) can be written

4
(p+p)0 +6[(p + p') + 4H(p + p)]VZop+ (p + p) V0 = gnvgﬁ, (8.72)
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where 7 is nothing but the shear viscosity coefficient (see for instance [75]).
In the photon-baryon system, Eq. (8.72) can be simply rewritten by recall-
ing that
4
0 — Oy, (p+p) — <§pV + pb>. (8.73)
Using Eq. (8.73) into Eq. (8.72) we obtain
V26,

4
(gpv + Pb) 0%, + Hppbp +

4 4
+ <§p7 + pb) V2 — gnv%b =0 (8.74)

where the relations pj, = —3Hpy, and p!, = —4Hp, have been used. The
shear viscosity coefficient n can be written in terms of the photon energy
density and in terms of the Thompson mean free path Ay, already defined
in Eq. (2.116) of chapter 2:
4

n= 15PMTh (8.75)
Equation (8.74) can then be multiplied by (3/4)p;" and the resulting ex-
pression will then be:

1
(14 Rp)0., + HRu01 + ZV%
+(14 Ry)V2¢ — piv%b = 0. (8.76)
Y

Finally, dividing Eq. (8.76) by (Rp + 1) and passing to Fourier space the
wanted equation can be obtained:
p HRy, k26, 9
T T ry) " T iy RO
Equation (8.77) is exactly Eq. (8.70) but we also have an extra factor, i.e.
the contribution of shear viscosity. It is possible now to obtain an equation
for 0, which will play a major role in some of the considerations developed

in the present chapter. From Eq. (8.68) we have, in fact, that
3
O\ = 3" — 15’7 (8.78)

k20, (8.77)
b

By performing a (conformal) time derivation of both sides of Eq. (8.78)
and by inserting the result into Eq. (8.77), the evolution equation for d,
becomes

MRy, 4 v
5g + R 16,/), + 5)\Thcsbk (5; + Csb(sy
HR 4 k2
= 4|4 + o2+ SR kY — ol (8.79)
b
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where
1

Csh = ————,
° v3(Rp+1)

is the speed of sound in the baryon-photon system.

Equation (8.79) can be simplified and solved in several different ways.
For the purposes of the present chapter it is useful to notice that the fol-
lowing equalities hold:

(8.80)

R, MRy, ()
b = —~8b/ 8.81
Ry 1+ Ry Czb ( )

Motivated by Eq. (8.81) it is then natural to define a new time variable
which includes ¢Z,. This new time variable? will be denoted by ¢ and it is
defined as dq = % dr. It is easy to show that

dd, dé d?6
o = Cgb—d;v o) = (Cf-b)/—d; + Cgb_dq;7
dip dip d*y
/ 2 " 2 \/ 4
w Csb dq’ w (Csb) dq + Cob dq2 (8 8 )
Using the results of Eq. (8.82), Eq. (8.79) can be written as
d%s, 4 dé k2 d*6, 4 dé k2
—EPAmnk® =2 + -6, = 4| =L + KAk =2 — —o|. (8.
dq? + 5 ~Th dg +c§b v dg? + 5" "Th dg 3c§b¢ (8.83)

We shall get back to Eq. (8.83) after presenting some numerical estimates
of the Doppler oscillations. Indeed, Eq. (8.83) may offer a pretty accurate
analytical estimate of the numerical results for various classes of initial
conditions. Prior to this analysis, however, it is important to formulate
precisely the problem of the initial conditions both in the adiabatic and in
the non-adiabatic case.

8.5 The adiabatic solution

We are now in the position to give an explicit example of solution of the
whole generalized system of fluctuations in the case of the adiabatic mode.
It is important to stress that the obtained solution will hold for wavelengths
that are larger than the Hubble radius prior to equality, i.e. respectively,

8In chapter 10 and in the Appendix the variable g denotes the (scalar) normal modes
of the scalar-tensor action perturbed to second order in the amplitude of the metric
fluctuations. Here q is just a new time variable. There will not be potential ambiguities
in this choice since the two quantities appear in conceptually distinct situations.
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|kT] < 1 and T < Teq. In the cartoon of Fig. 7.1 the corresponding physical
wavelengths will have slopes larger than the thick (full) line denoting, in
the plot, the approximate evolution of the Hubble radius. The logic of the
calculation will be the following:

e using the observation (see chapter 7) that the longitudinal fluctu-
ations of the metric must be constant (in the limit k7 < 1) for the
adiabatic solution, the Hamiltonian constraint of Eq. (8.3) can be
solved deep in the radiation-dominated stage;

e the adiabaticity condition will then be imposed by demanding that
the entropy fluctuations vanish: this requirement will fix the rela-
tion between the various density contrasts of relativistic and non-
relativistic species;

o the evolution equations of the peculiar velocities (i.e. Egs. (8.11),
(8.14) and (8.70)) will then be solved in the tight-coupling limit;

e the obtained solution for the peculiar velocities will have to satisfy
the momentum constraint of Eq. (8.71) (see also Eqs. (8.5)—(8.7));

e the equations involving the neutrino anisotropic stress (i.e.
Egs. (8.10) and (8.15)) can also be solved: the result will deter-
mine the mismatch between the two longitudinal fluctuations of
the metric, i.e. ¥ and ¢;

e finally, as a necessary cross-check, it is possible to verify that the
solution obtained though the previous steps satisfies also the last
equation, i.e. Eq. (8.6).

The logic followed in the determination of the adiabatic solution will persist
also in the case of the non-adiabatic modes with the relevant difference
that, in the case of the entropic modes, the adiabaticity condition will
not be enforced for all the species as it will be explicitly discussed in the
subsequent section.

In what follows the aforementioned steps will be addressed one by one.
Consider first the Hamiltonian constraint of Eq. (8.3) deep in the radiation
dominated epoch, i.e. for temperatures smaller than the temperature of the
neutrino decoupling and temperatures larger than the equality temperature.
In this case a solution can be found where the longitudinal fluctuations of
the geometry are both constant in time, i.e.

o(k, 1) = ¢i(k), Yk, ) = (k). (8.84)

Equation (8.3) then implies, to the lowest order in k7 that the radiation
density contrasts are also constant and given by

Oy(k,T) >~ 0, (k, T) >~ —2¢5(k). (8.85)
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Imposing now that the entropy fluctuations vanish we will also have
3
ek, T) ~ 0y (k,T) =~ —§¢i(k) + O(K*72). (8.86)

Direct integration of Egs. (8.11), (8.14) and (8.70) implies, always to lowest
order in k7 that

k2T
R
It can be checked that the momentum constraint of Eq. (8.71) is also sat-
isfied in the radiation epoch. The relations of Eq. (8.87) express a general
property of the adiabatic mode: to lowest order in k7, i.e. for typical wave-
lengths much larger than the Hubble radius at the corresponding epoch,
the peculiar velocities of the various species are equal and much smaller
than the density contrasts. Furthermore Eqgs. (8.10) and (8.15) imply that
the following two important relations:

Oc(k,7) > 0,(k,7) = 05 (k, 7) >~ ¢i(k) (8.87)

]€27’2
ou(k,7) = ?@(k), (8.88)
Yi(k) = (1 + %Ru) i (k). (8.89)

Recalling the definition of R, it is also possible to relate the longitudinal
fluctuations to the curvature fluctuations R, i.e.

2(5+2R,) 10

Yi(k) = —mR*(k)7 oi(k) = —mR*

Clearly, in the case R, = 0 the relations of Eq. (8.90) reproduces the
one already obtained and discussed in chapter 7. The initial conditions
expressed through the Fourier components ¢;(k), ¢i(k) or R.(k) are then
computed by using the desired model of amplification. In particular, in the

(k). (8.90)

case of conventional inflationary models, the spectra of scalar fluctuations
will be computed in chapter 10. Notice already that, in the case of the
adiabatic mode, only one spectrum is necessary to set consistently the pre-
decoupling initial conditions. Such a spectrum can be chosen to be either
the one of ¢;(k) or the one of R (k). Indeed, as discussed in Eq. (7.104), the
two variables are related via a simple numerical factor. As a final remark,
it is useful to point out that the solution obtained for the adiabatic mode
holds, in the present case, well before decoupling. In Egs. (7.82), (7.83),
(7.84) and (7.85) the solution has been derived, instead, during the matter
epoch. These two solutions are physically different also because neutrinos
(as well as baryons) have not been taken into account in chapter 7.
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8.6 Pre-equality non-adiabatic initial conditions

It is now the moment for illustrating other non-adiabatic modes that may
arise when the plasma possesses four different components. This general-
ization will also allow us to find the pre-equality form of the CDM-radiation
non-adiabatic mode in the presence of a non-vanishing neutrino fraction,
ie. r, #0 and R, # 0.

To make the treatment more symmetric it is practical to go back to the
variable ¢ already introduced in Eq. (7.120). Let us then introduce the
following quantities

oy é
Cv:_w+Za Cy=—¢+f,
8.91)
e op (
CC:_w+§7 Cb:_w+§a

which are interpreted as the density contrasts for each independent fluid
on uniform curvature hypersurfaces.

Equations (8.12), (8.13), (8.68) and (8.69) become, in terms of the vari-
ables introduced in (8.91),

¢ = O ¢ = 0
v 3 v 3’
0 p (8.92)
== ¢ = _Nb
c 3 ) b 3
It is easy to show that
ol ol
(=256  a= dy (8.93)

i
where ¢; and ¢ = p{/p! and running index stands for each of the four com-
ponents of the plasma. In this language, the adiabatic solution corresponds
to the situation where

Gk, 7) = Gy (k, 7) = Ce(k, 7) = G (k, 7) = Ru(). (8.94)

Equation (8.94) implies, in fact, that the entropy fluctuations of the mixture
of fluids are vanishing. The entropy fluctuations are indeed defined as®

Sy=-3G-G)  Gm—vrg G= v
where, as before, the indices run over the four components of the fluid.
Using Eq. (8.94) into Eq. (8.95) the entropy fluctuations vanish for the
adiabatic mode since (¢ — ¢;) = 0.

(8.95)

hEquation (8.95) generalizes the analog relation (see Eqs. (7.88) and (7.90)) derived in
the case of the CDM-radiation system in chapter 7.
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The fluctuation of the total pressure can still be separated into an
adiabatic and a non-adiabatic contribution as in Eq. (7.91), i.e. dp =
c§5p + 0pnad but now a generalized expression for the non-adiabatic pres-
sure variation can be easily deduced by repeating the same calculation
performed in chapter 7 with the difference that the plasma contains more
than just two species. As easily arguable the final result is:

1 2 2 2
5pnad = m %:p:p;(cm - Csj)Sijv Cst = —5- (896)

In Eq. (8.96) ¢Z; and ¢Z; are the sound speeds of each (generic) pair of
fluids of the mixture. It is easy to show that Eq. (8.96) reproduces exactly
the result of Eq. (7.99) if the mixture only consists of CDM and radia-
tion. In this case the only non-vanishing contribution arises for S¢; = S..
Substituting i — ¢ and j — r in Eq. (8.96) and taking into account that

Ser = —Syc We get back to Eq. (7.99).

8.6.1 The CDM-radiation mode

We are now ready to compute the CDM-radiation mode for 7 < 7eq (i.e.
before equality) and for physical wavelengths which are, at the correspond-
ing epoch, larger than the Hubble radius (i.e. k7 < 1). The logic will be
exactly the same as the one already outlined in the case of the adiabatic
solution but with two important differences:

e the adiabaticity condition will not be enforced;

e the solution requires a more precise control of the background
across the matter-radiation transition, so to be on the safe side
the correct procedure will be to take the interpolating form of the
scale factor discussed in Eq. (2.93) and insert it into the relevant
equations; then each term of the equations can be expanded in the
limit = |7/71| < 1 and the wanted solution can then be obtained.

The first point translates immediately in the following two mathematical
identities:

3 3

157(]{}, T) — de(k, 7) = Si(k), Z5y(k’ T) — 0c(k,7) = Su(k).  (8.97)
Equation (8.97) means that the particular combination of the two density
contrasts of radiation and CDM must lead to a quantity which is constant
in time. Since radiation is composed by v and v Eq. (8.97) must hold
independently for both species.
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The second point listed above is merely technical and it means, at a prac-
tical level, that the interpolating form of the scale factor given in Eq. (2.93)
will be introduced by employing the shorthand notations already exploited,
for instance, in Eq. (7.98). The explicit form of the scale factor discussed
in Eq. (2.93) implies that

12 1
H = _M7
T x(r +2)
2 2242z +4
H=-5""", 8.98
i 2?(x + 2)? (8.98)
HZ_H/ i %2(3I22+6$—g4),
v 2?(r+2)
where © = 7/7. Furthermore, since we have two matter species (i.e.

baryon and CDM particles) we also have to modify slightly the notation of
Eq. (7.98) and say that Qi (z) = Qc(z) + Qp(x). Since Qm(x) =1 —Qr(z),
then we will also have
— x(z +2) — x(z +2)
Qe(r) = Qcm, Qp(z) = Qbma
where Q. and Qy, are two constants such that Q.+, = 1. The evolution of
Om(x) and Qg (z) are reported in Fig. 8.3 for the same background leading
to Eq. (8.98).

The strategy will be to solve, first Egs. (8.3), (8.5) and (8.6) with an
ansatz of the type

sk =on0 (). wlir) = (Z) (5.100)

where 1 (k) and ¢1 (k) will be determined from the consistency with all the
other equations. This ansatz is simply motivated by the treatment of chap-
ter 7 where it has been shown explicitly that, in the limit ¥ (k, 7) = ¢(k, 7),
the longitudinal fluctuations of the geometry (as well as the curvature per-
turbations) must vanish in the limit 7 < 7p. This behaviour will now be
different (since neutrinos are consistently included) but cannot be avoided.
Based on the experience gained with the adiabatic mode we will then expect
that ¢1 (k) # ¢ (k).

Let us now illustrate the procedure followed with the case of the Hamil-
tonian constraint. Inserting Eqgs. (8.98) and (8.99) into Eq. (8.3) we get

(8.99)

12(z + 1)? 6(z + 1) s, 6(z+1)?
w122 N T ) TR TS o [‘“W
2
- &%ﬁc + 3¢1%(ﬁb + ﬁb)] : (8.101)
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Fig. 8.3 The evolution of Q) (dashed curve) and Qg (full curve) are reported in the
case when the radiation-matter transition is parametrized by Eq. (2.93) (see also the
derived quantities reported in Eq. (8.98)).

where kK = k. In Eq. (8.101) the condition (8.97) has been used. Fur-
thermore, using the ansatz (8.100) we find that the evolution equations for
the density contrasts are solved, provided

5y (k,7) = 6, (k,7) = 4¢1(k)<%>,
Sk, 7) = =S (k) + 301 (k) (Tll) (8.102)

T

op(k, ) = 3¢1(k)<—>-
71
To solve Eq. (8.99) we have to use a double expansion, i.e. we have to
expand for x <« 1 (corresponding to the requirement that we are deep
into the radiation epoch) and also for k7 = kx < 1 (corresponding to
the requirement that the physical wavelengths are larger than the Hubble
radius). Following this procedure three kinds of terms arise:

e terms containing 2 (which can be immediately dropped);
e terms going as 1/x (which should cancel will partially fix ¥ (k) and
¢1(k) as a function of S.(k));
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e terms which are constant and terms which are vanishing in the
limit  — 0.

The third class of terms necessarily requires higher orders in the ansatz.
In other words, to get a match on those terms we will have to start with
Yk, 7) = Y1 (k)z+2(k)z? and ¢(k, 7) = ¢1(k)z+p2(k)x?. The conditions
stemming from the second class of terms mentioned above will imply the
relation ¢1(k) + 311 (k) = Si (k).

The evolution equations for the peculiar velocities can now be solved to
the same order and they are:

rikr) =S 0m(2)

T1
27_ . 2
brnller) = ST + ]2 (3108)
27.1 . 2

The evolution equation for the anisotropic stress will finally be solved pro-
vided

k‘27'12

3
Fakr) =0, oyfhir)= o wl(k)—qsl(k)](}l) o (8100)

with the conditions

¢1(k) + 301(k) = Su(k)Qe,
U1(k) — d1(k) = %Ru[(bl(k) + (k)]

where the first condition is just the reminder of what obtained from the
Hamiltonian constraint and the second equality stems from the evolution
of the anisotropic stress. It is easy to see that the conditions given in
Eq. (8.104) are solved provided:

15+ 4R, — _ 15-4R, _

We conclude the discussion on the CDM-radiation mode with two useful
technical remarks. The first one deals with the form of the background
geometry. Instead of taking the interpolating form of the scale factor de-
scribed above and obtained in Eq. (2.93) we could have started at the
beginning with a scale factor valid only in the radiation epoch like, for in-
stance, a(7) ~ 7. In this case the calculation follows the same steps, how-

(8.105)

ever, in the solution of the Hamilonian constraint a factor 1/2 arises as a
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consequence of the fact that, from Eq. (2.93), the limit 7 < 71 implies
a(T) = 2aeq(7/T1) =~ 27. So to make a long story short, the first relation
in Eq. (8.105) will be modified as (¢1 + 391) = S.«(k)Qe/2 since Qc(7)
vanishes, during radiation, as a(7). This difference will propagate also to
Eq. (8.106) and instead of having a factor 4 in the denominator there will
be a factor 8. This is after all a minor point, however the interpolating
parametrization of Eq. (2.93) is to be preferred since it allows, in practice,
not only the evaluation of the lowest order of the solution but also the
higher orders in the expansion.

The second remarks has to do with the constant factor . appearing
in Eq. (8.106). In the limit R, — 0, ¥(k,7) ~ S.(k)Qca(r). In chapter 7
the same expression has been obtained but with Q. — 1. This was correct
since there we only had CDM and no baryons. There exists the habit, in
some literature, to include Q. in the definition of S, (k). This is probably
not the best convention one can imagine.

8.6.2 The baryon-entropy mode

The same algebra leading to the CDM-radiation mode also leads to the
baryon-entropy mode. The important difference resides in the physical
nature of the entropic contribution which arises, in this case, in the baryon-
radiation system. In different words, Eqgs. (8.97) and (8.100) respectively
become

Zdv(k, ) — 60k, 7) = S (k), (8.107)

gdu(k, ) — 60k, 7) = S (k), (8.108)

o) =) vn =Ttk (2 ) (5.109)

1 1

The solution of the evolution equations of the density contrasts will then
give us, to leading order in k7 (or kz), the following conditions:

5, (k,7) = 6, (k,7) = @Ak)(}l),
8o (k, 7) = —S. (k) + 30, (k) (Tll) (8.110)

8ok, 7) = 30, (k) <Til>
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The peculiar velocities can also be obtained by integrating the appropriate
equations and the result is:

2
QC(va) = kQTlal <l> )

T1

1

3
k1 — — T 2
Oy (k,7) = —=(¢1 +¢1)<—> : (8.111)
2 2
0, (k.7) = %(Eﬁ%)(%) |

Also Eq. (8.104) translates easily to the case of baryon-entropy mode:

k.27.12

Fus(k,7) =0, ok, 1) = R

(¥, _51)<T>3. (8.112)

1

The most notable physical difference arises from Eqs. (8.105) and (8.106)
which become, in this case:

&1 (k) + 31, (k) = S. (k)

Fa(K) ~ B2 (0] = 2Rl (8) + T (), (3.113)
¥y (k) = %«%(mﬁb, (8.114)
3.(k) = %&(mﬁb. (8.115)

Therefore, loosely speaking, we could say that the baryon-entropy mode is
the analog of the CDM-radiation mode when the entropy fluctuation resides
mainly in baryons. The nature of the result is, however, physically different.
In the observed Universe we have evidence that the critical faction of CDM
should be larger than the critical fraction in baryons. To make natural the
baryon-entropy initial conditions (even in combination with a predominant
adiabatic contribution) we should somehow assume an energy balance which
is opposite to the observed one and we should posit (in contrast with the
phenomenological evidence) that Qp, > Q..

8.6.3 The neutrino-entropy mode

The neutrino-entropy mode represents another interesting physical situa-
tion. In this case the entropy fluctuations arise in the neutrino-photon
system. Consider, indeed, the circumstance where S,, # 0. For notational
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convenience we will posit that S,~ (k) = Si(k). Using the definition of S,
in terms of ¢, and ¢, (see Eq. (8.95)) we have

Sy (ky ) = Z[&v(k, ) — 6k, 7)] = S (k). (8.116)

The inspection of the Hamiltonian constraint of Eq. (8.3) suggests that the
wanted solution, to lowest order in k7, can be written as

ook
o(k,7) = do(k), ¥ = —y. (8.117)
So the longitudinal fluctuations of the metric are constant and the density

contrasts are given, to the same order in k7, by

8y(k, ) = —260(k) + %S*(k)}zy,

4

8, (k,7) = —2p0(k) — =Su(k)R,, (8.118)

w

op(k,7) = 0c(k,T) = —;qﬁo(k).

The peculiar velocities and the neutrino anisotropic stress can be also com-
puted by direct integration and the result is:

2
0ok 7) = T oo k),

k2T 4 -
Op(k,7) = == [2¢>o(k) - 58*(13)}21,] :
k2 4 (8.119)
0, (k,7) = 4 |:2¢O(k) — ES* (k‘)R,Y:|,
2.2
7ok 7) =~ G0(k),  Fug=0.

Finally, the consistency of Eqs. (8.10) and (8.15) implies a direct relation
between ¢g(k) and S, (k). The relation is:

8R,R, &

An interesting feature of the neutrino-entropy mode is that the curvature
perturbations on comoving orthogonal hypersurfaces' (i.e. R) vanish for

Po(k) =

1'We refer the interested reader to chapter 11 where the physical and geometrical in-
terpretation of R will be more deeply scrutinized. The definition of R in terms of
longitudinal variables has however been already introduced in Eq. (7.101). This defini-
tion suffices for appreciating the statement that, during radiation, the neutrino-entropy
mode leads to a vanishing value of R when the physical wavelengths are larger than the
Hubble radius.
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wavelengths larger than the Hubble radius before equality. This statement
can be verified by using Eq. (8.117) in Eq. (7.101). Recalling that, for
T, H=17"1 R(k) = = — ¢o/2 ~ 0 (for kT < 1). In short, the most
notable features of the neutrino-entropy mode can be summarized, in the
longitudinal gauge, by saying that, to lowest order in k7:

e the longitudinal fluctuations are time-independent and the curva-
ture perturbations vanish;

e the velocity fields are always negligible with respect to the density
contrasts when the relevant wavelengths are larger than the Hubble
radius;

e the density contrasts are time-independent.

These peculiar features are, of course, gauge-dependent. In a different
gauge the properties of the neutrino-entropy mode may look different (see,
in fact, chapter 11). In spite of this, the vanishing of the curvature per-
turbations is a gauge-invariant statement so the neutrino-entropy mode
is really isocurvature. Indeed, as already mentioned, some authors talk
about CDM isocurcature mode, baryon isocurvature mode and so on and
so forth. This terminology is only appropriate at early times since, as we
saw, for these non-adiabatic modes the spatial curvature vanish. We point
out that this is not true, though, after equality and, in particular around
recombination when the curvature fluctuations induced, for instance, by
the CDM-radiation mode do not vanish.

There exists a further non-adiabatic mode that does not arise in the
classification discussed so far. It is customarily called neutrino isocurva-
ture velocity mode. This mode has peculiar features in the sense that it
arises when the momentum constraint is vanishing at early times (see Eq.
(8.71). At early times (pt + pt )6y = 0 and, simultaneously, the total density
is uniform. This requirement, once inserted into the evolution equations in
the longitudinal gauge, entails a singularity in ¢ and 1. The mode, how-
ever, is singular in the longitudinal description but perfectly regular in the
synchronous gauge.’

We conclude this section with two references. They are reported in
Refs. [272, 273] where a classification of the non-adiabatic fluctuations has
been obtained in different (but related) frameworks.

IThe evolution of the fluctuations in the synchronous coordinate system will be dis-
cussed in chapter 11.
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8.7 Numerics in the tight-coupling approximation

It is useful to discuss some simplified example of numerical integration in
the tight-coupling approximation. The idea will be to integrate numerically
a set of equations where:

e baryons and photons are tightly coupled and the only relevant ve-
locity fields are 6. and 60y;

e neutrinos will be assumed to be absent;

e the evolution of the scalar modes will be implemented by means of
R and ¢ (i.e. by using Eq. (7.103)).

Since neutrinos are absent there is no source of anisotropic stress and the
two longitudinal fluctuations of the metric are equal, i.e. ¢ = 1. Conse-
quently, the system of equations to be solved becomes

k2c2H H
R = ——= - OPnads 8.121
HQ_HW ooty e ( )
H' H'
"= —(2H- = )y — (H- =R, 8.122
o= (- ) (n-T5) (3.2
4

& =4’ — 20b, (8.123)

/ HRb k2 2
= 0 5+ k 8.124
T TRl T iR T v (8.124)
d, =3¢ — b, (8.125)
0, = —Hb. + k*y. (8.126)

Since the matter-radiation transition is crucial, the background will be
parametrized by using Eq. (2.93). As already discussed in this chapter,
from Eq. (2.93) the explicit expressions of H and H’ easily follow and
they have been already reported in Eq. (8.98) in terms of the rescaled
time coordinate x = 7/71. The results of chapter 7 (see, in particular,
Eqgs. (7.97)) can be used to express the barotropic index and the non-
adiabatic pressure fluctuations in more explicit terms:

4 1 a
cst = gma 0Pnad = pccgt8*7 Ol(x) = CL_eq = ((E2 +2$) (8127)
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With these specifications the evolution equations given in (8.121)—(8.126)
become

dR _dz(z+1)(z+2) 8(x + 1)S.

©3 - 12
iz 332+ 6r+a2" Y B2 46z AR (8.128)
i 3¢ + 62 +4 522 + 10z + 6
dr - 12
do., 4(32% + 6z + 4) 4(52% + 10z + 6) i
dr - - 1
- @i DEt2) N aaiDerz L3t G130)
db.y, 2R, (z+1) K2 ,
T 6 131
dz Ry +1z(z+2) 4(1+Rb)7+/€¢a (8.131)
2 2 i
e 3(32%+6x+4) ,  3(52° + 10z + 6)1/) i s.15)
dx z(z+ 1)(z + 2) z(z+ 1)(z + 2)
T a(@+2) 1
dx (x+2)‘9 + K. (8.133)

In Eqgs. (8.128)—(8.133) the following rescalings have been used (recall the
role of 7 arising in Eq. (2.93)):

k= kT, 01 = 71601, . = T16,. (8.134)
The system of equations (8.128)—(8.133) can be readily integrated by giving
initial conditions at z; < 1. In the case of the adiabatic mode (which is
the one contemplated by Eqgs. (8.128)—(8.133) since we set dpnaq = 0) the
initial conditions are:

R(ai) = Y(w) = —3R..
’Y(xl) = =2, éwb(ffi) =0,
o) = du() =~ feln) =0, (3.135)

and S, = 0 in Eq. (8.128). It can be shown by direct numerical integra-
tion that the system (8.128)—(8.133) gives a reasonable semi-quantitative
description of the acoustic oscillations. To simplify initial conditions even
further we can indeed assume a flat Harrison-Zeldovich spectrum and set
R.=1.

The same philosophy used to get to this simplified form can be used
to integrate the full system. In this case, however, we would miss the
important contribution of polarization since, to zeroth order in the tight-
coupling expansion, the CMB is not polarized. In Figs. 8.4 and 8.5 the
so-called Doppler (or Sakharov) oscillations are reported for fixed comov-
ing wave-number k and as a function of the cosmic time coordinate. The
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Fig. 8.4 The The (ordinary) SW and Doppler contributions are illustrated as a function
of the conformal time at fixed comoving wave-number (in units of Mpc~™!). The initial
conditions are adiabatic.

plots illustrate two different values of k in units of Mpc™! in the case of

adiabatic initial conditions (see Eq. (8.135)). In each plot the ordinary

Sachs-Wolfe contribution and the Doppler contributions are illustrated, re-

spectively, with full and dashed lines. To make the plot more clear we just

report the Fourier mode and not the Fourier amplitude (which differs from

the Fourier mode by a factor k3/2). The quantity Uyp 1s simply Hyb/(\/gk).
From Figs. 8.4 and 8.5 two general features emerge:

e in the adiabatic case the ordinary Sachs-Wolfe contribution oscil-
lates as a cosine;

e in the adiabatic case the Doppler contribution (proportional to the
peculiar velocity of the baryon-photon fluid) oscillates as a sine.

This rather naive observation has non-trivial consequences. In particular,
the present discussion does not include polarization. However, the tight-
coupling approximation can be made more accurate by going to higher
orders. This will allow us to treat polarization (see chapter 9). Now, the @
Stokes parameter evaluated to first-order in the tight-coupling expansion
will be proportional to the zeroth-order dipole. It is also useful to observe
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Fig. 8.5 The same quantities reported in Fig. 8.4 are illustrated but for a different

value of the comoving wavenumber.

that in the units used in Figs. 8.4 and 8.5 the decoupling occurs, as dis-
cussed in connection with Eq. (2.93), for 7gec ~ 284 Mpc. The equality
time is instead for 7oq ~ 120 Mpc. In Figs. 8.6 and 8.7 the ordinary
Sachs-Wolfe contribution and the Doppler contribution are illustrated at
fixed time (coinciding with 74ec) and for different comoving wave-numbers.
It is clear that the ordinary Sachs-Wolfe contribution gives a peak (the so-
called Doppler peak) that corresponds to a mode of the order of the sound
horizon at decoupling (see Eq. (9.151) in the following chapter). Note that
because of the phase properties of the Sachs-Wolfe contribution there is a
region where the ordinary Sachs-Wolfe contribution is quasi-flat. This is
the so-called Sachs-Wolfe plateau. Recall that, for sake of simplicity, the
curvature fluctuation has been normalized to 1 and the spectrum has been
assumed scale-invariant. This is a rather crude approximation that has been
adopted only for the purpose of illustration. Finally it should be remarked
that diffusive effects, associated with Silk damping, have been completely
neglected. This is a bad approximation for scales that are shorter than the
scale of the first peak in the temperature autocorrelation. It should be how-
ever mentioned that there are semi-analytical ways of taking into account
the Silk damping also in the framework of the tight-coupling expansion. In
the tight-coupling expansion the Silk damping arises naturally when going
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Ordinary Sachs—Wolfe contribution
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Fig. 8.6 The ordinary Sachs-Wolfe contribution is illustrated as a function of the co-
moving momentum at a fixed value of the conformal time. The initial conditions are
adiabatic. On the horizontal axis, the base 10 logarithm of the comoving wave-number
(in units of Mpc™1!) is reported.

to second-order in the small parameter that is used in the expansion and
that corresponds, roughly, to the inverse of the photon mean free path (see
chapter 9).

Let us now move to the case of the non-adiabatic initial conditions. In
this case, as already discussed, the curvature fluctuations vanish in the limit
x — 0 and, in particular, the CDM-radiation non-adiabatic mode implies
that

R(ﬁl) = ——
0 (1) = Sy + %S*, 0. (;) = 0, (8.136)

dc(i) = Op(z5) = %S*xi, 0c(5) = 0.

In Figs. 8.8 and 8.9 the (ordinary) SW and Doppler contributions are
reported for fixed comoving wave-numbers and as a function of the con-
formal time. Figs. 8.8 and 8.9 are the non-adiabatic counterpart of Figs.
8.4 and 8.5. It is clear that, in this case, the situation is reversed. While
the adiabatic mode oscillates as cosine in the ordinary SW contribution,
the non-adiabatic mode oscillates as a sine. Similarly, while the (adiabatic)
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Doppler contribution
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Fig. 8.7 The Doppler contribution is illustrated, for adiabatic initial conditions, as
a function of the comoving momentum (and at a fixed value of the conformal time
coordinate). On the horizontal axis the base 10 logarithm of the comoving wave-number
is reported.

Doppler contribution oscillates as a sine, the non-adiabatic Doppler term
oscillates as cosine. The different features of adiabatic and non-adiabatic
contributions are even more evident in Fig. 8.10 and 8.11 which are the
non-adiabatic counterpart of Figs. 8.6 and 8.7. Purely non-adiabatic ini-
tial conditions are excluded by current experimental data. However, a
mixture of non-adiabatic and adiabatic initial conditions may be allowed
as in the case of isocurvature modes induced by large-scale magnetic fields
(see [253-255]).

8.7.1 Interpretation of the numerical results

The numerical results obtained so far can be corroborated by analytical so-
lutions. In particular, for this purpose a useful tool is Eq. (8.83). Consider,
in particular, the case where the longitudinal fluctuation of the metric is
constant, i.e. ¢(k) = Y(k) = ¢pm(k) = (9/10)¢;(k) (recall the discussion
of chapter 7 on the super-Hubble evolution of curvature perturbations, i.e.
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Fig. 8.8 The ordinary Sachs-Wolfe contribution is illustrated for non-adiabatic initial
conditions (i.e. CDM-radiation mode). The comoving momentum is fixed.

Eqgs. (7.75) and (7.104)). In this case Eq. (8.83) becomes:

a5, 4, ds, k? 452
T M+ b = — o, (8.137)

The solution of the full equation will be given by the general solution of
the homogeneous equation supplemented by a particular solution of the full
equation. The particular solution can be easily found by inspection, i.e.

3, (k) = —éqsm(k). (8.138)

The general solution of the homogeneous equation is, in the WKB approx-

imation,
0y (k,T) = /csp {Cl (k) cos <k/csbd7>
+ Ca(k) sin (k / csde) } 67];_21), (8.139)
where

2
2= 2 / —_Gb g (8.140)
D 5 /) (a/ag)nereorn

The integration constants C1 (k) and Cs (k) appearing in Eq. (8.138) can be
determined by matching the solution to the value of the SW contribution
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Fig. 8.9 The Doppler contribution is illustrated for the case of the CDM-radiation
mode. As in Fig. 8.8 the comoving momentum is fixed while the velocity depends upon
the conformal time coordinate.

when the relevant modes have wavelengths larger than the Hubble radius.
In particular, in the adiabatic case we will have

0y (k,T) N 1
20D st = (1 7 Jon®)

_ k2
+ C1(k) Csb, COS <I€/csbd7>e D (8.141)

4

showing that, indeed, for fixed comoving wave-number, the SW contribu-
tion oscillates like the cosine (see also Fig. 8.4). Furthermore, the baryon-
photon velocity field will now be given by

O = 3y = —3kc¥?Cy (k) sin <k/csbdr> e *B, (8.142)

showing that the Doppler contribution oscillates like a sine (see Figs. 8.4,
8.5 and 8.7). It is exactly the interplay of these two behaviours that will
lead to the position and height of the Doppler peak in the temperature
autocorrelations. The situation described for adiabatic initial conditions
is clearly reversed when non-adiabatic initial conditions dominate. In the
latter case the ordinary SW contribution goes as a sine while the Doppler
term as a cosine (see Figs. 8.9 and 8.11). The baryon-to-photon ratio can
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Ordinary Sachs—Wolfe contribution
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Fig. 8.10 The ordinary Sachs-Wolfe contribution is illustrated for a fixed value of the
conformal time coordinate while. The initial conditions corresponds to the ones dic-
tated by the CDM-radiation mode. On the horizontal axis the base 10 logarithm of the
comoving wave-number (in units of Mpc™1) is reported.

be referred to the redshift of recombination zye. >~ 1050. Thus we have,
from Eq. (8.67)

3 pb thb 1051
Riec = —— = 0.669 , 8.143
4 py <0.023 Zree + 1 ( )

where, by definition, Ryec = Rb(Trec). It is now interesting, also in the light
of forthcoming applications, to write the arguments of the cosine and sine
appearing, respectively, in Eqgs. (8.141) and (8.142) in a slightly different
form by introducing the parameter + which is implicitly defined by the
following relation:

vkTo = k/ csh(T)dT, (8.144)
0

where 7y is the present value of the conformal time coordinate. Equation
(8.144) implies, using Eq. (8.80) which defines cqp(7),

1 1 Trec d
S L (8.145)

V3710 Jo  \/1+Rp(r)
To obtain the explicit expression of v we have to write in explicit form Ry, (7)
since, afterwards, the integral indicated in Eq. (8.145) has to be solved.
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Doppler contribution
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Fig. 8.11 The Doppler contribution is illustrated for the same initial conditions used
to obtain Fig. 8.10. On the horizontal axis the base 10 logarithm of the comoving
wave-number is reported.

There are two ways to express Ry(7) which can be both useful, in slightly
different ways. Recalling that, according to Eq. (2.93), a(T) = aeq(2? +22),
Eq. (8.67) implies that Ry, (1) = B(2? + 2x) where the quantity denoted by
3 is simply given by*:

h2Q0 \ Geq h3m0 \ [ h3QMmo0 -
= . — ~0.21 . .14
b =698 38( 0.023 ) e G XY ANREY (8.146)

Looking together at Egs. (8.143) and (8.146) it is also clear that:

Zrec + 1 h3 Qo 1051
= Rree , Ryee = 0.664 . (8.147
g ( Zeq + 1 ) ( 0.023 ) \ zrec + 1 ( )

Equation (8.147) expresses the second (useful) form which allows to write
Ry (7) in explicit terms.
Let us therefore write v from Eq. (8.145):

_Lﬁ/yd—x
TS Bty YIT e 12

where y = Tyec/71. The indefinite integral appearing in Eq. (8.148) can be

(8.148)

kNote that ag/aeq = (zeq + 1) and (zeq 4+ 1) have been expressed by using Eq. (2.89).
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easily obtained with elementary methods and the result is:

Y dx 1 ’
/0 Nexzrrr ﬁln[2\/5(x+l)+2\/m} .

(8.149)
Recalling that, according to Eqgs. (2.122), (2.123) and (2.124),
rec T
T T Tree 22 (8.150)
70 Trec T0O v/ %eq
we will have Eq. (8.148) that becomes:
_ 1 Ty [BA+y)+ 1+ 8y(y+2)
N = : (8.151)
V35 y/Zeq VB+1

This is the first useful expression of v whose explicit value can be obtained
by simply recalling that:

Trec Zeq + 1
= =41+ =2—= 1 8.152
Y T1 * Zrec T 1 ( )

Recalling now Eq. (8.147) and using it into Eq. (8.151) we have a second
useful expression for v, namely:

1 TA [1+ ilc:.tll]Rrec + V14 Rrec
v = In
vV 3Rrec \/ Rrec 1+ /Rrec ercci‘ll

where, in the pre-factor, zeq + 1 has been approximated by z.q. The value

(8.153)

of 7 can now be plotted for different choices of the cosmological parameters.
In Figs. 8.12 and 8.13 the variation of + is illustrated. From Figs. 8.12
and 8.13 it appears that v decreases when the critical fraction of baryons
and the redshift to recombination increase. On the contrary, an increase in
Qo entails an increase in . These observations will turn out to be useful
to gain some intuition on the dependence of temperature autocorrelations
upon the cosmological parameters.

8.7.2 Numerical estimates of diffusion damping

It is interesting, as a preparation for the subsequent applications

e to estimate the Silk damping scale as defined in Eq. (8.140);
e to estimate the phases of the oscillations as they emerge from Eq.
(8.141).
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Fig. 8.12 The variation of v as a function of Q.

Consider then Eq. (8.140) which can be also written as
T 2
1 2 1
. / <“(T)> 2 (7). (8.154)
kS (1) 5 mpnyjooThTe Jo ao
Concerning Eq. (8.154) in comparison with Eq. (8.140) we have to remark
the following:

e the electron concentration n, can be always expressed in terms of
the baryonic charge since the Universe is assumed to be neutral,
ie. ne(r) =ng(r) = npny(7);

e the photon concentration at the time 7 is related to the present
electron concentration as n+(7) = n(ao/a)?;

e the diffusion scale is time-dependent.

Using then the explicit form of the scale factor across radiation-matter
equality, Eq. (8.154) can also be written, for 7 ~ Tye, as

1 ) 71 Y Tree/T1 (22 + 22)2

% 15 b1 y00 Th (1 zea) /0 1+ B(2? + 22) o (8:159)
where we used the fact that (aeq/a0)? = (1 + zeq) ~2; Eq. (8.146) has been
also used to obtain the explicit form of the sound speed. Recall, finally,
that according to the parametrization of Eq. (2.93), + = 7/71. Equation
(8.155) can now be evaluated in two different cases:
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Fig. 8.13 The variation of v as a function of zrec.

e the first case corresponds to set 4 = 0; in this case the integral over
x becomes simple and, effectively, this assumption amounts to set
esb = 1//3;

e the second case corresponds to keep [ # 0.

Let us first proceed along the first case and then briefly discuss the second
case.

If 5 =0 we will have that the integral appearing in Eq. (8.155) can be
approximated as follows:

Trcc/Tl 5 4 Trec/Tl 1 5
/0 (z% + 2x)? = [% + §x3 + ;v4] ~ 2 <Tﬁ) . (8.156)
0

which is justified since Tyec/71 > 1. Consequently, using Eq. (8.156) inside
Eq. (8.155) (and dividing both sides by 72_) the following expression can
be easily obtained:

3
1 2 1 Trec
2 . 8.157
klg)TrQec 75 ThN~TeOThT1 < T1 ) ( )
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Let us therefore plug the appropriate numerical values into Eq. (8.157).
The values of the various constants are':
h2Qno
=627 x 10710 220,
" < 0.023
oth = 6.65 x 1072% cm?,

ny =411cm™3,

-1
L 1 hgQmo
<ao ) B 3228.91( 0.134 (8.158)
Trec ~ Zeq + 1
1\ Zree + 17

_ h3o\ ™
71 = 288.25 < 0.134 Mpec.

Notice that the value of 71 has been already computed in Eq. (2.94) but
we found it practical to recall it explicitly. Moreover, the exact expression
of Tree/T1 18

Trec

_fry 2l
1 zrec+1

which reduces to the estimate of Eq. (8.158) since zeq/zrec > 1. With the
numerical values listed in Eq. (8.158) it is easy to find that

2 —-1/2 2 1/4 3/4
L 963 x10-2( fofho hif o L0507 ™ (8.160)
kD Trec 0.023 0.134 Zrec

1, (8.159)

Recalling the numerical value of 7. in Mpc we do find that, depending on
the values of the cosmological parameters kp s around 3 to 5 Mpc.
What happens now if 5 # 07 If 8 # 0 the new result will differ from
the old (i.e. 8 = 0) result by the multiplicative factor
5 (Y (224 22)?
Oy, ) = —5/ % T,
y> Jo 14 B(2? + 22)
where, as in Eq. (8.148), the notation y = 7yec/71 has been used. The
indefinite integral appearing in Eq. (8.161) can be solved with elementary
methods and the result is

(8.161)

arctan {M}

(2+x)[ﬁ(m2+x—2)—3]+ V1P
36 Be21 =3

I'We recall that 1 Mpc = 3.086 x 1024 cm.

(8.162)
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The quantity Q(y,5) can then be precisely computed. It turns out that
this quantity is rather sensitive to the estimate of y. For instance, if we take
Y = Trec/T1 We get Q@ ~ 1.5 which is pretty good™ since the approximation
of setting 8 = 0 would give Q = 1. If, however, we estimate y according to
the exact expression of Eq. (8.159) we get Q ~ 5.11. This shows that the
presented estimate of the diffusion damping is larger by a factor v/5.11 ~
2.26 than what is reported in Eq. (8.160). This boils down, ultimately, to
the occurrence that 9.63 x 10~ must be replaced by 2.17 x 10~2.

So we can conclude that the approximation of setting 5 = 0 underesti-
mates (roughly by a factor of 2) the estimate of diffusion damping based
on shear viscosity. This result could have been expected not so much for
numerical reasons but simply because, in the present treatment, diffusion
damping is just added and not computed. It will be shown in chapter 9
that diffusion damping arises naturally when going to second order in the
tight-coupling expansion. To get to that point, however, it will be crucial
to solve also the first-order and to consistently include the polarization. It
will be actually shown that polarization affects, in a rather subtle way, the
determination of the diffusion damping scale.

MFor this estimate we have chosen 8 = 0.66 which is the value implied by Egs. (8.143)
and (8.146).



Chapter 9

Kinetic Hierarchies

The effect of metric inhomogeneities on the properties of the radiation field
will now be analyzed using the radiative transfer (or radiative transport)
equations. A classical preliminary reference is the textbook of Chandrasekar
[274] (see in particular chapter 1 in light of the calculation of the collision
term of Thompson scattering that is quite relevant here for us). Another
recent reference is [275]. In broad terms the radiative transfer equations de-
scribe the evolution of the Stokes parameters of the radiation field through
some layer of matter which could be, for instance, the stellar atmosphere
or, in the present case, the primeval plasma around decoupling.

Radiative transfer equations have a further complication with respect
to the flat space case: the collisionless part of the Boltzmann equation is
modified by the inhomogeneities of the geometry. These inhomogeneities
induce a direct coupling of the Boltzmann equation to the perturbed Ein-
stein equations. An interesting system of equations naturally emerges: the
Einstein-Boltzmann system of equations which becomes, when appropri-
ately truncated, the multi-fluid treatment developed in chapters 7 and 8. In
the multi-fluid approach the Einstein equations are coupled to a set of fluid
equations for the density contrasts and for the peculiar velocities. These
are, indeed, the first two terms (i.e. the monopole and the dipole) in the
Boltzmann hierarchy. Truncated Boltzmann hierarchies are a useful tool
for the analysis of initial conditions, but their limitations have been already
emphasized in connection with the description of collisionless particles (see
chapter 8).

While the general conventions established in the previous chapters will
be consistently enforced, further conventions (related to the specific def-
inition of the brightness perturbations) will emerge.* Denoting by A a

2See Eqs. (9.59)—(9.62) below for the definition of brightness perturbation.
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brightness perturbation (related generically to one of the four Stokes pa-
rameters of the radiation field), the expansion of A in terms of Legendre
polynomials will be written, in this paper, as

Ak, ) =Y (=)' (20+ 1) Ag(k, ) Po(k - #). (9.1)
4

Concerning Eq. (9.1) the following specifications are in order:

e [ is the momentum of the Fourier expansion, k its direction;
e 7 is the direction of the photon momentum;
e Py(k-n) are the Legendre polynomials [215, 216].

The same expansion will be consistently employed for the momentum aver-
aged phase-space density perturbation (see below Eq. (9.20)). This quan-
tity will be also called, for short, reduced phase-space density and it is
related to the brightness perturbation by a numerical factor. In the litera-
ture there exist different (and sometimes mutually confusing) conventions:

e the conventions of [276, 277, 279] (see also [280]) are such that the
factor (2 + 1) is not included in the expansion;

e in [276-278] the metric fluctuations are parametrized in terms of
the Bardeen potential while in [279] the treatment follows the con-
formally Newtonian gauge;

e in [197] the conventions are the same as the ones of Eq. (9.1)
but the metric convention is mostly plus (i.e. —,+,+,+) and the
definition of the longitudinal degrees of freedom is inverted (i.e.
Ref. [197] calls ¢ what we call ¢ and viceversa);

e in [281-283] (see also [284, 285]) the expansion of the brightness
perturbation is different with respect to Eq. (9.1) since the au-
thors do not include the factor (—4)* in the expansion; in the latter
case the collision terms are modified by a sign difference in the
dipole terms (involving a mismatch of (—i)? with respect to the
conventions fixed by Eq. (9.1)).

9.1 Collisionless Boltzmann equation

If the space-time would be homogeneous the position variables 2* and the
conjugate momenta P; could constitute a practical set of pivot variables for
the analysis of Boltzmann equation in curved backgrounds. However, since,
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in the present case, the space-time is not fully homogeneous, metric pertur-
bations do affect the definition of conjugate momenta. Hence, for practical
reasons, the approach usually followed is to write the Boltzmann equations
in terms of the proper momenta, i.e. the momentum measured by an ob-
server at a fixed value of the spatial coordinate. Consider, for simplicity,
the case of massless particles (like photons or massless neutrinos). Their
mass-shell condition can be written, in a curved background, as

gapP*PP =0, (9.2)
where gog is now the full metric tensor (i.e. background plus inhomo-
geneities). Equation (9.2) implies, with simple algebra, that:

gooP°P? = —g;; P'P7 = b;;p'p, (9.3)

where the second equality is the definition of the physical three momentum
pi. Recalling that, to first order and in the longitudinal gauge,

goo = a2(1 + 2(;5)7 Gij = —a2(1 - 2’(#)(5@‘, (94)

then the relation between the conjugate momenta and the physical three-
momenta can be easily obtained by expanding the obtained expressions for
small ¢ and 1. The result is simply:

PP=2(1-9) = 5(1-9)
Py =ap(1+6) = (L + )

7
P=Eyyy = L),
Py =—api(1 —¢) = —q:(1 =)
The vector ¢; defined in Eq. (9.5) is nothing but the comoving three-
momentum, i.e. p;a = ¢;, while ¢ = pa is the modulus of the comoving
three-momentum. The generalization of Eq. (9.5) is trivial since, in the
massive case, the mass-shell condition implies that gagPo‘Pﬁ = m?2 and, for

instance P = 1/¢% + m2a2(1 — ¢). In terms of the modulus and direction
of the comoving three-momentum [286], i.e

¢ =qn;, nn' = nmjdij =1, (9.6)
the Boltzmann equation can be written as

Df _of , ofdit 0fdg  Of dn'
Dr  Oor Oxtdr Oqdr  On; dt

= Ceoll, (9.7)
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where a generic collision term, Cco; has been included for future conve-
nience. Eq. (9.7) can now be perturbed around a configuration of local
thermodynamic (or kinetic) equilibrium® by writing

F@t angom) = fo(@L + (', 4,5, 7)), (9:8)
where fo(g) is the Bose-Einstein (or Fermi-Dirac in the case of fermionic
degrees of freedom) distribution. Notice that fo(g) does not depend on n’

but only on ¢. Inserting Eq. (9.8) into Eq. (9.7) the first-order form of the
perturbed Boltzmann equation can be readily obtained

afw aft . 9fodg _
fo(q) g + fo(q) o " g o Ceoll, (9.9)
by appreciating that a pair of terms
of™ dg of ™ dn’
dq dr’ on; dr’ (9.10)

are of higher order (i.e. O(1?)) and have been neglected to first-order.
Dividing by fo, Eq. (9.9) can also be written as
of afM . 9lnfydg 1
—n - = _Ccoll~
or oxt dq dr fo
Notice that in Eq. (9.9)-(9.11) the generalization of known special rela-
tivistic expressions

(9.11)

dzt  P* ¢ .
——_ 1 _ a2
dr PO q e (9-12)

has been used. To complete the derivation, dg/dr must be written in ex-

plicit terms. The geodesic equation gives essentially the first time derivative
of the conjugate momentum, i.e.
Iz i
% = PO% = I, PP’ (9.13)
where A is, as usual, the affine parameter; I‘Zﬁ denotes the full Christoffel
connection (background plus fulctuations). Using the values of the per-
turbed connections in the longitudinal gauge Eq. (9.13) becomes:

dP' % % 3 Pip* % 3 3
= —9'¢PY 4 2¢/ P* — 2HP' — =5 [0"05 — Okapd’ — 0;0067]. (9.14)

Recalling now that ¢ = ¢;n’, the explicit form of dq/dr can be obtained
from Eq. (9.14) and by taking into account the results of Eq. (9.5). The
result is:
d OP? . . , ,
d_q =13 a?(1—1)+2Ha?*(1— ) P* —a®y' P*|n; — P'a®d;¢m?n,. (9.15)
T T

bSee Appendix B for a definition of thermodynamic, kinetic and chemical equulibria.
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Inserting now Eq. (9.14) into Eq. (9.15) the explicit form of dq/dr becomes®
dq .
P = q)' — qn;0'¢. (9.16)
Finally, using Eq. (9.16) into Eq. (9.11) to eliminate dg/d7 the final form
of the Boltzmann equation for massless particles becomes:

afm ;0f0 51nf0 ia 1
or n ozt 8111 [¢ — 10 (b] = %Ccolla (917)
which can be also written, going to Fourier space, as
o a1
f + ik f (1) + IlfO [¢ — 1k ¢] f coll; (918)
0

where we have denoted, accordmg to the standard notation, k as the Fourier
mode and u = k-7 as the projection of the Fourier mode along the direc-
tion of the photon momentum.? Clearly, given the axial symmetry of the
problem it will be natural to identify the direction of k with the 2 direction
in which case u = cos 6. The result obtained so far can be easily generalized
to the case of massive particles

afm o1 . 1
g +ia(q, )kuf(l) + aanJ;OW —ia(q, m)kpg] = %

where a(g,m) = q/+/q*> + m?a? and where, the appropriate mass depen-
dence now has to appear in the equilibrium distribution fy(q).

Ceoll, (9.19)

9.2 Boltzmann hierarchy for massless neutrinos

The Boltzmann equations derived in Egs. (9.18) and (9.19) are general.
In the following, two relevant cases will be discussed, namely, the case of
massless neutrinos and the case of photons. In order to proceed further
with the case of massless neutrinos let us define the reduced phase-space
distribution as

- [ @*dqfof®
Folk,n, 1) = —F"F—.
( ) J @*dafo

¢To derive Eq. (9.16) from Eq. (9.15), the factors P* and P° appearing at the right
hand side Eq. (9.14) have to be replaced with their first-order expression in terms of the
comoving-three momentum g (and q) as previously discussed in Eqs. (9.5).

(9.20)

dNotice that here there may be, in principle, a clash of notations since, in chapter 6
we denoted with p the normal modes for the tensor action; in the present section ¢ and
1 denote, on the contrary the comoving three-momentum and the cosine between the
Fourier mode and the photon direction. The two sets of variables never appear together
and there should not be confusion.
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Equation (9.18) becomes, in the absence of collision term,

8; =4 — ikpg). (9.21)

The factor 4 arising in Eq. (9.21) follows from the explicit expression of
the equilibrium Fermi-Dirac distribution and observing that integration by

parts implies
3d =—4 / 3dq fo. 9.22
/0 Cdag [ a afo (9:22)

The reduced phase-space distribution of Eq. (9.20) can be expanded in
series of Legendre polynomials as defined in Eq. (9.1)

) Pi(p)- (9.23)

©

Fok,n 1) = (=" 20+ 1) Fue(k,
¢

Equation (9.23) will now be inserted into Eq. (9.21). The orthonormality

relation for Legendre polynomials [215, 216],

Po(p) Por ( —5 / .24
/ (1) Per ( TR (9.24)
together with the well-known recurrence relation

(£+ 1) Pryr(p) = 20+ D)pPy(p) — P (), (9.25)

allows us to get a hierarchy of differential equations coupling together the
various multipoles. After having multiplied each of the terms of Eq. (9.21)
by u, integration of the obtained quantity will be performed over u (varying
between —1 and 1); in formulas:

/ 11 P () Fydp = 2(—i)" Foer, (9.26)

ik /11 Py (n)Fodp = 2ik {( i) “;;,111}1(“1)
+(—i)f %,ﬁ Ik (9.27)
4 [ 11 V' Py (p)dp = 8¢'dy0, (9.28)

1
‘ 8.
—42(1)/ Py (p)dp = —glk(bég/l. (9.29)
~1

Equation (9.27) follows from the relation

! 2 [¢+1 v
/ ) 1P (p) Pe (p)dp = [

s e — 9.30
2011 |2r 1ot gy e (930)
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that can be easily derived using Eqgs. (9.25) and (9.24). Inserting
Egs. (9.26)—(9.29) into Eq. (9.21) the first example of Boltzmann hierarchy
can be recovered:

o = —kFu1 +4¢, (9.31)
k 4
= g[]:uo —2F 2] + 3k, (9.32)
k
Foe = grrltFue—n — €+ DF i) (9.33)

Equation (9.33) holds for £ > 2. Egs. (9.31) and (9.32) are nothing but
the evolution equations for the density contrast and for the neutrino veloc-
ity field. This aspect can be easily appreciated by computing, in explicit
terms, the components of the energy-momentum tensor as a function of
the reduced neutrino phase-space density. In general terms, the energy-
momentum tensor can be written, in the kinetic approach, as

3 v
| = ra P, (9.34)

Let us now verify that Eq. (9.34) indeed reproduces correctly the defini-
tions of the various multipoles as we know them. Notice, first of all, that

according to Eq. (9.5),
d*P  dPydP,dPs B d3q(1 — )3 (9.35)
V=i veg | aee) a-zpr

Consider, therefore, the (00) component of Eq. (9.34), i.e

%__/@ — (1 =96 [folg) + fV(@ivqny )] (9:36)

where we used that Py = ¢(1 + ¢). Therefore, to lowest order and for the
neutrinos we will have:

T = -

m:%/fmmw (9.37)

i.e. the homogeneous energy density. Using the first-order phase space
density, the density contrast, the peculiar velocity field and the fact that
the neutrino anisotropic stress are connected, respectively, to the monopole,
dipole and quadrupole moments of the (reduced) phase-space distribution:

1 .

5, = L / dOF, (F, i) = Foo, 9.38)
47
31 - - 3

0, = — [ dQk - 2)F,(k,n,7) = —kF,1, (9.39)
167 4

oy = dQ[(E-ﬁ)2 —~ —]fV(E,ﬁ,T) =2 (9.40)
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Inserting Egs. (9.38) and (9.40) into Egs. (9.31)—(9.33), the system follow-
ing from the perturbation of the covariant conservation equations can be
easily recovered

4
5, = —3t+ 4, (9.41)
/ k2 2 2
0, = 0 = Koy + k%9, (9.42)
4 3
/ [ep— [N —
oy = 150 = 1ghFvs; (9.43)

For the adiabatic mode, after neutrino decoupling, 5,3 = 0. The problem
of dealing with neutrinos while setting initial conditions for the evolution of
the CMB anisotropies can be now fully understood. The fluid approxima-
tion implies that the dynamics of neutrinos can be initially described, after
neutrino decoupling, by the evolution of the monopole and dipole of the
neutrino phase space distribution. However, in order to have an accurate
description of the initial conditions one should solve an infinite hierarchy of
equations for the time derivatives of higher order moments of the neutrino
distribution function. Similar remarks will hold, with due differences, for
the photons.

Equations (9.31)-(9.33) hold for massless neutrinos but a similar hi-
erarchy can be derived also in the case of the photons or, more classi-
cally, in the case of the brightness perturbations of the radiation field
to be discussed below. The spatial gradients of the longitudinal fluctu-
ations of the metric are sources of the equations for the lowest multi-
poles, i.e. Egs. (9.31) and (9.32). For ¢ > 2, each multipole is cou-
pled to the preceding (i.e. (¢ — 1)) and to the following (i.e. (¢ + 1))
multipoles. To solve numerically the hierarchy one could truncate the
system at a certain fp,,x. This is, however, not the best way of deal-
ing with the problem since [197] the effect of the truncation could be an
unphysical reflection of power down through the lower (ie. ¢ < fpax)
multipole moments. This problem can be efficiently addressed with the
method of line-of-sight integration (to be discussed later in this sec-
tion) that is also rather effective in the derivation of approximate ex-
pressions, for instance, of the polarization power spectrum. The method
of line-of-sight integration is the one used, for instance, in CMBFAST
[289, 290].
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9.3 Brightness perturbations of the radiation field

Unlike neutrinos, photons are a collisional species, so the generic collision
term appearing in Eq. (9.19) has to be introduced. With this warning in
mind, all the results derived so far can be simply translated to the case
of photons (collisionless part of Boltzmann equation, relations between the
moments of the reduced phase-space and the components of the energy-
momentum tensor...) provided the Fermi-Dirac equilibrium distribution is
replaced by the Bose-Einstein distribution.

Thompson scattering leads to a collision term that depends both on the
baryon velocity field® and on the direction cosine p [274]. The collision
term is different for the brightness function describing the fluctuations of
the total intensity of the radiation field (related to the Stokes parameter
I) and for the brightness functions describing the degree of polarization of
the scattered radiation (related to the Stokes parameters U and V).

The conventions for the Stokes parameters and their well known prop-
erties will now be summarized: they can be found in standard electro-
dynamics textbooks [287] (see also [288, 292, 293] for phenomenological
introduction to the problem of CMB polarization and [284] for a more the-
oretical perspective). Consider, for simplicity, a monochromatic radiation
field decomposed according to its linear polarizations and travelling along
the z axis:

E = [Eré, + Eye,)etFz=wh), (9.44)

The decomposition according to circular polarizations can be written as:

E = B, +é E_]eilkzwt), (9.45)
where
1
€y = E(éz +iéy), (9.46)
1
E- = —=(é, —iéy). (9.47)

Eq. (9.46) is conventionally defined to be a positive helicity, while Eq. (9.47)
is the negative helicity. Recalling that E; and Es can be written as

Ey = E e+, Ey = E,e®, (9.48)

€Since the electron-ion collisions are sufficiently rapid, it is normally assumed, in ana-
lytical estimates of CMB effects, that electrons and ions are in kinetic equilibrium at a
common temperature Tgy,.
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the polarization properties of the radiation field can be described in terms
of 4 real numbers given by the projections of the radiation field over the
linear and circular polarization unit vectors, i.e.

(o E), (6y-E), (¢4 -E), (¢--E), (9.49)

The four Stokes parameters then become, in the linear polarization basis

I=é, E|*+é, EI>=E2? + E2, (9.50)
Q=lé. E|*—|é, E|* = E2 - E2, (9.51)
U = 2Re[(é, - E)*(éy - E)] = 2E,E, cos (8, — 6..), (9.52)
V = 2Im|[(é, - E)*(é, - E)] = 2E,E, sin (8, — ). (9.53)

Stokes parameters are not all invariant under rotations. Consider a two-
dimensional (clock-wise) rotation of the coordinate system, namely

€l = cos e, + sinpé,,
&, = —sinpé, + cos pé,. (9.54)

Inserting Eq. (9.54) into Egs. (9.50)—(9.53) it can be easily shown that
I' = I and V' = V where the prime denotes the expression of the Stokes
parameter in the rotated coordinate system. However, the remaining two
parameters mix, i.e.

Q' = cos 2pQ + sin 2pU,
U' = —sin2¢Q + cos 2¢U. (9.55)

From the last expression it can be easily shown that the polarization degree
P is invariant

PP T =R U, (9.56)

while U/Q = tan 2« transform as U’ /Q’ = tan 2(a — ).

Stokes parameters are not independent (i.e. it holds that 12 = Q%+ U?+
V2 ), they only depend on the difference of the phases (i.e. (6, — d,)) but
not on their sum (see Eqs. (9.50)—(9.53)). Hence the polarization tensor of
the electromagnetic field can be written in matrix notation as

(I+Q U—-iV\ _ [E? B, B, e—ia
r= (U—H’V 1-Q ) - (EchyeiA E? ’ (9:57)

where A = (§, — d;). If the radiation field would be treated in a second
quantization approach, Eq. (9.57) can be promoted to the status of density
matrix of the radiation field [284].
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9.4 Evolution equations for the brightness perturbations

The evolution equations for the brightness functions will now be derived.
Consider Eq. (9.18) written again, this time, in the case of photons. As in
the case of neutrinos we can define a reduced phase space distribution 7,
just changing v with v in Eq. (9.20) and using the Bose-Einstein instead
of the Fermi-Dirac equlibrium distribution. The (reduced) photon phase-
space density describes the fluctuations of the intensity of the radiation
field (related to the Stokes parameter I); a second reduced phase-space
distribution, be it G, can be defined for the difference of the two intensities
(related to the stokes parameter @}). The equations for F., and G, can be
written as

OF.
3—7_7 +ikpFy — AW — ikpg) = Cr,

oG, .
8—; +ikpGy =Cq. (9.58)

The collision terms for these two equations are different [295, 296] and can
be obtained following the derivation reported in the chapter 1 of Ref. [274]
or by following the derivation of Bond (with different notations) in the
Appendix C of Ref. [46] (see from p. 638). Another way of deriving the
collision terms for the evolution equations of the brightness perturbations
is by employing the total angular momentum method [294] that will be
quickly discussed in connection with CMB polarization.

Before writing the explicit form of the equations, including the collision
terms, it is useful to pass directly to the brightness perturbations. For
the fluctuations of the total intensity of the radiation field the brightness
perturbations is simply given by

i ) _ q
f(z',q,m;,7) _f0<1+A1>' (9.59)
Recalling now that, by definition,
7\ _ Ofor 1 — Ay —
(s ) = @)+ lat1 = A (9.60)

the perturbed phase-space distribution and the brightness perturbation
must satisfy:

fo(@[L + D (@, q,n5,7)] = folq) [1 — Ag(a', q,n ,7)

that also implies

_ dfo
oln fo\ " [ é*dafozm
Ap=—fO [ =—2 F,o=—Aj—— 209 — YA 62
I f (8111(]) 9 ¥ I qudqfO I (96 )

8111 fo

IV R




258 A Primer on the Physics of the Cosmic Microwave Background

where the second equality follows from integration by parts as in Eq. (9.22).
The Boltzmann equations for the perturbation of the brightness are then

1
Ai +iku(Ar+¢) = '+ € |:—A1 + Arp + pvp — §P2(M)SQ] , (9.63)

. 1
A&) + zk,uAQ = 6/{—AQ + 5[1 - PQ(ILL)]SQ}, (964)
Ay +ikpuAy = —€ Ay, (9.65)
3
Al +ikpAy = —¢ [Av + 2 Am] (9.66)

where we defined, for notational convenience and for homogeneity with the
notations of other authors [281]

Oy
and
SQ = Ap + AQQ + AQQ. (9.68)

In Eqs. (9.64)-(9.65), Py(u) = (3u? — 1)/2 is the Legendre polynomial
of second order, which appears in the collision operator of the Boltzmann
equation for the photons due to the directional nature of Thompson scat-
tering. Eq. (9.66) is somehow decoupled from the system. So if, initially,
Ay = 0 it will also vanish at later times. In Eqgs. (9.63)—(9.65) the function
¢’ denotes the differential optical depth for Thompson scattering?

a LeNeOTh

! — goneorn— = FeledTh 9.69
€ xnUThaO o) ( )

having denoted with z, the ionization fraction and z = ag/a—1 the redshift.

Defining with 7 the time at which the signal is received, the optical depth
will then be

70
6(7,70)2/ meneUTh%dT. (9.70)

There are two important limiting cases:

fNotice that, in comparison with Eq. (2.111), the ionization fraction has been taken out
from the definition of electron density. This notation is often used in this context even
if the notation used in chapter 2 can be also employed. Notice also that, conventionally,
the differential optical depth is denoted by 7/. This notation would be highly ambiguous
in the present case since T denotes, according to the notations established in this book,
the conformal time coordinate. This is the reason why the differential optical depth will
be denoted by €’.
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e in the optically thin limit € < 1, the absorption along the ray path
is negligible so that the emergent radiation is simply the sum of
the contributions along the ray path;

e in the opposite case € > 1 the plasma is said to be optically thick.

To close the system the evolution of the baryon velocity field can be rewrit-

ten as
!

vf, + Hop + ik + ;—b (3iA11 + vb) =0, (9.71)

where Ry(z) has been already defined in Eq. (8.67). At the decoupling
epoch occurring for zgee =~ 1100, Rp(2dec) ~ 7/11 for a typical baryonic
content of hZQyo ~ 0.023. Notice that the photon velocity field has been
eliminated, in Eq. (9.71) with the corresponding expression involving the
monopole of the brightness perturbation.

As pointed out in Eq. (9.56), while Q and U change under rotations,
the degree of linear polarization is invariant. Thus, it is sometimes useful
to combine Eqs. (9.63) and (9.64). The result of this combination is

. 3
Ap + (ikp + €)Ap = 2¢'(1 = p*)Sp,
Sp = Aps + Apg + Aps. (9.72)
With the same notations Eq. (9.63) can be written as
1
Ai + (Zk/JJ + €/)AI = wl — zkuqb + 6/[A10 + HUp — §P2(/J,)Sp] (973)
By adding a ¢’ and € ¢ both at the left and right hand sides of Eq. (9.73),
the equation for the temperature fluctuations can also be written as:
(A1 +¢)' + (ikp+ € )AL+ ¢) = (V' + ¢')
1
+e'[(Aro + ¢) + pop, — S Pa(p) Sel- (9.74)

This form of the equation is relevant in order to find formal solutions of the
evolution of the brightness perturbations (see below the discussion of the
line of sight integrals).

9.4.1 Visibility function

An important function appearing ubiquitously in various subsequent ex-
pressions is the so-called wvisibility function, K(7), giving the probability
that a CMB photon was last scattered between 7 and 7+ d7; the definition
of K(7) is

K(r) = e c(mm), (9.75)
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usually denoted by g(7) in the literature. The function K(7) is a rather
important quantity since it is sensitive to the whole ionization history of the
Universe. The visibility function is strongly peaked around the decoupling
time 7. and can be approximated, for analytical purposes, by a Gaussian
with appropriate variance [297]. A relevant limit is the so-called sudden de-
coupling limit where the visibility function can be approximated by a Dirac
delta function and its integral, i.e. the optical depth, can be approximated
by a step function; in formulae:

K(7) = 0(7 — Trec), e mT0) ~ BT — Tree). (9.76)
This approximation will be used below for different applications and it is
justified since the free electron density diminishes suddenly at decoupling.
In spite of this occurrence there are compelling indications that, at some
epoch after decoupling, the Universe was reionized.

Instead of using a visibility function defined in the sudden approxi-
mation, as in Eq. (9.76), it is rather useful, as already mentioned, to
model the visibility function at recombination with a Gaussian. Within
this parametrization, for semianalytical purposes we have®

K (Troc) = € TrecTieck”
1
alHrecTrec ’
where a7 ~ 33.55. The value of a; can increase up to 36 and it is just a
phenomenological parameter. In Eq. (9.77) the quantity H7 can be made
more explicit by using Eq. (2.93). Indeed, using Eq. (2.93) it is immediate
to show that

(9.77)

Orec —

2 1
Hr = Azt , r =
T+ 2
Using the smooth interpolation of Eq. (2.93) for the evolution of the back-

ground it is also immediate to show that

Trec Zeq +1

=4/—+1-1. .
o 1/ o 1 + (9.79)
Recall that, indeed, a = aeq(z% + 2) and that, by definition of redshift,
1+ 2z = ag/a. Consequently,

(9.78)

T
’7'1.

Zeq+1
z +1
HrecTrec = 2L (980)
14 /2205 +1

&The discussion of the specific features of the process of recombination is beyond the
scope of this book and can be found, for instance, in other dedicated publications such
as [298].
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and

—_
—_

ﬁ:% 1+ﬁ 25 1+ﬁ . (981)
Zrect1 Zrec
For typical values zeq ~ 3228 and zec ~ 1100 we get (HyecTree) ! =~ 0.75
(which can decrease down to 0.74 if 2z, ~ 1050). Thus, for typical values
of Zrec and zeq wWe have opec > 0.04.

With a little bit of effort, using the formulae derived now, it is also
possible to find the expression of the visibility function in multipole space.
Let us perform the derivation and recall, on a side, the results already
obtained in the final part of chapter 2 and, in particular, Eq. (2.125). We
are interested in writing Eq. (9.77) as

K(r) = e F TecTree = o= (t/0)*w? (9.82)
where, by definition,
kTO 2 1 T0 2
w = 77 ét = UrQeC <7_rec) . (9'83)
Using Eq. (2.125) inside the definition of £2 we obtain
14 2eq/2 )
2 < eq/ ~rec
2= Bl L (9.84)

2 2
A <\/1+Zeq/zrec+ 1> <\/ 1+Zeq/zrec_ 1>

After simple algebra, taking the square root of Eq. (9.84) we obtain, for ¢;:
1112 zeq zrec

\ 9.85

zrec 1100 ( )

In Fig. 9.1 the base-10 logarithm of ¢; is reported for different values of

Zrec'

9.5 Line of sight integrals

Equations (9.72) and (9.73)—(9.74) can be formally written as
M + (ikp+ €)M = N (k, pu, 7), (9.86)

where, by definition, M = M(/;, 1, T), are appropriate functions changing
from case to case and N (k,u,7) is a source term which also depends on
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log It
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Fig. 9.1 The base-10 logarithm of /4 is illustrated for different values of zrec and as a
function of Qyjq.

the specific equation to be integrated. The formal solution of the class of
equations parametrized in the form (9.86) can be written as

Mk, p,70) = efA(E”“TO)/ eA(E“J)N'(E, T)dT, (9.87)
0

where the boundary term for 7 — 0 can be dropped since it is unobservable
[276, 282]. The function A(k, u, ) determines the solution of the homoge-

neous equations and it is:
-

Ak, p,7) = / (ikp + €)dr = ikpr +/ TeNeoTh—dr. (9.88)
0 0 ao

In the following few examples of this technique will be given. The first
example we ought to discuss deals with the solution of Egs. (9.72) and
(9.74). Consider, indeed, Eq. (9.72) and compare it with Eq. (9.86). By
identifying the appropriate terms we will have:

M(E?H7TO) = AP(E,/L,T@),
- 3
N(k, p,m0) = Z(l —u*)Sp.

Thus, using the results of Eqs. (9.87) and (9.88), the solution of Eq. (9.72)
can be formally written as

Ap(k, p,70) = / K(r)e AT (1 — u?)Sp (K, T)dr, (9.90)

(9.89)
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where €(7,79) is the optical depth already introduced in Eq. (9.70) and
A7 = (19 — 7) is the (conformal time) increment between the reception
of the signal (at 79) and the emission (taking place for 7 ~ 7Tye.). Indeed
notice that, according to Eq. (9.87)

- a

Ak, p,7) — Ak, p, m0) = ikp(T — 70) + / TeMeOTh
0 0

To
- / TeNeOTh— = —ikpuAT — €(1,70).  (9.91)
0 ao

In Eq. (9.90) the visibility function IC(7), already defined in Eq. (9.75),
has been explicitly introduced. Consider now Eq. (9.74) and compare it
with Eq. (9.86). By appropriately identifying the corresponding terms we
get, in this case,

M(Ev,ua 7-0) = AI(Ea ,U,To) + ¢(Ev T)7
Nk, p,mo) = (' + &)+ €[(Aro + ¢) + pv, — 2 Pa(10)Sp] -

Using again Egs. (9.87) and (9.88) the formal result of the integration of
Boltzmann equation can be written as:

(9.92)

(Ar+ ) (k, . 70) = / dr e AT 44
0

+ / Y dr K(r)e-tnar {(Am+¢+uvb)—%Pg(u)sp(k,f) (9.93)
0

Equations (9.93) and (9.90) are called for short line of sight integral solu-
tions. There are at least two important applications of Egs. (9.93) and
(9.90). The first one is numerical and will only be quickly described. The
second one is analytical and will be exploited both in the present section
and in the following.

The formal solution of Eq. (9.72) can be written in a different form if
the term p? is integrated by parts (notice, in fact, that the u also enters
the exponential). The boundary terms arising as a result of the integration
by parts can be dropped because they are vanishing in the limit 7 — 0 and
are irrelevant for 7 = 79 (since only an unobservable monopole is induced).
The result the integration by parts of the p? term in Eq. (9.90) can be
expressed as

— 70 .
Ap(k, p,m0) = / e AT N (K, T) d, (9.94)
0

No(F,m) = slC(SE + K2Sp) +2K'Sh + Sk, (9.95)
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where, as usual A7 = (19 — 7). The same exercise can be performed in the
case of Eq. (9.73). Before giving the general result, let us just integrate by
parts the term —iku¢ appearing at the right hand side of Eq. (9.73). The
result of this manipulation is

AI(E,u,m:/ HR(T=T0) =) (! 4 ) dr
0

T0 .
+/ ’C(T)elkﬂ(T_TO) dr |:A10 + o+ pvp — %PQ(/L)SP . (9.96)
0

Let us now exploit the sudden decay approximation illustrated around
Eq. (9.76) and assume that the (Gaussian) visibility function K(7) is indeed
a Dirac delta function centered around 7ye. (consequently the optical depth
€(,70) will be a step function). Then Eq. (9.96) becomes:

AI(E,M,To) = / eik“(TfTO)W' + ¢'ldr

_'_eiku(rmc—ro) [AIQ + ¢+ /M)b] (9.97)

where the term Sp has been neglected since it is subleading at large scales.
Equation (9.97) is exactly (the Fourier space version of) Eq. (7.35) already
derived with a different chain of arguments and we can directly recognize
the integrated SW term (first term at the right hand side), the ordinary
SW effect (proportional to ® (Ary + ¢)) and the Doppler term receiving
contribution from the peculiar velocity of the observer and of the emitter.

If all the p dependent terms appearing in Eq. (9.73) are integrated by
parts the result will be

Mulf ) = [Ty ) dr
0

Trec?

+ / Oe—ikﬂATM(k,T)dr, (9.98)
0
Sp
Nithr) = () [+ o Lup + Dy
7| ? 3
I N T

There is another standard manipulation, analogous to the ones already
discussed, that is often required in practical calculations. The idea is to
use the line of sight solution and deduce the expression of the multipole
moments in one shot. Consider, as an example, the line of sight solution for

hRecaH7 in fact, that because of the relation between brightness perturbations and the
energy-momentum tensor, i.e. Egs. (9.38) and (9.62), 4A1g = 6.
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the polarization. Recalling the definitions of the expansion in multipoles
we can safely write

2(i) Apg = Z /0 " dr K(r)Sp (e, YDy (k) (9.100)

where
Dy(k) = /1 (1 — p?)e AT Py(u)dp. (9.101)
Using the expansion of the pl;lne wave in terms of Legendre polynomials,

Eq. (9.101) can also be written as
1

Du(k) = Y (26 + Do (bAT)(~0)" [ (L= 1) P ()P, (9102

o -1

Ge(kOT) =\ |5 A Joi1/2(kAT), (9.103)

are the spherical Bessel functions. Let us now use extensively the recurrence
relation for the Legendre polynomials already introduced in Eq. (9.25) and
let us compute explicitly the integral over p appearing in Eq. (9.102). We
will have:

1 ) 2 1 )
[ (=P Pe) = e~ / P )P, (0.104)

where, to integrate the first term, the orthogonality condition for Py(u) has

been used (see Eq. (9.24)). To integrate the second term we first recall
that, according to Eq. (9.25),

where

2

p Py = ARt (9.105)

f+1 /

st T
The same recurrence relation allows us to eliminate the two terms at the
right hand side of Eq. (9.105) going as puPrq1 and as uPy_;1. Indeed, from

Eq. (9.25), by shifting £ — ¢+ 1 and £ — £ — 1 we obtain, respectively:

{42 {41
P, = P, 1
A T S (6.106)
12 l—1
wPe_y = P+ Pp_s. (9.107)

20—1 20—1
Inserting Egs. (9.106) and (9.107) into Eq. (9.105) we simply get

0y (L+1)(L+2) L6 —1)
p P = mpuz + mﬂﬁ
I P G Y e P (9.108)

Q+1)(20+3) ' (20+1)(20 1)
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Finally, using Eq. (9.108) inside Eq. (9.102) and (9.100) the following
result can be easily obtained:

3 [T .
Beallor) =5 [ Kn)Se (b )leeie(kan)
0
+co—2jo—2(KAT) + copojer2(kAT)], (9.109)

where
202 +0-1)
(20-1)(20+3)’
Crrn = L+1)(0+2)
(20+1)(20+3)°
L —1)
(204+1)(20—1)
With the same kind of manipulation it is not difficult to obtain the ex-

pression for the multipoles of the brightness perturbation of the intensity,
namely:

Cy =
(9.110)

Co—2 =

To
Are(k, 10) =/ e (T () 44! )jp(kAT)dr
0
+/ K(1)(Aro + @)je(EAT)dT
0
[T [ 41 .
+Z/0 ’C(T)Ub l:mjl—l(kAT) - TH]£+1(]€AT) dr

_ i /OTD K(7)Sp(k, T)[Cor2jet2(kAT)

—I-Eg,zjz,g(kAT) + E@j@(kAT)]dT (9.111)
where the coeflicients are now given by:
— 202 +0-1)
CT =)@+ 3y
30(6—1)
Cpog = —+"—— 112
“TRrrnei-1) (9.112)
_ 3+ 1)(0+2)
Cl42 = 7o~

(20+3)(20+1)

In some of the previous examples the visibility function has been evalu-
ated in the sudden decoupling approximation. This is because, as already
discovered in chapter 7, the thickness of the last scattering surface does not
crucially affect the estimate of the Sachs-Wolfe plateau which is the one
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obtained in Eq. (9.97). Finite thickness effects are however of upmost im-
portance when going to smaller angular scales and this will be one of the
themes of the forthcoming topics of the present chapter. Before going to
smaller angular scales (the scales compatible with the celebrated Doppler
peak) it is appropriate to address the tight-coupling expansion which serves
as a useful bridge between the fluid and the kinetic discussion. This will be
the topic covered by the following section. In the last part of the present
section it will be shown that the calculation already studied in chapter 7
indeed applies with exactly the same steps also in the case when the tem-
perature anisotropy is derived directly from the Boltzmann equation in the
sudden recombination (or decoupling) limit.

9.5.1 Angular power spectrum and observables

Equations (9.97) together with the results derived in chapter 7 for the initial
conditions of the metric fluctuations after equality allow the estimate of
the angular power spectra in the region of the Sachs-Wolfe plateau. This
calculation has been already performed in detail at the end of chapter 7
using the fluid approach. The two fluid treatment and the kinetic approach
lead to the same results in the sudden decoupling limit and for ¢ < 30. To
emphasize the latter statement the results already obtained in the case of
the adiabatic mode will be here rederived. The main (formal) difference is
that here we will express the final result in terms of the spectrum of ¥ and
not in terms of the spectrum of ¢ (this has been already done in chapter 7).
This is just for pedagogical reasons since the two spectra, in the adiabatic
case, are merely related via a numerical factor.

In the adiabatic case Eq. (9.97) (or Eq. (7.35)) has vanishing inte-
grated contribution and vanishing Doppler contribution at large scales (as
discussed in section 4). Then, using the result of Eq. (7.86), the adiabatic
contribution to the temperature fluctuations can be written as

Aad(k To) =e —ikpTo [AIO =+ ¢]

Trec

~ g~ kuTo %wfnd(ié), (9.113)

noticing that, in the argument of the plane wave 7. can be dropped since
Tree <€ To- The plane wave appearing in Eq. (9.113) can now be expanded
in series of Legendre polynomials and, as a result,

”(km)wd( k), (9.114)

where jy(kmy) are the spherical Bessel functions of Eq. (9.103) but with
a slightly different argument. Assuming now that (k) are the Fourier

A (k, 7o) =
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components of a Gaussian and isotropic random field then

2
21 4

(s Ry (1) = 5P (03 (5 - ),

) . (9.115)
Py(k) = S s ()2,

where P34 (k) is the power spectrum of the longitudinal fluctuations of the
metric after equality. Finally, Eq. (9.114) can be inserted into Eq. (3.27)
and from Eq. (9.115) (together with the orthogonality relation of spherical
harmonics) the Cp turn out to be:

dr (> dk__.q
9 ), k'Y
To perform the integral it is customarily assumed that the power spectrum

of adiabatic fluctuations has a power-law dependence characterized by a
single spectral index n

) = (k)je(kro)2. (9.116)

J k_g ) k n—1
Pi(k) = 55 lvwl” = Aad<—> : (9.117)
¥ 2m2 kp

Notice that &, is a typical pivot scale which is conventional since the whole
dependence on the parameters of the model is encoded in A,q and n. For
instance, the WMAP collaboration [37, 299], chooses to normalize A at!

ky = k1 = 0.05 Mpc ™, (9.118)
while the scalar-tensor ratio (defined in section 6) is evaluated at a scale
ko =0.002 Mpc™! =6.481 x 1072 cm™! = 1.943 x 10717 Hz, (9.119)

recalling that 1 Mpc = 3.085 x 10?4 cm.
Inserting Eq. (9.117) into Eq. (9.116) and recalling the explicit form of
the spherical Bessel functions in terms of ordinary Bessel functions

a 2772 —n > n—
O = S k) At [ R p), (@120)

where y = k7. The integral appearing in Eq. (9.120) can be performed for
—3 < n < 3 with the result
o 1 T(3—n/2)T(l+n/2—1/2)
/ dyy" > J7 0 (y) = 5 :
o ST —n/2)T(/2+ 0 —n/2)
iThere exist different possibilities for the actual value of the pivot scale especially in

the case when the adiabatic mode is present together with isocurvature modes. For a
lucid discussion see Ref. [266].

(9.121)
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To get the standard form of the Cy we use the duplication formula for the
T" function, in our case namely
3— V2rT'(3 —
r(2=") = m@-n) (9.122)
2 25/2-n[(4 — n/2)
Insert now Eq. (9.122) into Eq. (9.121); inserting then Eq. (9.121) into
Eq. (9.120) we get

2
o) = L 4,42 (n,0)
36 (9.123)
T3 —n)I(C+n/2—1/2)

T2(4—n/2)0(5/2 + € —n/2)’

where the function Z(n, ¢) has been introduced in analogy with the nota-
tion employed in chapter 7 (see, in particular, Eqgs. (7.148) and (7.153)).
As already emphasized in chapter 7, for the approximations made in the
evaluation of the Sachs-Wolfe plateau, Eq. (9.123) holds at large angular
scales, i.e. £ < 30.

It is now interesting to pause for a moment and to compare the results
of Eq. (9.123) with their counterpart discussed in Eqs. (7.148) and (7.153).
Indeed the two results are the same but they are a bit disguised. In the
present calculation the amplitude A.q refers to the spectrum of v, while
in Eq. (7.36) the amplitude Ag refers to the spectrum of R. Having
established this fact the two results are fully equivalent. Indeed, consider
Eq. (7.148) in the limit when As = Ars = 0. In this limit the Sachs-
Wolfe plateau is simply expressed in terms of the adiabatic mode which is
also the case contemplated by Eq. (9.123). Consider then, all together,
Egs. (7.148), (7.153) and (9.123). It emerges, after taking into account
carefully the numerical factors, that

Asa _ Ar
36 100’

which can be also expressed, after the appropriate simplifications, as

Z(n,l) = (10 kp)t™m 27

(9.124)

5 2
A’R = <—§> Aad- (9125)

Recalling then Eq. (7.104) we can say that this result was expected since,
during the pre-decoupling phase (i.e. when the background is already dom-
inated by dusty matter)

5 a 25 (a
R =24, ped gpfp . (9.126)
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But this is exactly the result reported in Eq. (9.125).
Consider, finally, the specific case of adiabatic fluctuations with
Harrison-Zeldovich, i.e. the case n =1 in eq. (9.123). In this case

U+ 1) o) _ Aad

5 Ci 5 (9.127)

If the fluctuations were of purely adiabatic nature, then large-scale
anisotropy experiments (see Fig. 1.3) imply! A ~ 9 x 10719, Up to now
the large angular scale anisotropies have been treated. In the following,
the analysis of the smaller angular scales will be introduced within the
tight-coupling approximation.

9.6 Tight-coupling expansion

If tight-coupling is exact, photons and baryons are synchronized so well
that the photon phase-space distribution is isotropic in the baryon rest
frame. In other words since the typical time-scale between two collisions
is set by 7. ~ 1/€¢, the scattering rate is rapid enough to equilibrate the
photon-baryon fluid. Since the photon distribution is isotropic, the resulting
radiation is not polarized. The idea is then to tailor a systematic expansion
in 7. ~ 1/€¢ or, more precisely, in k7. < 1 and 7cH < 1. Recall the
expansion of the brightness perturbations in terms of Legendre polynomials:

D (=) 20+ D) Ak, 7) Pe(p),

I4
Aq(k, i) =Y (=)' (20 + 1) Aqu(k, 7) Pe(p), (9.128)
4

Ar(k,f,T)

Arp and Agy being the ¢-th multipole of the brightness function Ay and Aq.
The strategy is now to expand Egs. (9.63) and (9.64) in powers of the small
parameter 7.. Before doing the expansion, it is useful to derive the hierarchy
for the brightness functions in full analogy with what has been discussed in
this chapter for the case of the neutrino phase-space distribution. To this

JTo understand fully the quantitative features of Fig. 1.3 it should be borne in mind
that sometimes the Cy are given not in absolute units (as implied in Eq. (9.127) but
they are multiplied by the CMB temperature. To facilitate the conversion recall that
the CMB temperature is Ty = 2.725 x 10% yK. For instance the WMAP collaboration
normalizes the power spectrum of the curvature fluctuations at the pivot scale kp as
’P,gd) = (25/9) x (80072 /T2) x A where A is not the A defined here but it can be easily
related to it.
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aim, each side of Egs. (9.63)-(9.64) and (9.71) will be multiplied by the
various Legendre polynomials and the integration over p will be performed.
Noticing that, from the orthonormality relation for Legendre polynomials
(i.e. Eq. (9.24)),

1
/ Pg(,u)AId,u = 2(—2')EAM,

It (9.129)
[ Padu =2(-i2ar

-1
and recalling that

Po(p) =1, Pi(p) =p,
1 1
Egs. (9.63)—(9.64) and (9.71) allow the determination of the first three sets
of equations for the hierarchy of the brightness perturbations. More specif-
ically, multiplying Eqs. (9.63)—(9.64) and (9.71) by Pyp(p) and integrating
over u, the following relations can be obtained

(9.130)

Afp +kAn =9, (9.131)
6/
AEQO +kAq1 = E[AQg + A — AQ()], (9.132)
!
v+ Hop = —ikep — ;—(&An + ). (9.133)
b

If Egs. (9.63)—(9.64) and (9.71) are multiplied by P;(p), both at right and
left-hand sides, the integration over p of the various terms implies, using
Eq. (9.129):

2 k k 1
AL — ZkA —Ap=—- 1A — 134
n — gkl + A0 3¢+6[ 11+3ivb], (9.134)
/ 2 k !
_AQl — gkAQg + gAQo =€ AQl, (9.135)
/
v} + Huy = —ike — ;—(:mn + ). (9.136)
b
The same procedure, using Ps(u), leads to:
1

3 2 9
_Ai2 - gkAIB + gk‘AH =¢ |:1_0A12 _ 1_0

(AQO + AQQ):| s (9137)
.3 2 9 1
—Ale — £kAgs + skAqL = €| T5A02 — 15(Aqo + Ar) |, (9.138)

/
’UlI) + Hoy, = —tkep — ;—b <3iA11 + Ub) . (9.139)
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For ¢ > 3 the hierarchy of the brightness can be determined in general terms
by using the recurrence relation for the Legendre polynomials reported in
Eq. (9.25):

k

Al "Ny = ——[(A — DA
0+ €Ay %Jrl[@ 1(¢—1) — (£ + D) Agqn), 9.110)
A .
A+ €Aqe = %—_HMAQ(E—D = (L + DA

9.7 Zeroth order in tight-coupling: acoustic oscillations

We are now ready to compute the evolution of the various terms to a
given order in the tight-coupling expansion parameter 7. = |1/¢’|. After
expanding the various moments of the brightness function and the velocity
field in 7

Ay = Ay + 701,
Aqe = Aqe + 7edqr, (9.141)

Vp = Up + T06Ub7

the obtained expressions can be inserted into Eqgs. (9.131)—(9.136) and the
evolution of the various moments of the brightness function can be found
order by order. To zeroth order in the tight-coupling approximation, the
evolution equation for the baryon velocity field, i.e. Eq. (9.133), leads to:

Ty = —3iAn, (9.142)
while Egs. (9.132) and (9.135) lead, respectively, to
Ao =An+Aq, Aq=0. (9.143)
Finally Egs. (9.137) and (9.138) imply
9A1; = Aqo + Aqe, 9Aq2 = Aqo + Ara. (9.144)

Taking together the four conditions expressed by Eqgs. (9.143) and (9.144)
we have, to zeroth order in the tight-coupling approximation:

Agqe =0, (>0, Ayp=0, (>2. (9.145)
Hence, to zeroth order in the tight-coupling, the relevant equations are

Ty = —3iAr1, (9.146)
Npp + kA = (9.147)
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This means, as anticipated, that to zeroth order in the tight-coupling ex-
pansion the CMB is not polarized since A is vanishing.

A decoupled evolution equation for the monopole can be derived. Sum-
ming up Eq. (9.134) (multiplied by 37) and Eq. (9.136) (multiplied by Ry,)
we get, to zeroth order in the tight-coupling expansion:

Ry}, — 3ily, + ik$(Ry + 1) — 2ikAps + ikAr + RyHD, = 0. (9.148)

Recalling now Eq. (9.146) to eliminate T}, from Eq. (9.148), the following
equation can be obtained

_ __ k__
(Ry + 1)Ay, + HRLA — 580 =0, (9.149)

Finally, the dipole term can be eliminated from Eq. (9.149) using
Eq. (9.147). By doing so, Eq. (9.149) leads to the wanted decoupled equa-
tion for the monopole:

R
A// b
ot R 1

Ay + k2B = [W’ + P~ —¢ (9.150)

Ry, —|— 1
where c¢g, has been already defined in Eq. (8.80) and it is the sound of the
baryon-photon system. The term k?c2 Ajg is the photon pressure. Defining,
from Eq. (8.80), the sound horizon as

ro(r) = /O " (), (9.151)

the photon pressure cannot be neglected for modes krs(r) > 1. At the
right hand side of Eq. (9.150) several forcing terms appear. The term "
dominates, if present, on super-horizon scales and causes a dilation effect on
Alg. The term containing k2¢ leads to the adiabatic growth of the photon-
baryon fluctuations and becomes important for k&7 ~ 1. In Eq. (9.150)
the damping term arises from the redshifting of the baryon momentum in
an expanding Universe, while photon pressure provides the restoring force
which is weakly suppressed by the additional inertia of the baryons. It
is finally worth noticing that all the formalism developed in this section
is nothing but an extension of the fluid treatment proposed in chapters 7
and 8. This aspect becomes immediately evident by comparing Eqs. (8.79)
and (9.150). Equations (8.79) and (9.150) are indeed the same equation
since Ay = 9y /4.
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9.7.1 Solutions of the evolution of monopole and dipole

Equation (9.150) can be solved under different approximations (see for in-
stance [276]). The first brutal approximation would be to set R = Ry, = 0,
implying the the role of the baryons in the acoustic oscillations is totally
neglected. As a consequence, in this case, cg, = 1/1/3 which is nothing but
the sound speed discussed in Eqs. (7.82)—(7.85) for the fluid analysis of
the adiabatic mode. In the case of the adiabatic mode, neglecting neutrino
anisotropic stress, 1) = ¢ = 1, and ¢’ = 0. Hence, the solution for the
monopole and the dipole to zeroth order in the tight-coupling expansion
follows by solving Eq. (9.150) and by inserting the obtained result into
Egs. (9.146) and (9.147), i.e.

Rio(k, 7) = %[cos (kewr) — 3],
) (9.152)
An(k,7) = ?mkcsb sin (kcghT),

which is exactly the solution discussed in section 4 if we recall Eq. (9.146)
and the definition (9.67).

If R, = 0 but Ry, # 0, then the solution of Eqs. (9.146)—(9.147) and

(9.150) becomes, in the case of the adiabatic mode,

Biolh,7) = 2 (B + Deos (kewr) — 3]

o (9.153)

ZH (/C, T) = w?m b3
Equation (9.153) shows that the presence of the baryons increases the am-
plitude of the monopole by a factor Rp. This phenomenon can be verified
also in the case of generic time-dependent Rj. In the case of Ry # 0 the
shift in the monopole term is (R}, + 1) with respect to the case Ry, = 0.
This phenomenon produces a modulation of the height of the acoustic peak
that depends on the baryon content of the model.

Consider now the possibility of setting directly initial conditions for the
Boltzmann hierarchy during the radiation dominated epoch. During the
radiation dominated epoch and for modes which are outside the horizon,
the initial conditions for the monopole and the dipole are fixed as

Alh.r) = o 525+ 188R, + 16R?
AT =77 180(25 + 2R,
65+ 16R,
%o + dok3r3

A = Pp,  _PT D
nlk7) = gk~ S5 1 2y

sin (kespT).

¢0k27‘2,

(9.154)
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where ¢ is the constant value of ¢ during radiation. The constant value of
1, i.e. 1 will be related to ¢ through R, i.e. the fractional contribution
of the neutrinos to the total density. It is useful to observe that in terms
of the quantity Ay = (A — v), Eq. (9.150) becomes

A+ K22 Ag = —k? {g + c§b¢]. (9.155)

The initial conditions for A are easily obtained from its definition in terms
of Ay and . The same strategy can be applied to more realistic cases,
such as the one where the scale factor interpolates between a radiation-
dominated phase and a matter-dominated phase. In this case the solution
of Eq. (9.150) will be more complicated but always analytically tractable.
Equation (9.150) can indeed be solved in general terms. The general solu-
tion of the homogeneous equation is simply given, in the WKB approxima-
tion, as

Aro(k,7) = (Rp + 1)~ Y4[Acos krs + Bsinkry). (9.156)

For adiabatic fluctuations, k2¢ contributes primarily to the cosine. The
reason is that, in this case, 1 is constant until the moment of Jeans scale
crossing at which moment it begins to decay. Non-adiabatic fluctuations, on
the contrary, have vanishing gravitational potential at early times and their
monopole oscillates like a sine. Consequently, the peaks in the temperature
power spectrum will be located, for adiabatic fluctuations, at a scale k,, such
that k,rs(m«) = nw. Notice that, according to Eq. (9.147) the dipole, will
be anticorrelated with the monopole. So if the monopole is cosinusoidal,
the dipole will be instead sinusoidal. Hence the “zeros” of the cosine (as
opposed to the maxima) will be filled by the monopole. The solution of Eq.
(9.150) can then be obtained by supplementing the general solution of the
homogeneous equation (9.156) with a particular solution of the inhomoge-
neous equations that can be found easily with the usual Green’s function
methods [276]. The amplitude of the monopole term shifts as (1 -+ Ry,) /4.
Recalling the definition of Ry, introduced in chapter 8, it can be argued that
the height of the Doppler peak is weakly sensitive to h3Qpo in the ACDM
model where Q0 < Qpmo and Ry (Trec) < 1.
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9.7.2 Estimate of the sound horizon at decoupling

In ¢ space the position of the peaks for adiabatic and isocurvature modes
is given, respectively, by

Da(Zdec
() — nﬂw7 (9.157)
rs(TreC)
1 EA(Zdec)
() — =) ZAl\cdec) 1
(n+ 2>7r (o) (9.158)

where D (24ec) is the (comoving) angular diameter distance to decoupling
defined in Appendix A (see in particular Eq. (A.23) and (A.34)). We will
now be interested in estimating (rather roughly) the position of the first
peak, i.e.

EA(Zdec)
g = —_— a].
A=T NCE (9.159)
where the subscript A stands for acoustic. The first thing we have to do is

to estimate the sound horizon at decoupling. From Eq. (9.151) we have

Tdec dT

Ts (Tdec) = Y (9160)

o VBI+R(7))
Equation (9.160) can also be written as
Xdec do
s ec) — — Cs 5 9.161
nre) = [ Sxeala) (9.161)

where, following the notation of Egs. (2.80) and (2.81), « = (a/ao). Indeed,
recalling Eq. (2.80) we can write

ad = HO\/QAQOé4 + (1 — Qpp — QM())OéQ + Qnmoa + Qro
~ Hov/ voa + Qro, (9.162)

where, in the first equality we assumed that the spatial curvature van-
ishes; the second equality follows from the first since the contribution of
matter and dark energy are subleading in the range of integration. Using
Eq. (9.162) into Eq. (9.161) we can then write

(rs(rdec)) 2098 [@dec do (9.163)
Mpc VhEQRo Jo \/(1 + f1a)(1 + faar) ’ .
where
h%QMO 3 h%QbQ
— , =2 , 9.164
& h2Qro P=7 h2Q.0 ( )
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Recall that, according to Eqs. (2.78), h3Q,0 = 2.47 x 107 and h3Qro =
4.15 x 1075, From Egs. (9.163) and (9.164) it is apparent that the sound
horizon at decoupling depends on both Q¢ and Qy19. If we increase either
Qpo or Oy the sound horizon gets smaller. The integral appearing in
Eq. (9.163) can be done analytically and the result is:

(TS(TdeC)) _ 2998 2 n {\/14—61 +Va +0162]
MpC \/1 + Zdec \/3 thMocl 14 V/C1C2 ,
(9.165)
where
1100
C1 = ﬂQOédeC =27.6 h%QbO (W),
« (9.166)
L0045 (142
2 ﬁladec B thMO 1100

With our fiducial values of the parameters, rs(74ec) =~ 150 Mpc. Recalling
now that the comoving angular diameter distance to decoupling is estimated
in Appendix A (see in particular Eq. (A.36)) the multipole corresponding
to the sound horizon at decoupling can be estimated as £4 ~ 300. The
sound horizon has been a bit underestimated with our approximation. For
rs(Tdec) ~ 200, £4 ~ 220, which is around the measured value of the first
Doppler peak in the temperature autocorrelation (see Fig. 1.3).

It is difficult to obtain general analytic formulas for the position of the
peaks. Degeneracies among the parameters may appear [300]. In [301] a
semi-analytical expression for the integral giving the angular diameter dis-
tance has been derived for various cases of practical interest. Omnce the
evolution of the lowest multipoles is known, the obtained expressions can
be used in the integral solutions of the Boltzmann equation and the an-
gular power spectrum can be computed analytically. Recently, Weinberg
in a series of papers [302-304] computed the temperature fluctuations in
terms of a pair of generalized form factors related, respectively, to the
monopole and the dipole. This set of calculations were conducted in the
synchronous gauge (see also [305-307] for earlier work on this subject; see
also [308, 309]). Reference [310] also presents analytical estimates for the
angular power spectrum exhibiting explicit dependence on the cosmological
parameters in the case of the concordance model.
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9.8 First order in tight-coupling: polarization

To first order in the tight-coupling limit, the relevant equations can be
written down by keeping all terms of order 7. and by using the first-order
relations to simplify the expressions. From Eq. (9.135) the condition dg; =
0 can be derived. From Egs. (9.132) and (9.137)-(9.138), the following
remaining conditions are obtained respectively:

—0Qo + 012 + dq2 = 0, (9.167)
9 1 2

— 012 — —[0qo + dqa] = ZkA 1
TR 10[ Qo + 0q2] kA, (9.168)
9 1

'E&p—ia&m+&ﬂ=0. (9.169)

Equations (9.167)—(9.169) are a set of algebraic conditions implying that
the relations to be satisfied are:

5m:§®, (9.170)
1

0q2 = 1512, (9.171)
8 __

512 = ﬁkAIL (9172)

Recalling the original form of the expansion of the quadrupole as defined
in Eq. (9.141), Eq. (9.172) can also be written as

AIQ = TC512 = %kTCZH, (9.173)

since to zeroth order the quadrupole vanishes and the first non-vanishing
effect comes from the first-order quadrupole whose value is determined from
the zeroth-order monopole.

9.8.1 Improved estimates of polarization

From Egs. (9.170) and (9.171), the quadrupole moment of Aq is propor-
tional to the quadrupole of A, which is, in turn, proportional to the dipole
evaluated to first order in 7.. But Ag measures exactly the degree of linear
polarization of the radiation field. So, to first order in the tight-coupling
expansion, the CMB is linearly polarized. Notice that the same derivation
performed in the case of the equation for Aq can be more correctly carried
on in the case of the evolution equation of Ap with the same result [282].
Using the definition of Sp (i.e. Eq. (9.72)), and recalling Egs. (9.170)-
(9.172), we have the source term of Eq. (9.90) that can be approximated
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as
4 _
Sp(k,7) =~ ngCAH(k,T). (9.174)

Since 7. grows very rapidly during recombination, to have quantitative
estimates of the effect we have to know the evolution of Sp with better
accuracy [282]. With this goal in mind, let us go back to the (exact)
system describing the coupled evolution of the various multipoles and, in
particular, to Eqs. (9.132) and (9.137)—(9.138). Taking the definition of Sp
(or Sq) and performing a first time derivative we have

Then Eqgs. (9.132), (9.137) and (9.138) can be used to reconstruct the

same combination appearing in Eq. (9.175). Equations (9.132), (9.137)
and (9.138) can be written, respectively, as

!/
Apg — %[APQ + Az — Apg] = —kAqu, (9.176)

1 3

9 2
12 +¢ |:1—0A12 — IO(APO + Apg)] = _gkAIB + gkAIl7 (9.177)

9 1 3 2
/P2 =+ ¢ |:1—0AP2 — l_O(APO + AI2):| = —gkApg + gkAPL (9178)

Summing up Egs. (9.176), (9.177) and (9.178) and recalling the definitions
of Sp and Sp the following equation can be easily obtained:

3 2 3
Sp + 1—06’Sp =k |:5A11 % <AP1 + Aps + AIB):| : (9.179)

Clearly this equation is more accurate than the bare tight-coupling expan-
sion. So now the logic will be:

e to evaluate the source terms in Eq. (9.179) by using the results
valid to first-order in the tight coupling expansion;

e to integrate the resulting equation;

e to obtain, as a result of the previous step, an improved estimate of
Sp.

This is the program which will now be implemented by first solving
Eq. (9.179). By evaluating the right hand side of Eq. (9.179) we obtain:

2__
S{: + 1306/519 = kgAn (k,7). (9.180)

This result is certainly accurate since, to first order, the octupole vanish
while the dipole of the polarization is also vanishing. To understand the
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meaning of the present derivation, just compare Eq. (9.180) to Eq. (9.174)
which was obtained in the bare tight-coupling approximation. Equa-
tion (9.180) can now be solved formally as

2 [ /
Sp(k,T) = 31«336(”@/10 / dr' Ay (k, 7" )e 37 m0)/10, (9.181)
0
It is relevant to note that, according to our definitions,
d o
d_:- = _aioneJTh’ e(T,710) = /7. %neaTth. (9.182)

/

According to Eq. (9.182) we have, in the present notations, de/dr = —e
(a crucial minus sign appears as a consequence of the definition of (7, 7))
where 7 is in the lower limit of integration). This odd occurrence is pretty
common in CMB physics and it is related to the way the visibility function is
defined. Some authors like to insert a minus sign directly in the definition
of the visibility function K(7). We will proceed quietly by following our
conventions and we will bear in mind the caveat expressed by Eq. (9.182).
The integral appearing in Eq. (9.181) is over the variable 7/. Let us then
transform the integration variable from 7/ to

e(T,70) dy _ e(r,m0) de

el 1)’ dr’ €(1', 1) dr'

(9.183)

The quantity de/dr’ can be estimated from the width of the visibility func-
tion and it can be written as

de  €(1',70) dy Yy

ol G 7 A - 184

dr’ Orec dr’ Orec (9.184)
where the second relation in Eq. (9.184) is a consequence of Eq. (9.183).
Equation (9.181) can therefore be rearranged as

2 %0 d
SP(kaT) = gkAH(Trec)Urece?)E/lo‘/l 6736y/103y. (9185)

Concerning Eq. (9.185) few comments are in order:

e the limits of integration have been changed according to the change
of variables of Eq. (9.183); this occurrence can be intuitively un-
derstood since for 7 — 7Tqec the mean free path tends to infinity
(notice, indeed, that y defined in Eq. (9.183) is a normalized ver-
sion of the mean free path);

e the dipole of the intensity has been evaluated directly at recombi-
nation so it can be taken out of the integral.
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The result expressed by Eq. (9.185) can be used to evaluate the brightness
perturbation of the polarization. Indeed, integrating along the line of sight
and using Eq. (9.90), Eq. (9.185) implies:

Ap(k, p,7) = —l%k(l — U2 AL (Tree ) (Tree=m0) 5 T (9.186)
where
o0 OOd
7 :/ dee—“/w/ ;ye—%y/w: 1.71996. (9.187)
0 1

The result appearing in the second equality of Eq. (9.187) is just the result
of the numerical integration which leads to a convergent result over the
domain of integration. Collecting the numerical factors and rearranging
the terms of Eq. (9.186) the following result can easily be obtained:

Ap = —(1 — p?)e/rlmee =)D k),
D(k) =~ 0.515 k recAn1 (Trec)-
Equation (9.188) allows us to estimate with reasonable accuracy the an-

gular power spectrum of the cross-correlation between temperature and
polarization (see below), for instance, in the case of the adiabatic mode.

(9.188)

9.8.2 Polarization power spectra

While the derivation of the polarization dependence of Thompson scattering
has been conducted within the framework of the tight-coupling approxima-
tion, it is useful to recall here that these properties follow directly from the
polarization dependence of Thompson scattering whose differential cross-
section can be written as
d , 3 ,
% = 7‘8|6(°‘) cele )|2 = %k(o‘) ele )|2. (9.189)
where €(®) is the incident polarization and (@) is the scattered polarization;
ro is the classical radius of the electron and oy is, as usual, the total
Thompson cross-section.

Suppose that the incident radiation is not polarized, i.e. U =V =Q =
0; then we can write

7
Q=1,-2,=0, I,= v =5 (9.190)
Defining the incoming and outgoing polarization vectors as
ex=(1, 0, 0), € =0(0,1,0), k=(0, 0, 1).

= (—sing, —cosyp, 0), (9.191)

/
T
;: (cos¥cosp, —costsing, —sind),
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the explicit form of the scattered amplitudes will be:

I; 30Th |:| €x €I|2I + |€y ez| Iy:| _ 3féThI7
m
3 3 (9.192)
JTh 2 oTh 9
I, = [|w €y|I + ey - €|I] 167TICOS 9.
Recalling the definition of Stokes parameters:
I'=1,+1, = 2 ornZ(1 4+ cos® ),
3 (9.193)
Q/ = I; — I;J = m—WUThISin2 4.

Even if U’ = 0 the obtained ) and U must be rotated to a common coor-
dinate system:

Q' = cos20Q, U' = —sin20Q. (9.194)

So the final expressions for the Stokes parameters of the scattered radiation
are:

3
I' = —omZ(1 + cos? 0),

16m
3
Q = ooz sin? 9 cos 2¢, (9.195)
U = —%UT}]ISIH 9 sin 2¢.
We can now expand the incident intensity in spherical harmonics:
Z(0,0) =Y ammYem (9, ©). (9.196)
m
So, for instance, Q' will be
Q = iUTh / Z Yo (¥, ©)aem sin? ¥ cos 2¢dS. (9.197)
167 =

By inserting the explicit form of the spherical harmonics into Eq. (9.197) it
can be easily shown that Q' # 0 provided the term ass # 0 in the expansion
of Eq. (9.196). The analysis performed in terms of Ag and Ay can also
be expressed in terms of the E and B modes. Recalling, in fact, that under
clockwise rotations of ¢ the quantities M4 = Aq £ iAy transform as

My = TP M. (9.198)
the combinations

Mz (n) = Zaium 12YVem (1) (9.199)

Im
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TE CORRELATION (WMAP 3-year data)
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Fig. 9.2 The anticorrelation between the intensity fluctuations and the fluctuations in
the degree of linear polarization is illustrated as presented in the WMAP 3-year data
[39, 40].

can be expanded in terms of the spin-2 spherical harmonics, i.e. 127" (7),
with
Ganim = / di <2Vi (1) (Ag £ iAU)(R). (9.200)

The “electric” and “magnetic” components of polarization are eigenstates
of parity and may be defined as

a%m = _§(a2,5m + a—Q,Zm)a
. (9.201)
B (3
Appy = 5(0’2127” - Cl_ngm).

These newly defined variables are expanded in terms of ordinary spherical
harmonics, Ye,, (1),

E() = ap,Yem(R),  B@) = ap,Yim(). (9.202)
m m

In connection with the spin-2 spherical harmonics appearing in Egs. (9.199)
and (9.200) it is relevant to mention here that a generic spin-s spherical
harmonic is a known concept in the quantum mechanical theory of angu-
lar momentum (see, for instance, [314]). A typical quantum mechanical
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problem is to look for the representatione of the operator specifying three-
dimensional rotations, i.e. R this problem is usually approached within the
so-called Wigner matrix elements , i.e. Dgn)m, (R) = (j, m'|R|j, m) where
j denotes the eigenvalue of J% and m denotes the eigenvalue of .J,. Now,
if we replace m’ — —s, j — £, we have the definition of spin-s spherical

harmonics in terms of the D' (o, 8,0), i

—s,m

Yem(a, ) =4/ 2€4+ ID(Q n(a, 3,0), (9.203)

where a, 3 and « (set to zero in the above definition) are the Euler angles
defined as in [314]. If s = 0, D( = /(20 +1)/47Ye (e, B) where
Yom(c, B) are the ordinary Spherlcal harmomcs.

To define properly the cross power spectra we also recall the expansion
of the intensity fluctuations of the radiation field, in terms of spherical
harmonics:

= g Yem(R), (9.204)

where we wrote explicitly af, since the fluctuations in the intensity of
the radiation field, i.e. Aj are nothing but the fluctuations in the CMB
temperature.

TT and TE correlations (WMAP 3-yr data)
6000

Rx2
¥y
5000
3 T
%
2
4000
< e
= %
N—r
B 3000 . +
g ¢ =
G ° * S = %
= 2000 D §
ko
— r 2 & T
X
=
& F &
R T Ty 1
i i i i i i i i
200 300 400 500 600 700 800 900

Fig. 9.3 The TE correlations and the TT correlations are reported on the same scale
to display their relative magnitude. The lower plot in this figure corresponds to the data
points already reported in Fig. 9.2.
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Under parity inversion, the components appearing in Egs. (9.202) and
(9.204) transform as
- (_]‘)Z CLZE’INJ a]l?m - ( 1)Z+1 a€m7 aZTm - (_]‘)Z aZTm'

(9.205)
Therefore, the E-modes have the same parity of the T-modes which have, in
turn, the same parity of spherical harmonics, i.e. (—1)°. On the contrary,
the B-modes have (—1)“*! parity.

The existence of linear polarization allows for 6 different cross power
spectra to be determined, in principle, from data that measure the full tem-
perature and polarization anisotropy information. The cross power spectra
can be defined in terms of the spectral functions C’éx Y where X and Y
stand for E, B or T depending on the cross-correlation one is interested in:

/ k2 dk Z &§’Z+“€m. (9.206)

E
Apm

Therefore, if we are interested in the TE correlatlons we just have to set
X =T and Y = E and use the relevant expansions given above. In the
following, we will denote the correlations as TT, EE, BB, TB and so on.
This notation refers to the definition given in Eq. (9.206).

Let us now see how the definition (9.206) works. Suppose we are inter-
ested in the TT correlations, i.e. the usual and well known temperature
correlations. From Eq. (9.206) we will have

/ k2 dk Z G o +afm(k). (9.207)

Now, from Eq. (9.204), using the orthogonahty of spherical harmonics, we
have

al (k) = / ARY () Ar (K, 7). (9.208)

Inserting Eq. (9.208) into Eq. (9.207) and recalling the expansion of
Ap(k,n) in terms of Legendre polynomials we get

2
CFT = - /dk k2| Arel? (9.209)
To get to Eq. (9.209) the following two identities have been used, i.e.

A D s\ (o 4
/ang/ (k . TL)Yém(TL) = (26711)5%’7

S Vi W)Y () = 22 Pl )

(9.210)
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The second identity in Eq. (9.210) has already been exploited in chapter 3.

In similar ways, different expressions for the other correlations may be
obtained. Notice that Eq. (9.209) is a consequence of the specific conven-
tions adopted in the expansion of the brightness perturbations in Legendre
polynomials. In particular, note that the a factor (2¢ 4+ 1) is included in
the expansion. It must be clearly stated that this is matter of convention.
Consequently, the cross correlations will inherit extra-terms that are sim-
ply a consequence of the different conventions adopted. So, for instance,
in Eq. (9.209) and in the conventions of [276], a factor (2¢ + 1)? typically
appears in the denominator.

Recalling the connection between the Wigner matrix elements and the
spin-s spherical harmonics, i.e. Eq. (9.203), it is possible to show that,
under complex conjugation,

* T,E,By * T.E,B
0%y o = (—1)™ax2,0m, (agn ™) = (=D)™a, 507, (9.211)

where the second equality follows from the first one by using Eq. (9.201).
It is then possible to show that while the TB and EB correlators are parity-
odd, all the other correlators (i.e. TT, BB, EE, TE) are parity even.

Scalar perturbations generate only the E mode [315]. While the scalar
fluctuations only generate an £ mode, tensor fluctuations also generate a B
mode. The Boltzmann equation for the tensor modes can be easily derived
following Refs. [316, 317] (see also [284, 318]).

Consider now, specifically, the adiabatic mode. While the temperature
fluctuation Ay oscillates like cos (kcs bTrec), the polarization is proportional
to the dipole and oscillates like the sine of the same argument. The corre-
lation function of the temperature and polarization, i.e. (AjAp) will then
be proportional to sin (kcs bTrec) €0S (kCs bTrec). An analytical prediction for
this quantity can be inferred from Eq. (9.188) (see [282]). The spectrum
of the cross correlation must then have a peak for kcg pTrec ~ 37/4, corre-
sponding to £ ~ 150. This is the result suggested by Figs. 9.2 and 9.3 (see
also [37] reporting the measurement of the WMAP collaboration). Note
that in Fig. 9.2 the TE spectrum has been reported alone while in Fig. 9.3
the TT and TE spectra have been illustrated together to emphasize the
relative weight of the two power spectra.

We should mention here that a rather effective method to treat on equal
footing the scalar, vector and tensor radiative transfer equations is the total
angular momentum method [294, 319, 320]. Within this approach, the
collision terms couple only the quadrupole moments of the distributions and
each moment corresponds directly to observable patterns in the microwave
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sky. In this language the analysis of the polarization of the radiation field
becomes somehow more transparent.

We conclude this section by defining the relation between the quantity
called Ap (see for instance Eq. (9.72) and the power spectrum for the E-
modes. Recall that the polarization depends effectively on the two polar
angles ¥ and ¢. Defining as 7 the vector conjugate to J we can Fourier
transform the Stokes parameters and pass from the ¥ space to the 7 space.
Recalling the transformation properties for the fluctuations of the bright—_'

ness perturbations already introduced in Eq. (9.55) we can write, in £
space

E(f) = Q(£) cos 2, + U(£) sin 25,
B(f) = —Q(f) sin 2, + U(f) cos 2¢y,

where Q(f) = Apcos2p; and U(f) = Apesin2gp,. It then follows
from Eq. (9.212) that the angular power spectrum of B vanishes exactly,

(9.212)

while the angular power spectrum of E does not vanish and, in particular,
CEE(0) ~ CPP(¢) and C¥T(¢) ~ CPT(¢) (where both relations hold, strictly
speaking, in the large ¢ limit, i.e. £>> 1). Thus we will have

2
cre o 2 /k3dlnk|AP(k,7-0)|2,
g (9.213)
cFr o 2 /k3dlnk|AP(k,7—0)A1(l€,To)|
™

9.9 Second order in tight-coupling: diffusion damping

The results of the tight-coupling expansion hold for k7. < 1. Thus the
present approximation scheme breaks down, strictly speaking, for wave-
numbers k > 7.1. Equation (9.150) holds to zeroth-order in the tight-
coupling expansion, i.e. it can only be applied on scales much larger than
the photon mean free path. By comparing the rate of the Universe ex-
pansion with the rate of dissipation, we can estimate that 7.k2 ~ 771
defines approximately the scale above which the wave-numbers will expe-
rience damping. From these considerations the typical damping scale can
be approximated by

1 2 (7 A
— = = — b 4. 9.214
k3 5/0 (a/ap)neTeoTn T ( )

This is the result that has been already obtained in chapter 8 (see, in par-
ticular, Eq. (8.140)). The effect of diffusion is to damp the photon and
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baryon oscillations exponentially by the time of last scattering on comov-
ing scales smaller than 3 Mpc. For an experimental evidence of this effect
see [34] and references therein. In chapter 8 the diffusion damping has been
estimated by including, as accurately as possible, the contribution of shear
viscosity in the evolution equation of the baryon-photon velocity field. In
that context, therefore, the diffusion damping has been introduced in some
extrinsic approach, i.e. by simply adding the viscosity appropriately related
to the photon mean free path. There is a more intrinsic way of discussing
the diffusion damping and it has to do with the dispersion relations and, in
particular, with the presence of an imaginary part in these relations. This
analysis can be carried on, consistently, in the tight-coupling expansion. As
we shall see below, this result arises to second order in the tight-coupling
expansion. This statement already implies an important physical consid-
eration, namely the occurrence that the polarization of the CMB (which
arises to first order in the tight-coupling expansion) is essential for the
correctness of the result. To perform the derivation we need:

o the evolution equation of vy, (see, for instance, Eq. (9.133));

e the evolution equation for Ay (i.e. Eq. (9.134));

e the zeroth-order relation between v, and the photon dipole (i.e.
Eq. (9.146));

e the zeroth-order relation between the dipole and the monopole (i.e.
Eq. (9.147));

o the evolution equation of the quadrupole (i.e. Eq. (9.137)) and
the first-order relation between the quadrupole end the first-order
dipole (i.e. Eq. (9.173)).

We can start with the evolution equation for v,. This equation allows us
to determine the precise relation between v, and Ap; up to second order
terms in the tight-coupling expansion parameter. Then we can express
the monopole and dipole in terms of the dipole. Inserting everything into
Eq. (9.137) the wanted dispersion relation can be obtained. Physics helps
greatly in expediently achieving the correct result. Indeed, diffusion damp-
ing is a short-scale effect. This observation implies that:

e the metric fluctuations, over the diffusion damping scale, can be
neglected;
e the expansion rate can be neglected.

Therefore, the terms O(v), O(¢) and O(Hwvy,) can be neglected in the
corresponding equations.
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With these warnings in mind let us take the generalized Laplace trans-
form of the various terms. So, for instance,

o (k, ) = vp(k,w)e? /7T

e (9.215)
All(k,T) = AH(]C,W)GZ-{ w(r’)dr .

Consider then Eq. (9.133) which we can also write, neglecting the Hubble
rate, as

_3iA11(k,w)

'Ub(kvw): ].—f—iw—Rb :

(9.216)
In what follows we will not write explicitly the eigenvalues in the argument
of each function so, for instance, the shorthand notation v,(k,w) — vy
will be used for v, and analogously for the other functions appearing in
the game (i.e. Ap, A and so on and so forth). The right hand side of
Eq. (9.216) can be expanded in powers of 1/|¢/| with the obvious result that

. 2
vy ~ —3iAn [1 _ Wl (“’Rb) ] (9.217)

€ €

Inserting then Eq. (9.217) into Eq. (9.137) the following relation can be
easily derived:

9 1 ) 2
—iwAn — kA + A = €A iw By + whty . (9.218)
3 3 € €
Now the trick is to eliminate Ay and Ars by using, respectively, the first-
order and the second-order tight-coupling relations, i.e. from Eqs. (9.147)
and (9.173):

— k— 8 k—
Ap=——A A = —=An. .21
10 PRt E 2= EgAn (9.219)
Inserting Eq. (9.219) into Eq. (9.218) we will therefore get:
165> k1< « [JiwRy  (wRp\®
—iw——— — — | A = Ap¢€ . .22
W 3iw} = ane { e ( ¢ ) ] (9:220)

The dependence on the first-order dipole can therefore be simplified and,
after simple algebra, the dispersion relation becomes:

(9.221)

To solve Eq. (9.221) the frequency can be written as w = @ + dw. The
terms containg dw can be thought of as being of higher order with respect



290 A Primer on the Physics of the Cosmic Microwave Background

to w. Using this decomposition it is easy to obtain the following pair of
relations

W= _k (9.222)

3vR, +1 '

B i 16 k* Riw

BRI [E? * T]

Equation (9.222) is the trivial dispersion relation which can be obtained

Sw (9.223)

in the lowest order of the tight-coupling expansion (see chapter 8 and also
Eq. (9.150)). In Eq. (9.150) the relation (9.222) has been dubbed as & =
kcs, where g, has been already defined in Eq. (8.80). Equation (9.223)
defines the imaginary part of the frequency which leads, ultimately, to the
diffusion damping. Inserting Eq. (9.222) into Eq. (9.223), dw is determined
to be

_ i 16 k2 R}

T 2Rp+1)[45 ¢ " 3(Rp+ e ]
Consider, finally, the expression of the velocity or of the monopole which
can be obtained at a given order in the tight-coupling expansion. Such an
expression will contain an oscillatory contribution and a damping contri-
bution of the kind

Sw (9.224)

7B G sl (9.225)

The oscillatory contribution in Eq. (9.225) is exactly the same factor arising
in the evolution equation of the monopole (see Eq. (9.150)) and it has been
previously parametrized in terms of the sound horizon since, by definition
of the sound horizon (see Eq. (9.151)),

/T O(r")dT = kry(1). (9.226)

The damping factor appearing in Eq. (9.225) can also be written as
exp (—k?/k3) where kp will now be the tight-coupling estimate of the diffu-
sion damping which turns out to be, by identifying the appropriate terms,

1 [T dr [16 . R
— = _— | — . 22
12 /0 6(Ro + 1) {15 TR+ 1] (9:227)

The factor 16/15 arises since the polarization fluctuations are taken consis-

tently into account in the derivation. This difference is physically relevant.
Grossly speaking we can indeed say that

e more polarization implies more anisotropy (and vice versa);
e more polarization implies a faster damping by diffusion.
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The accurate estimate of the diffusion damping scale is a necessary ingredi-
ent for the semi-analytical evaluation of the temperature and polarization
autocorrelations.

Let us therefore complete the estimate provided by Eq. (9.227). The
first observation we make is that the calculation of the diffusion damping
reported in chapter 8 (and based on Eq. (9.214)) seems, at least naively,
to underestimate the effect at least by a factor of 2. This statement can
be easily justified by looking at Eq. (9.214) (deduced from the inclusion
of shear viscosity in the zeroth order tight-coupling approximation) and
by comparing it to the new estimate provided by Eq. (9.227). Let us
therefore write both expressions in the same notations by recalling that
€ = (a/ag)reneorn as well as the explicit expression of cg, in terms of
the baryon-to-photon ratio Ry. Equations (9.214) and (9.227) can then be

written as
1 2 (7 dr’
L N L — 9.228
EQD 15/0 (Ry + 1)€ ( )
1 8 [T dr T R?
s _a % 9.229
=) 45/0 (Bo - 1) +/0 6(Ry + 1)2¢ (9.229)

where we denoted with kp the old estimate of the diffusion scale based on
shear viscosity and that was extensively discussed in Eq. (8.160) of chapter
8. It is not difficult to see by looking at Eqs. (9.228) and (9.229) together
that the new estimate of the diffusion damping is related to the old one by
the following simple relation

1 4 T R? ,

. EQD +/0 6(Rb+1)2e’dT’ (9.230)
which implies that, at least, kgl ~ 2%51. We say at least because this
consideration excludes the second integral appearing at the right hand side
of Eq. (9.230). In slightly different words we can reach the same conclusion
by taking the limit R;, — 0 (corresponding to cg, — 1/v/3). In this case
the previous statement is exact. For the typical parameters of Eq. (8.160)
1/kp turned out to be of the order of 6 to 8 Mpc (recall the factor of 2
discussed at the end of chapter 8) the new estimates increases the old one
in the range of 10-15 Mpc.

To corroborate this impression let us do the complete estimate of kBQ
as it emerges from Egs. (9.227) and (9.230). If we divide by 72 both sides
of Eq. (9.230) we can write

1 4 12\ v R}
== T ———d 9.231
k%Trgec EQDTrQec * 71 (Trec> A G(Rb + 1)26/ 33, ( )
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where, as in chapter 8, x = 7'/71 and y = Tyec/71. The integral at the right
hand side of Eq. (9.231) can be performed analytically since

2
1 Y R}
_<l) / ey
T1 \ Trec 0 G(Rb + 1) €

2 2 y 4 4
1 e 2
:ﬁ_<ﬁ> 7<“‘1)/ T (9.232)
67—1 Trec T ~0TIbO'Th ao 0 [6(3: + 23:)6 + 1]

where we recalled, according to the notations established in Eq. (8.146),
that R, = B(2? 4+ 2z). The result of the explicit integration is not so
inspiring but it can be expanded in powers of § (which is always smaller
than one for the physical range of the parameters). It is then possible to
derive the following equation

o % <4 + %5@2). (9.233)

k2 T2
D "rec kD Trec

Consider now a typical choice of the parameters. For h2Qyo ~ 0.134 and
for h2Qpo ~ 0.023, y ~ 1.75 and 3 ~ 0.669. This implies that the esti-
mate of diffusion damping derived on the basis of the second order in the
tight-coupling expansion is always between 2 and /5 times larger than the
estimate based on shear viscosity and reported in Eq. (8.160).

9.10 Semi-analytical approach to Doppler oscillations

It will now be shown how it is possible to obtain reasonable semi-analytical
results on the Doppler oscillations by working in the framework of the
tight-coupling expansion and by parametrizing appropriately both the finite
thickness effects and the diffusive effects connected with Silk damping. It
should be borne in mind that, for very large length-scales (i.e. ¢ < 30)
the analytical calculation of the SW plateau suffices to impose the large-
scale normalization. For smaller angular scales the Bessel functions that
appear ubiquitously in this kind of calculations can be expanded, not for
large argument but for large order® (i.e. £>> 1). This guiding observation
will allow us, in turn, to reduce the problem of computing the temperature
autocorrelations. It will suffice to compute numerically four integrals. The
encouraging results indeed suggest that this approximation scheme captures
the basic physics of the Doppler regime.

KThis approach has been also exploited in [302-304]. The present discussion, however,
does not aim at a full analytical evaluation of the temperature autocorrelations, since
the resulting integrals, as we shall see, will be estimated numerically.
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The main physical assumption of the present evaluation will be that the
dominant source of inhomogeneities is provided, at an early time, by the
adiabatic initial conditions. The main technical tool for the analysis is the
tight-coupling expansion and the logic will therefore be to estimate the line
of sight integrals by using the results obtained in the previous sections of
this chapter. For immediate convenience we recall that the Cy are defined
as (see, for instance, Egs. (3.25) and (3.27)):

(@em ) = Ceboe Omm, (9.234)
where, as we saw in chapter 3,
Am(=i)" [ 3w 2 -
Aem = (27T)3/2 /d k}/ﬁm(k)AIf(kaTO)' (9235)

Using Eqgs. (9.234) and (9.235) it is immediate to obtain the following
expression

2 - . . .
Cobppdmm’ = ;/ d*k d®p (Ave(k, 70) ATy (5 70)) Yo () Yii 0 (), (9.236)

where the angular brackets denote ensemble average. From the line of
sight integrals obtained in this chapter (see, in particular, Eq. (9.96)) the
brightness perturbations can then be expressed, to lowest order in the tight-
coupling expansion, as

— 70 J— .
Al(k,’ro) = / dr IC(T)[AIQ + ’Q/J + Mﬁb]e_“wo, o = ]€T0. (9237)
0

The terms containing the time derivatives of the metric fluctuations will be
neglected since, for the adiabatic mode, the time dependence is not crucial
for intermediate angular scales and for the range of spectral index close to
the Harrison-Zeldovich benchmark value. Integrating by parts Eq. (9.237)
we can also write:

. 70 _ d .
Av(F, o) = / dr () B0+ -+ T e, (9.238)
0

Both sides of Eq. (9.238) can now be expanded in series of Legendre poly-
nomials,

Ai(k,m0) =Y (=) (20 + 1) Py(p) Are (K, 70),
, ¢ (9.239)
70 = *(—i)"(20 + 1) Po(p)je (o).
¢
By now approximating the visibility function with a Gaussian (see
Eq. (9.77)) the brightness perturbation can be written as:

Are(k,m0) = K(Trec) {(ZIO + ) poJelo) + iUbM

.24
skl 920
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Recall now the tight-coupling relations derived before in this chapter (see
Egs. (9.146) and (9.147)) which we rewrite in the case ¢’ = 0:

Eb = _SiZIl, Z;O = —kZIl, (9241)

Inserting Eq. (9.241) into Eq. (9.240) and using the Gaussian form of the
visibility function discussed in Eq. (9.77) we have:

dje(z
Are(k, 10) = K(Trec) |:(AIO + V) e Je(T0) — SA;() 32( 0) , (9.242)
where, as previously discussed, K(7rec) = exp [—0?72.k%]. Thus, the C,
can be expressed as
2 3 2
Cr=— [ k*dlnk|Aw(k, 70)|". (9.243)
where
—20 Treck2 d]g
|Are(k, m0)|* = T{|AIO + %57 + 9|Aml2< 0) } (9.244)

Equations (9.243) and (9.244) then imply:
2 _
= ; /dke‘Q"Qchck2{|A10 —+ ¢| + 9|A10|2< d]E > } (9245)
Zo

Recalling the recurrence relations of Bessel functions [215, 216]
dje \* ()], e, @i (@)
— ) =|1-—= —_—, 9.246
<da:0 > z3 Je(wo)” + 2z ( )

q. (9.245) can be rearranged as

Iy g _ e+
=2 [areremi (i o + 0B |1~ 2 L,

’ (9.247)
where the second term at the right hand side of Eq. (9.246) can be neglected
since it will turn out to be of higher order.

The photon density contrast can be determined under the assumption

that the entropic contribution is absent, as stressed at the beginning of
this section. Thus, if only the adiabatic mode is present, the tight-coupling
approximation leads to the following solution

12

_ 1 ys
Ap(k,7) = —37¢(k, T) + v/csp A1(k) coskrs(T) e ™D (9.248)
sb

where ¢ (k,7) is assumed to be slowly varying in time and where rs(7) is
the sound horizon. The constant A; (k) can be determined by matching the
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solution to the large-scale (i.e. super-Hubble) behaviour of the fluctuations,
ie.
Ym(k) _ G(K)

Aok, 7) + bk, 7) = == = =22, (9.249)

where ¥, denotes the value of ¢ (k) after equality and for k7 < 1. From the
solution of the evolution equation of Ay, Tp can also be easily obtained.

The final result can be expressed, for the present purposes, as
|:ZIQ + ¢] = L¢(k, ) + Mc(k,7)De(k)y/Csp coskrs,  (9.250)

Aro = k& M (k, 7)De (k) sin k. (9.251)

The functions L¢(k,7) and Mc(k,7) are directly related to the curvature
perturbations and can be determined by interpolating the large-scale be-

haviour with the small-scale solutions. In the present case they can be
1

written as
Lolhyr) = =& ék) (1 - 3%) In [% TT—(;] (9.252)
M(k ) = (k) n [;‘; } (9.253)

In Egs. (9.252) and (9.253) the variable w = k79/¢ has been introduced.
This way of writing may seem, at the moment, obscure. However, the vari-
able w will appear as an integration variable in the angular power spectrum,
so it is practical, as early as possible, to express the integrands directly in
terms of w. The function D¢ (k) encode the informations related to the
diffusivity wave-number:

De(k)=e¢ o =¢ B . (9.254)

As introduced before kp is the thermal diffusivity scale (i.e. shear viscosity).
For the purpose of simplifying the integrals to be evaluated numerically it
is practical to introduce the following rescaled quantities:

Le(k,7) = Ce(k)Le(k,T), Mk, 1) = (e (k)M (k, 7). (9.255)

After some algebra the angular power spectrum can be written as the sum
of four integrals, i.e.

Co=Ur(£) +Ua(l) + Us(€) + Ua(0), (9.256)

IRecall at this point the discussion on the transfer function for the adiabatic mode of
chapter 8 and, in particular, Egs. (8.57) and (8.59) as well as Fig. 8.2.
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where:

U (0) = 4r / %‘)Ul(e, w)K2 (4, by, w)j2 (fw), (9.257)
0

Us(0) = 27rcsb/ zlv—tg[w2 +9¢2, (w? —1)]
0

x Us (£, w)KC2 (L, by, w)j2 (fw), (9.258)
Us(l) = 2mcqn / d—f[ﬁ —9c% (w? — 1)]
0 w
X Us (£, w) cos (20yw) K2 (L, by, w)j2 (fw), (9.259)
Us(0) = 87T\/Csb/ %U cos ({yw)
0
X Uy (6, w)K2 (4, by, w) 52 (fw), (9.260)

where j,(y) denote the spherical Bessel functions of the first kind [215, 216]
which are related to the ordinary Bessel functions of the first kind as

V7/(2y)Je41/2(y). The various functions appearing in Egs.
(9.257), (9.258), (9.259) and (9.260) are:

Uy (6, w) = Pe(w, £)LE (¢, w), (9.261)
Uy (€, w) = Pc(w,£)ME (€, w)DZ (¢, lp, w), (9.262)
Us(t,w) = Pc(w, £)MZ (€, w)DZ (L, lp, w), (9.263)
Us(l,w) = Pe(w, £) Le (6, w) M (¢, w)De (¢, b, w), (9.264)

where ¢p denotes the typical diffusion damping scale already introduced in
Eq. (9.254).

In Egs. (9.259) and (9.260) the oscillatory terms arising originally in the
full expression of the angular power spectrum have been simplified. The
two oscillatory contributions in Eqgs. (9.259) and (9.260) go, respectively, as
cos (2y4w) and as cos (yfw). The definition of 7y can be easily deduced from
the original parametrization of the oscillatory contribution in Eq. (9.248).
In fact we can write krs(Trec) = Y(Trec)fw. Recalling that w = k7o /¢, and
defining, for notational convenience, v = v(7yec), the following expression
for v can be easily obtained

1 Trec ) Trec/T1 dz
= cob(T)dT 7 ), YT
Equation (9.265) can be expressed in more explicit terms and the result
is the one already derived in chapter 8 (see Eq. (8.151) and discussion
therein). At this point the spherical Bessel functions appearing in the above

(9.265)
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Fig. 9.4 The contribution of the integrals C1(¢) and C2(¢) appearing in Eqgs. (9.268)
and (9.269).

expressions can be evaluated in the limit of large ¢ with the result that the
integrals can be made more explicit. In particular, focusing the attention
on je(fw), we have [215, 216]

. cos? [B(w, ¢
) = < L O

Lw/ Cw? — 02
The result expressed by Eq. (9.266) allows us to write the integrals of
Eqs. (9.257), (9.258), (9.259) and (9.260) as

1

w > 1. (9.266)

Cr = [C10)+Co(0) + C5(0) + Ca(0)], (9.267)
where
Cu(t) = /1 L (w, O (6, w) d, (0.268)
Ca(l) = /1 " Lo (w, O (6, w) dw, (9.269)
Ca(0) = /1 " Ly (w, OTs (6, ) duw, (9.270)
Calt) = /1 " L, O (6, w) duw, (9.271)
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Fig. 9.5 The contribution of the integrals C3(¢) and C4(¢) appearing in Eqgs. (9.270)
and (9.271).

and where A 2 (5w, 0)]
7w cos? [B(w, £)] —245w?
Il(w,é) = W\/Tle & y (9272)
2 2 (2 YL
I(w, ) = 27rcsbw + 9cy,(w” — 1) cos? [B(w, )]e 7 , (9.273)
wivw? — 1
w? — 93 (w? — 1)
I3(w, ) = 2mweg sb cos (20yw
3( ) ™ w4m ( Y )
o2
x cos® [B(w, £)]e 2 , (9.274)
2y
L(w, 0) = 8y~ o2 1w, o)) 27 (9.275)
w2vw? — 1

Concerning Egs. (9.268)—(9.271) and (9.272)—(9.275) the following com-
ments are in order:

o the lower limit of integration over w is 1 in Egs. (9.268)—(9.271)
since the asymptotic expansion of Bessel functions implies that
k1o > 4, ie. w>1;

e the obtained expressions valid for the angular power spectrum will
be applicable for sufficiently large ¢; in practice, as we shall see
the obtained results are in good agreement with the data in the
Doppler region;
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Fig. 9.6 The temperature autocorrelations for a fiducial set of cosmological parameters
chosen within a concordance model. The variation of h%QMO is illustrated.

e the function S(w,f) = {yVw? —1 — ¢ cos™H(w™') — T leads to a
rapidly oscillating argument whose effect will be to slow down the
convergence of the numerical integration; it is practical, for the
present purposes, to replace cos?[3(w, £)] by its average (i.e. 1/2).

In the integrals (9.272), (9.273), (9.274) and (9.275) the scale ¢; stems from
the finite thickness of the last scattering surface and it is defined as

1 2 rec e rec
(ﬂ),cmzmwm””éiggz.@wm
rec eq

Furthermore, within the present approximations, one can also define the
Silk damping scale fg as

2 _
=02
g Trec

2 21.2 .2
ét _ o kDTreC

-t -~ TDrec 2
6§ oPkpric+ 1 9277

To simplify further the obtained expressions we can also change variable
in some of the integrals. Consider, as an example, the integrals appearing
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Fig. 9.7 The impact of the variation of n, within the limits set by the concordance

model.

in the expression of C1(¢) (see Eq. (9.268)). Changing the variable of
integration as w = y? + 1 we will have

a0 = [ T 0y (9.278)
0

where, in explicit terms and after the change of variables,

F Am —25 (y+1)?
I1(y,¢) = e & , 9.279
WO e e e

and

77 ko nl n—1r72 2 n—1

U1l y) = A¢ T T Le(y) (vt + 1) . (9.280)
P

With similar manipulations it is possible to also transform all the other
integrands appearing in Eqgs. (9.269), (9.270) and (9.271).

So far the necessary ingredients for the estimate of the temperature
autocorrelations have been sorted out. In particular the angular power
spectrum has been computed semi-analytically in the two relevant regions,
i.e. the Sachs-Wolfe regime (corresponding to large angular scales and
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¢ < 30) and the Doppler region, i.e. ¢ > 100. Furthermore, for the na-
ture of the approximations made we do not expect the greatest accuracy
of the algorithm in the intermediate region (i.e. 30 < ¢ < 100). Indeed, it
was recognized (in a different semi-analytical approach [276, 277]) that it
is somehow necessary to smooth the joining of the two regimes by assum-
ing an interpolating form of the metric fluctuations that depends upon two
fitting parameters. We prefer here to stress that this method is inaccurate
in the matching regime since the spherical Bessel functions have been ap-
proximated for large £. Therefore, the comparison with experimental data
should be preferentially conducted, for the present purposes, in the Doppler
region.

Before plunging into the discussion, it is appropriate to comment on the
choice of the cosmological parameters that will be employed throughout
this section. The WMAP 3-year [39] data have been combined, so far,
with various sets of data. These data sets include the 2dF Galaxy Redshift
Survey [62], the combination of Boomerang and ACBAR data [63, 64], and
the combination of CBI and VSA data [65, 66]. Furthermore the WMAP
3-year data can also be combined with the Hubble Space Telescope Key
Project (HSTKP) data [67] as well as with the Sloan Digital Sky Survey
(SDSS) [68, 69] data. Finally, the WMAP 3-year data can also be usefully
combined with the weak lensing data [70, 71] and with the observations of
type Ia supernovae™ (SNIa).

Each of the data sets mentioned in the previous paragraph can be an-
alyzed within different frameworks. The minimal ACDM model with no
cut-off in the primordial spectrum of the adiabatic mode and with vanish-
ing contribution of tensor modes is the simplest concordance framework.
This is the one that has been adopted in this paper. Diverse completions
of this minimal model are possible: they include the addition of the tensor
modes, a sharp cut-off in the spectrum and so on and so forth.

All these sets of data (combined with different theoretical models) lead
necessarily to slightly different determinations of the relevant cosmological
parameters. To have an idea of the range of variations of the parameters
the following examples are useful”:

e the WMAP 3-year data alone [39] (in a ACDM framework) seem
to favour a slightly smaller value h3Qno = 0.127;

MTn particular the data of the Supernova Legacy Survey (SNLS) [72] and the so-called
Supernova “Gold Sample” (SNGS) [73, T4].

NThe values quoted for all the cosmological observables always refer to the case of a
spatially flat Universe where the semi-analytical calculation has been performed.
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o if the WMAP 3-year data are combined with the “gold” sample of
SNIa [73] (see also [74]) the favoured value h3Qyg is of the order
of 0.134; if the WMAP 3-year data are combined with all the data
sets h3Qno = 0.1324.

e similarly, if the WMAP data alone are considered, the preferred
value of h%Qbo is 0.02229 while this value decreases to 0.02186 if
the WMAP data are combined with all the other data sets.

The aforementioned list of statements refers to the case of a pure ACDM
model. If, for instance, tensors are included, then the WMAP 3-year data
combined with CBI and VSA increase by a little the value of h%Qbo which
becomes in this case, closer to 0.023. While it might be interesting to study
the same problems in non-minimal ACDM scenarios, here the logic will be
to take a best fit model to the WMAP data alone, compare it with the
numerical scheme proposed in this section, and consequently, assess the
accuracy of the semi-analytical method.

Consider, therefore, the case of a ACDM model with no tensors. In
Figs. 9.4 and 9.5 the contribution of each of the integrals appearing in
Eq. (9.267) is illustrated. The analytical form of these integrals has been
derived in Egs. (9.268), (9.269), (9.270) and (9.271). In Fig. 9.4 the
separate contributions of £(¢+1)C1(£)/(27) and of £(¢+ 1)Ca(¢)/(27) have
been reported for a fiducial set of parameters® (i.e. ne = 0.958, h3Qvo =
0.1277 and h2Qypo = 0.0229). This fiducial set of parameters corresponds
to the best fit of the WMAP 3-year data alone [39]. As mentioned the
pivot wave-number is k, = 0.002 Mpc~!. This is also the choice made by
the WMAP team. In the plot of Fig. 9.5 the separate contributions of
(L 4+ 1)C5(8)/(2m) and of £(£ + 1)Cy(€)/(2m) is illustrated for the same
fiducial set of parameters (which is also described at the top of the plot).
The various contributions are expressed in units of (uK)? (i.e. 1uK =
1075K) which are the appropriate ones for comparison with the data. The
normalization of the calculation is set by evaluating (analytically) the large-
scale contribution for ¢ < 30 and by comparing it, in this region, with the
WMAP 3-year data release.

By summing up the four separate contributions illustrated in Fig. 9.4,
Eq. (9.267) allows to determine, for a given choice of cosmological param-
eters, the full temperature autocorrelations. The results are reported in

®The scalar spectral index of the adiabatic mode is denoted, in this section, by n¢ to
emphasize that the Sachs-Wolfe normalization has been enforced using the spectrum of
curvature perturbations and not the spectrum of the longitudinal fluctuations.
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Figs. 9.6 and 9.7. In the plot at the left of Fig. 9.6 the critical fractions of
matter and baryons, as well as hg, are all fixed. The only quantity allowed
to vary from one curve to the other is the scalar spectral index of curvature
perturbations, i.e. n¢. The full line denotes the pivot case ne = 0.958
(corresponding to the central value for the spectral index as determined
according to the WMAP data alone). The dashed and dotted-dash lines
correspond, respectively, to ne = 0.974 and n¢ = 0.942 (which define the
allowed range of n¢ since n¢ = 0.958 & 0.016 [39]).

As we have already stressed, the regime ¢ < 100 is only reasonably
reproduced while the most interesting region, for the present purposes,
is rather accurate (as the comparison with the WMAP data shows). The
region of very large ¢ (i.e. £ > 1200) is also beyond the treatment of diffusive
effects adopted in the present approach. In Figure 9.7 the adiabatic spectral
index is fixed (i.e. n¢ = 0.958) while the total (present) fraction of non-
relativistic matter is allowed to vary (ho and h3Qyo are, again, kept fixed).
It can be observed that, according to Fig. 9.7, the amplitude of the first
peak increases as the total (dusty) matter fraction decreases.
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Chapter 10

Early Initial Conditions?

The presentation of the CMB anisotropies has been developed, in the last
three chapters, through a bottom-up approach. It has been argued that the
properties of the temperature and polarization autocorrelations are deter-
mined from a set of initial conditions that can include either an adiabatic
mode, or a non-adiabatic mode, or both (see, in particular, the final part
of chapter 7).

The most general set of initial conditions required to integrate the
Einstein-Boltzmann hierarchy is formed by one adiabatic mode and by four
non-adiabatic modes.® In this approach, the initial conditions are set prior
to equality but after neutrino decoupling. The wording initial conditions of
CMB anisotropies may also have, in the present literature, a complemen-
tary (but crucially different) meaning. If we are to believe a compelling and
not erroneous picture of the thermodynamic history of the Universe, also
for temperatures much larger than 200 GeV, then initial conditions for the
fluctuations of the FRW metric may be assigned not prior to decoupling
but much earlier, for instance during a stage of inflationary expansion.

While the logic summarized in the previous paragraph is the one fol-
lowed in chapters 7, 8 and 9, there is also a second (complementary) ap-
proach that has been partially explored already in chapter 6 when com-
puting, in a simplified situation, the spectrum of relic gravitons produced
thanks to the sudden transition form the de Sitter stage of expansion to the
radiation-dominated stage of expansion. In Fig. 6.2 the spectrum of relic
gravitons has been discussed for models making diverse assumptions about
both the thermodynamic history of the Universe and about the nature of
the laws of gravity at short distances. There is then no surprise that the

aDifferent gauge descriptions of the adiabatic and non-adiabatic modes can also be
found in chapter 11.
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obtained phenomenological signatures for the graviton spectra are indeed
different.

It is rather understandable, therefore, that this second approach neces-
sarily demands the adoption of a specific model of evolution of the back-
ground geometry valid well before the moment when weak interactions fall
out of thermal equilibrium. For this purpose the standard approach is to
suppose that the Universe underwent a phase of accelerated expansion that
was replaced by a stage dominated by radiation. This oversimplified pic-
ture can be matched, below temperatures of the order of 1 MeV, to the
firmer model of evolution that has been discussed in the previous chapters.
In this sense the relevant plots that illustrate the overall evolution of the
Hubble radius are the ones reported in Figs. 4.3 and 4.4. Concerning this
general lore various observations are in order:

e if the duration of inflation is minimal (see Fig 4.3) the initial con-
ditions may not be necessarily quantum mechanical;

e if the duration of inflation is nonminimal (see Fig. 4.4) the ini-
tial conditions for the scalar and tensor modes are, most likely, of
quantum mechanical origin;

e the initial inflationary stage may be realized either through a single
scalar degree of freedom or by means of a collection of scalar fields;

e in the case when more than one field is present, non-adiabatic
modes are expected ab initio;

e if inflation is realized through a single scalar field, there is still the
possibility that various other (spectator) fields are present during
inflation and they may modify the evolution of curvature pertur-
bations.

It is legitimate to stress that while we believe that we have a clear and
verified picture of the history of the Universe for T' < 1 MeV, the same
confidence may not be justified in the case of the early stages of the life of the
Universe. If initial conditions for the scalar and tensor modes are set during
the inflationary epoch, the tacit assumption is that we do know pretty well
the evolution of our Universe between the Hine ~ 107°Mp ~ 10'° GeV and
Hppn ~ 10731GeV (which is, according to Eq. (B.44) the curvature scale
corresponding to a temperature 7'~ MeV). In this section we are going to
assume that only a single scalar degree of freedom drives inflation and we
will ask the question of what are the curvature fluctuations induced by the
fluctuations of the inflaton. On a more technical ground, it is appropriate
to mention that similar mathematical developments are required in the
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treatment of inhomogeneities in quintessence models driven by a single
scalar field.

10.1 Minimally coupled scalar field

In diverse situations it is important to compute the fluctuations induced
by a single (minimally coupled) scalar degree of freedom. This exercise is
therefore technically relevant. The first step in this direction will be to
write down the fluctuations of the energy-momentum tensor. We will do
this in the conformally Newtonian gauge” and we will then learn how to
translate the obtained result in any other gauge needed for the resolution
of physical problems. Consider therefore the energy-momentum tensor of
a scalar field ¢ characterized by a potential V(y). To first-order in the
amplitude of the (scalar) metric fluctuations we will have:

0T, = 059" agoa#tp + 23000 x
y ov
— 01| 5059000050 + T DaxDsp — £ (10.1)

where y = d¢ is the first-order fluctuation of the scalar field in the
conformally Newtonian gauge and g,; denotes the background metric
while dsgo5 are its first-order fluctuations. In the conformally Newtonian
gauge, we recall, the only nonvanishing components are dsgoo = 2a%¢ and
8s9i; = 2a*1d;;. Using the results of Appendix C (in particular Egs. (C.25),
(C.28), (C.29) and (C.30)), component by component, Eq. (10.1) will give

0TS = dspo, 0T = —3.p,07 6T = 0, (10.2)

7

where

ov
Ospp = [ o0 +X'¢ + az—x},
dp

a
10.3
1 /1 Zav ( )
5sp¢=—2 —¢'” +xw—a%><~

The anisotropic stress arises, in the case of a single scalar field, only
to second order in the amplitude of the fluctuations. This means
that the anisotropic stress of a minimally coupled scalar field will con-
tain two derivatives of x so it will be, in stenographic notation, of
O(|0x|?) (see also Egs. (5.50) and (5.52)). Since we are here perturbing

bas already emphasized in the previous chapters the longitudinal and conformally New-
tonian are just used here as synonyms.
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Einstein equations to first order, this contribution will be neglected. The
perturbed Einstein equations are then easily written. In particular, by using
the explicit fluctuations of the Einstein tensors reported in Egs. (C.10),
(C.11) and (C.12) of Appendix C we have:

V2 — 3H(Ho + ') = 47G [—qfxp’g +x'o + QQZ—‘;X ,  (10.4)

U R+ 20) + (2 20+ 5920~ )

=4nG| = + X' ¢ — aga—vx] , (10.5)
ot
Ho + 1" = 4nGy'y, (10.6)

together with the condition ¢ = 1 since, as already remarked, the per-
turbed energy-momentum tensor of a single scalar degree of freedom does
not possess, to first-order, an anisotropic stress. To equations (10.4), (10.5)
and (10.6) it is sometimes practical to add the perturbed Klein-Gordon
equation (see Egs. (C.36), (C.38) and (C.39) of the Appendix C):

0?V ov

X'+ 2HY — Vi + 8—@2@2)( + 2¢%a2 — (¢ +3¢") = 0. (10.7)

10.1.1 Gauge-invariant description
Noticing that the gauge variation of the scalar field fluctuation reads
X— X=X~ €y, (10.8)

the gauge-invariant generalization of ¢, ¢ and x is given by the following
three quantities®:

U=y —H(B-E), (10.9)
®=¢+H(B—E)+([B-EY, (10.10)
X =x+¢(B-E). (10.11)

Sometimes ® and ¥ are called Bardeen potentials [194]. An interesting
property of the conformally Newtonian gauge is that, in terms of ¥, ® and
X, the evolution equations have the same form they would have in terms

“While the discussion developed throughout this book is self-contained, the interested
reader might also want to consult the interesting review of Ref. [321] which is based
on the longitudinal variables and their gauge-invariant generalizations. As already men-
tioned in chapters 7 and 8 the perspective adopted in the present book is not to stick to
a single gauge but rather to profit the gauge freedom in order to simplify the derivations.
This approach will be even more clearly spelled out in chapter 11.
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of ¥, ¢ and x. So the corresponding evolution equations for ¥, ® and X
can be obtained from Eqs. (10.4), (10.5) and (10.6) by replacing

Y=, p—@,  x—X (10.12)
The result of this trivial manipulation is given by
V20 — SH(H® + ¥') = 47Ga?5) p,,, (10.13)
1
U 4 H(D +20) 4+ (H? + 2H)® + gv2(<1> —0)
= 47Ga?5®p,,, (10.14)
H® + ¥ = 47Gy' X, (10.15)

where the gauge-invariant energy density and pressure fluctuations arise
from Eq. (10.3)

. 1 \%
5 p, = — [—%’2 +X'¢ + azg—X},
a ¥
10.1
§Ep, = ks —®” + X' — a28_VX (10:16)
¥ a2 dp |’

Suppose we are interested in the evolution equations of the fluctuations in a
gauge that is totally different from the conformally Newtonian gauge. The
solution of this problem is very simple. Take the evolution equations writ-
ten in explicitly gauge-invariant terms. Then express the gauge-invariant
quantities in the gauge you like. Finally substitute the expressions of the
gauge-invariant quantities (now expressed in a specific gauge) back into
the gauge-invariant equations. You will obtain very quickly the evolution
equations in the gauge you like. Let us give an example of this procedure.
Consider, for instance, the so-called uniform field gauge, i.e. the gauge
where the scalar field is homogeneous (see also chapter 11). Such a gauge
is defined by the following two conditions:

x=0, E=0. (10.17)
If we start from a generic gauge, we get to the uniform field gauge by fixing

the relevant gauge parameters, i.e. € and €y to the following values:

€0 = %, e=E. (10.18)
These two conditions can be obtained from Egs. (10.8) and (6.21) by impos-
ing, respectively, ¥ = 0 and E = 0. Notice that this gauge fixing eliminates
completely the gauge freedom since €p and € are not determined up to arbi-
trary constants. In the uniform field gauge, the gauge-invariant quantities
introduced in Egs. (10.9), (10.10) and (10.11) assume the following form

d=¢+HB+DB, VU=¢—-HB  X=¢B. (10.19)
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It is now easy to get all the evolution equations. Consider, for instance, the
following two equations, i.e.

H(H® + ¥') = 4nG' X, D=1, (10.20)

which are, respectively, the gauge-invariant form of the momentum con-
straint and the gauge-invariant condition stemming from the off-diagonal
terms of the perturbed Einstein equations. Let us now use Eq. (10.19) in
Eq. (10.20). The following pair of equations can be quickly obtained:

' +Hep =0, ¢ =1 — (B +2HB). (10.21)

With a similar procedure the other relevant equations can also be trans-
formed in the uniform field gauge. Notice that, depending on the problem
at hand, gauge-dependent calculations may become much shorter than fully
gauge-invariant treatments. This will be the guiding theme of the consid-
erations collected in chapter 11.

10.1.2 Curvature perturbations and scalar normal modes

Among all the gauge-invariant quantities some combinations have a special
status. For instance the so-called curvature perturbations [199, 200] or the
gauge-invariant density constrast [198, 199] (see also [33] and references
therein):

!/
R = —(\I/—i— %), (10.22)
(= —(@+H%>, (10.23)
Py
where p,, denotes the (background) energy density of the scalar field
¢
Pp = <ﬁ + V), (10.24)

and where §(8)p,, has been introduced in Eq. (10.16). The variable R,
already discussed in chapter 7, has a simple interpretation in the comoving
orthogonal gauge where it is exactly the fluctuation of the spatial curvature.
In similar terms, ¢ is nothing but the density contrast on hyeprsurfaces
where the curvature is uniform. These two variables are clearly connected.
In fact, putting Eqs. (10.22) and (10.23) into Eq. (10.16) we get to the
following simple expression:
Viy

- 10.25
127G’ ( )

R=¢
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The message of Eq. (10.25) is very important. It tells us that when the
wavelength of the fluctuations exceeds the Hubble radius, R ~ (+O(k?7?).
In other words, as long as k7 < 1 (i.e. when the relevant wavelength
is larger than the Hubble radius), the variables ¢ and R have the same
spectrum. The variable R also has a special status since the scalar-tensor
action perturbed to second order in the amplitude of the metric and scalar
field fluctuations assumes the following simple form [322, 323] (see also
[33]):

1
Sy =628 = 5 / d*z2°n*P 0, RISR, (10.26)
where
ay’
= —. 10.27
2= (10.27)

The Euler-Lagrange equations derived from Eq. (10.26) imply
R+ 22 R’ V2R = 0. (10.28)

Equation (10.28) is derived in Appendlx C (see, in particular, the algebra
prior to Eq. (C.53)). The canonical normal mode that can be easily read
off from Eqgs. (10.26) and (10.28) is then ¢ = —zR. In terms of ¢ the action
(10.26) then becomes, up to total derivatives,

/d4 { —q — 9;q0'q (10.29)

The canonical action (10.29) is exactly of the same form as of the one
discussed in Eq. (6.61) for the tensor modes of the geometry. What changes
is essentially the form of the pump field which is, in the case of the tensor
modes, a”’/a = H? + H'. In the case of the scalar modes the pump field is
z"/z instead. From Eq. (10.29) the quantum theory of the scalar modes
can be easily developed in full analogy with what has been done in the case
of the tensor modes. In particular the canonical normal modes ¢ and their
conjugate momenta (i.e. ¢’) can be promoted to the status of quantum
mechanical operators obeying equal-time commutation relations. Recalling
the notations of chapter 6 (see, in particular, Eq. (6.72)) the field operator
will now be expanded as

A 1 31| o —ik-& | AT iK-T
4(Z,7) = W /d k[q,ge + e , (10.30)

and analogously for the conjugate momentum. Also the phenomenon of
super-adiabatic amplification (discussed in chapter 6) is simply translated
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in the context of the scalar modes since the operators ¢ obey now, in Fourier
space, a Schrodinger-like equation in the Heisenberg representation:
1

g+ {kQ - %] G = 0. (10.31)
Exactly as in the case of tensors? (see, for instance Eqs. (6.41) and (6.77))
Eq. (10.31) admits two physical regimes: the oscillating regime (i.e. k2 >
|2""/z|) and the super-adiabatic regime (i.e. k? < |2”/z|) where the field
operators are amplified and, in a more correct terminology, scalar phonons
may be copiously produced. The overall simplicity of these results must not
be misunderstood. The perfect analogy between scalar and tensor modes
only holds in the case of a single scalar field. Already in the case of two
scalar degrees of freedom the generalization of these results is much more
cumbersome.® In the case of scalar fields and fluid variables, furthermore,
the perfect mirroring between tensors and scalars is somehow lost.

10.2 Spectral relations

10.2.1 Some slow-roll algebra

As a simple exercise the spectral relations (typical of single-field inflationary
models) will now be derived. The logic of the derivation will be to connect
the spectral slopes and amplitudes of the scalar and of the tensor modes to
the slow-roll parameters introduced in chapter 5:

H M (Ve
H2 2 \V )’
$ — _ =2V,

= — = — f— M

HQD € , n P v ’

where the terms V), and V,,, denote, respectively, the first and second

derivatives of the potential with respect to ¢. The slow-roll parameters af-
fect the definition of the conformal time coordinate 7. In fact, by definition

dt 1 da
/ a(t) aH a’H ( )
dThe analog of Eq. (10.31) in the case of an irrotational fluid supporting scalar fluctu-
ations has been studied long ago by Lukash in Ref. [322]. In that context it has been
argued that it described the production of phonons in isotropic Universes. The quantum
normalization has been also discussed

€Concerning this point see chapter 11 and the related discussion of the off-diagonal
gauge.

€ =

n (10.32)
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where the second equality follows after integration by parts assuming that
€ is constant (as it happens in the case when the potential, at least locally,
can be approximated with a monomial in ). Since

/ dt / g (10.34)

Eq. (10.33) allows us to express aH in terms of 7:

1

Using these observations, the pump fields of the scalar and tensor modes of
the geometry can be expressed solely in terms of the slow-roll parameters.
In particular, in the case of the tensor modes it is easy to derive the following
chain of equality on the basis of the relation between cosmic and conformal
time, and using Eq. (10.32):

H 27172
73) = H* (2~ ), (10.36)

Inserting Eq. (10.35) into Eq. (10.36) we will also have, quite simply

CLN
—=H*+H =a*H*(2+
a

a” 2—¢€
—_— = 10.37
a T2(1—¢)? ( )
The evolution equation for the tensor mode functions is
"
fl+ [k"’ - %] fr =0, (10.38)

whose solution is

N

T) = ———

fk( ) m

where Hl(,l)(—kr) are the Hankel functions [215, 216] already encountered

in chapter 6. In Eq. (10.39) the relation of v tp € is determined from the
relation

VokTH® (=k7), N = \/> m(2r+)/4 (10.39)

_ (12__:)2, (10.40)

VQ—

N

which implies
3—¢€
= . 10.41
YT e (10-41)
The same algebra allows us to determine the relation of the scalar pump
field with the slow-roll parameters. In particular, the scalar pump field is

%" _ <%>2 N (%) (10.42)
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and the corresponding evolution equation for the mode functions follows
from Eq. (10.31) and can be written as

~ Z// ~
Y+ [kQ - ?} fr =0. (10.43)
Recalling now the explicit expression of z, i.e.
ap’  ap
=—-_=—= 10.44
TTH T H (10.44)
we will have
2 ¢ H
- =H+ - ——. 10.45
z + o H ( )
But using Eq. (10.44), Eq. (10.42) can be expressed as
P S S R e
— = - H-+—(-]]|. 10.46
PR [(z) + z+8t(z)} ( )

Using Eq. (10.45) inside Eq. (10.46) we get an expression that is the scalar
analog of Eq. (10.36):

ZI/

—= a?H?*(2 4 2¢ + 30+ en +n?). (10.47)

Notice that the explicit derivatives appearing in Eq. (10.46) lead to two
kinds of terms:

e the terms of the first kind can be immediately written in terms of
the slow-roll parameters;

e the second kind of terms involve three (time) derivatives either of
the scalar field or of the Hubble parameter.

In these two cases we can still say, from the definitions of € and 7, that
83@ . . .. .
i nHep +nH@, H=-2¢HH. (10.48)
Again, using Eq. (10.35) inside Eq. (10.47) we get
2" (24 26+ 3n+en+n?)
— = , 10.49
z (1 —€)?72 ( )
implying that the relation of the Bessel index v to the slow-roll parameters
is now determined from [215, 216]

- 1 2+2+3n+en+n?
2 _Z = . 10.50
YT 11— )2 (10-50)
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By solving Eq. (10.50) with respect to 7 the following simple expression

can be readily obtained:

3+e+2n
2(1—¢) °

Consequently, the solution of Eq. (10.43) will be, formally, the same as the

one of the tensors (see Eq. (10.39)) but with a Bessel index 7 instead of v:

fr(r) = \/%\/—IWHS)(—IW), N = \/ge”@’;ﬂ)/‘l, (10.52)

Of course, this formal analogy should not be misunderstood: the difference
in the Bessel index will entail, necessarily, a different behaviour in the small
argument limit of Hankel functions [215, 216] and, ultimately, slightly dif-
ferent spectra whose essential features will be the subject of the remaining
part of the present section.

U=

(10.51)

10.2.2 Tensor power spectra

The tensor power-spectrum, in a given model, is the Fourier transform of the
two-point function of the corresponding fluctuations (either tensor or scalar,
in the examples discussed along the present section). Consider, therefore,
the two-point function of the tensor modes of the geometry computed in
the operator formalism:

fi 82
(Ol (%, 7)1 (5, 7)|0) = — (Olix(&, 7)in(¥ 7)[0), (10.53)
where p are the operators corresponding to the canonical normal modes of
the tensor problem discussed in chapter 6. By now evaluating the expecta-
tion value we obtain

O @G0 = [ SN e os
i\ T)IGRYs a2 | 2r)3
By making explicit the phase-space integral in Eq. (10.54) we get
Ny N in k
O @7 @00} = [P =T, (1059)
where Pr(k) is the tensor power spectrum, i.e.
403
Pr(k) = S5 R (10.56)
But from Eq. (10.39) we have
2 2
5 = WLy O ()@ () = T ayore . 0s7)

2k 4k



316 A Primer on the Physics of the Cosmic Microwave Background

The second equality in Eq. (10.57) follows from the small argument limit
of Hankel functions [215, 216]:

HO (=) ~ — L1 () <_f) - (10.58)

for |z| < 1. The physical rationale for the small argument limit is that we
are considering modes whose wavelengths are larger than the Hubble radius,
i.e. |z| = kT < 1. Notice that, in the last equation, I'(v) denotes, as usual,
the Euler I" function [215, 216]. Equation (10.56) then gives the super-
Hubble tensor power spectrum, i.e. the spectrum valid for those modes
whose wavelength is larger than the Hubble radius at the decoupling, i.e.

22% o ot kT
In Eq. (10.59), the term (1 — €)?*~! arises by eliminating 7 in favor of
(aH)~! as dictated by Eq. (10.34). There are now different (but equivalent)
ways of expressing the result of Eq. (10.59). Recalling that {p = M;l, the
spectrum (10.59) at horizon crossing (i.e. k ~ Ha) can be expressed as

221/ H2
Pr(k) = =T?()(1 — )* ! (_—2) : (10.60)
MP k~aH
The subscript arising in Eq. (10.60) refers to the moment at which a given
wavelength crosses the Hubble radius is defined as the time at which

% = aiH ~ k1~ 1. (10.61)
This condition is also called (somehow improperly, as discussed in chap-
ter 4), horizon crossing. Notice once more that the equalities in Eq. (10.61)
simply follow from the relation between the cosmic and the conformal time
coordinate (see, for instance, Eq. (2.68)).

As discussed in chapter 5, the slow-roll parameters are much smaller
than one during inflation and become of order 1 as inflation ends. Now
the typical scales relevant for CMB anisotropies crossed the Hubble radius
the first time (see Figs. 4.3 and 4.4) about 60 e-folds before the end of
inflation (see Eqgs. (5.119) and (5.120)) when the slow-roll parameters had
to be, for consistency, sufficiently smaller than 1. It is therefore legitimate
to expand the Bessel indices in powers of the slow-roll parameters and, from
Eq. (10.41), we get:

3

Ve g + e+ O(€%). (10.62)
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Equation (10.60) can also be written as

2 v
Pr(k) ~ 3.2 (_M—4 >k . (10.63)
P ~a

where we used the slow-roll relation 3M§,H 2 ~ V (see Egs. (5.98) and
(5.99)). Finally, expressing Mp in terms of Mp (see Eq. (5.59)),

128/ V

The tensor spectral index nr is then defined as

o _ dInPr
Pr(k) ~ k™, nr = -

(10.65)

Taking now the spectrum in the parametrization of Eq. (10.64) we have,
from Eq. (10.65),
Ve 02
"7V ok’

(10.66)

But at horizon crossing, k = aH. By taking the derivative with respect to
@ of both sides of the latter relation we have:

dlnk 1da 1 0H

5o " ade T Tow (10.67)

The right hand side of Eq. (10.67) can then be rearranged by using the
definitions of the slow-roll parameter € (see Eq. (10.32)) and it is

ok V. (—1__;). (10.68)
Iy Ve \ Mp

Inserting Eq. (10.68) into Eq. (10.66) it is easy to obtain

2 =2
nr = —<%) 1M—_Pe ~ _12_66 ~ —2¢ + O(e?). (10.69)
Slightly different definitions for the slow-roll parameters and for the spec-
tral indices exist in the literature. At the very end the results obtained
with different sets of conventions must necessarily all agree. In the present
discussion the conventions adopted are, for practical reasons, the same as
the ones of the WMAP collaboration (see, for instance, [37, 38]).
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10.2.3 Scalar power spectra

The scalar power spectrum is computed by considering the two-point func-
tion of the curvature perturbations on comoving orthogonal hypersurfaces.
This choice is, to some extent, conventional and also dictated by practical
reasons since the relation of the curvature perturbations R to the scalar
normal mode ¢ is rather simple, i.e. 2R = —¢ (see Egs. (10.26) and (10.28)
as well as the algebra prior to Eq. (C.53) in Appendix C). Having said
this, the scalar modes of the geometry can be parametrized in terms of the
two-point function of any other gauge-invariant operator. Eventually, after
the calculation, the spectrum of the curvature perturbations can always be
obtained by means of (sometimes lengthy) algebraic manipulations. In the
operator formalism the quantity to be computed is
sin kr
kr

O|R(Z, ")R(7,7)|0) = [ Pr(k) dInk, (10.70)

where
3

Pr(k) = %Iﬁ(f)ﬁ (10.71)

where the mode functions fi(7) are now the functions given in Eq. (10.52).
By repeating exactly the same steps outlined in the tensor case, the scalar
power spectrum can be written as

225—3

Pr(k) = o T2()(1 - >(%)(%) (10.72)

Recalling Eq. (10.51) and expanding in the limit € < 1 and 7 < 1 we have,
in full analogy with Eq. (10.62),

3+e+2n 3 9

—_—— ~— 42 O(e?). 10.73
21— o) 2+ e+n+ 0O(e) ( )

By comparing Eqs. (10.62) with (10.73) it appears clearly that the differ-

ence between v and U arises as a first-order correction that depends upon

(both) € and 7. Equation (10.72) can then be written in various (equiva-

lent) forms, for instance, evaluating the expression at horizon crossing and

taking into account that 7, to lowest order, is 3/2. The result is:

D:

1 [(H2\?
Pr(k) = — (—) ) (10.74)
42 P k~aH
Since, from the slow-roll equations,
Vv 1 H* 1 Vv

OH> 2w G2 127 g
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Hence, Eq. (10.74) becomes
8 \%4

Prk) = ——| — , 10.76
=(¥) 3Mlél’(6>k~aH ( )
where we used Eq. (10.75) in Eq. (10.74) and we recalled that Ma =

M3E/(87). The scalar spectral index is now defined as
_ dInPr
k) ~ kst s—1= 10.
Pr(k) , n Tk (10.77)
It should be stressed that, again, the definition of the spectral index is
conventional and, in particular, it appears that while in the scalar case
the exponent of the wave-number has been parametrized as ns — 1, in the
tensor case the analog quantity has been parametrized as nt. Using the

parametrization of the power spectrum given in Eq. (10.76) and recalling
Eq. (10.68), Eq. (10.77) implies that

o 1 Ve €0
=1 L 10.
" H1-¢ { Vv € (10.78)
Since
o Ve Ve ¢ Ve
L 92 o 2, = == 10.79
€ Ve ( V > H 3H? ( )

Eq. (10.78) implies that
ns = 1 — 6e + 27. (10.80)
Equation (10.80) is the standard result for the scalar spectral index arising

in single field inflationary models. Notice that the value of ng is close to
(but smaller than) the Harrison-Zeldovich value (i.e. ns = 1).

10.2.4 Consistency relation

Therefore, we will have, in summary;,
128/ V 8/ V
pp— 128 <_) L pre (_> , (10.81)
3 \Mp/an 3\eMp /)y an

nt = —2¢, ns = 1 — 6e + 27]. (10.82)
For applications, the ratio between the tensor and the scalar spectrum is
also defined asf

with

P
N

fFinally the rationale for the introduction of r as a parameter of the ACDM model can
be understood. The standard set of the cosmological parameters is briefly discussed in
the last section of chapter 1.

(10.83)
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Using Eq. (10.81) into Eq. (10.83) we obtain
r =16 = —8nrt (10.84)

which is also known as consistency condition. Again, as previously re-
marked, the conventions underlying Eq. (10.84) are the same ones adopted
from the WMAP collaboration [37, 38].

The scalar and tensor power spectra computed here represent the (single
field) inflationary result for the CMB initial conditions. This exercise shows
that the quantum-mechanically normalized inflationary perturbations lead,
prior to decoupling, to a single adiabatic mode. Few final comments are in
order:

e while the situation is rather simple when only one scalar degree
of freedom is present, a more complicated system can easily be
imagined when more than one scalar is present in the game;

e if many scalar fields are simultaneously present, the evolution of
curvature perturbations may be more complex.

The approximate conservation of curvature perturbations for typical wave-
lengths larger than the Hubble radius holds, strictly speaking, only in the
case of single field inflationary models. It is therefore the opinion of the
author that the approach of setting early initial conditions (i.e. during
inflation) should always be complemented and corroborated with a model-
independent treatment of the late initial conditions. In this way we will
not only understand which is the simplest model fitting the data but also,
hopefully, the correct one.

10.3 Curvature perturbations and density contrasts

In this section we are going to anticipate some ideas that will be more
thoroughly discussed in chapter 11. The main difference is that here the
main attention will be concentrated on the case of a minimally coupled
scalar degree of freedom and on the induced curvature inhomogeneities.
In the comoving gauge the three velocity of the fluid vanishes, i.e. v¢ =0
(where 6c = V?vc). Since the constant (conformal) time hypersurfaces
should be orthogonal to the four-velocity, we will also have B¢ = 0. In this
gauge the curvature perturbation can be computed directly from the ex-
pressions of the perturbed Christoffel connections bearing in mind that,
unlike the Appendix, we want to compute here the fluctuations in the
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spatial curvature, namely
i B3 | —ij _ 4
0RY) = 6,4 R;;) +795,RY = — Ve, (10.85)

where the subscript C refers to the fact that the calculation has been con-
ducted on comoving hypersurfaces. The curvature fluctuations of the co-
moving gauge can be connected to the fluctuations in a different gauge char-
acterized by a different value of the time coordinate, i.e. 7¢c — 7 = 7¢ + €p.
Under this shift

e — ¥ = e + Heo, (10.86)
(ve + Be) — B+v = (vc + Bc) + €. (10.87)

Since in the comoving orthogonal gauge Bc +vc = 0, Egs. (10.86)—(10.87)
imply, in the new coordinate system,

Yo =1 —H(v+ B) = (¥ —HV), (10.88)

where the second equality follows from the definitions of gauge-invariant
fluctuations given in Eqgs (10.10)—(10.9). From Eq. (10.88) it can be con-
cluded that R corresponds to the curvature fluctuations of the spatial cur-
vature on comoving orthogonal hypersurfaces.

Other quantities, defined in specific gauges, turn out to have a gauge-
invariant interpretation. Take, for instance, the curvature fluctuations on
constant density hypersurfaces, ¥p. Under infinitesimal gauge transforma-
tions

Yp — ¥ = ¥p + Heo,

(10.89)
épp — dp = dpp — p'eo.

But on constant density hypersurfaces dpp = 0, by the definition of the
uniform density gauge. Hence, from Eq. (10.89),

5 5
wD:@HHp—’,’ E\I/—FH%, (10.90)

where, again, the second equality follows from the definitions of gauge-
invariant fluctuations given in Egs. (10.10) and (10.9) since the gauge-
invariant velocity potential is simply given by 9°V, = d'v+0"E’. Hence, the
(gauge-invariant) curvature fluctuations on constant density hypersurfaces
can be defined as

¢ = —<@+H%g). (10.91)



322 A Primer on the Physics of the Cosmic Microwave Background

Equation (10.91) defines the gauge-invariant curvature fluctuations on con-
stant density hypersurfaces. The last sentence seems to contain a contra-
diction, but such an expression simply means that ( coincides with the
curvature fluctuations in the uniform density gauge. In a different gauge
(for instance the longitudinal gauge) ¢ has the same value but does not
coincide with the curvature fluctuations.

The values of ( and R are equal up to terms proportional to the Lapla-
cian of W. This can be shown by using explicitly the definitions of R and
¢ whose difference gives

(-R= —H(Vg+ %g) (10.92)

Recalling now that from the Hamiltonian and momentum constraints and
from the conservation of the energy density of the background

1

Vop=——--—F—(H®P+ T’
& A7 Ga2(p + p) (He +¥),
5 1 ) / (10.93)
—_— = VU -3 d+ U
J Gt HiFR+ )
we obtain
2
R
¢— v (10.94)

R=—F7—5—.
127Ga?(p + p)

The density contrast on comoving orthogonal hypersurfaces can also be

defined as [194, 198]

o opc _op+p(w+B) _ 5pg—3H(p+p)Vg7 (10.95)
P P P

where the second equality follows from the first one by using the defini-

tions of gauge-invariant fluctuations. Again, using the Hamiltonian and

momentum constraints,

— L 2
fm = 47 Ga?p
that means, according to Eq. (10.94), that ({ — R) X €m.

(10.96)

10.4 Hamiltonians for the scalar problem

In light of possible applications, it is desirable to treat the evolution of
the scalar fluctuations of the geometry in terms of a suitable variational
principle. On this basis, Hamiltonians for the evolution of the fluctuations
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can be defined. By perturbing the action of the scalar fluctuations of the
geometry, the final form of the action can be expressed in terms of the
curvature fluctuations
1 1 2
s = 5 [ d'w 2 |R® (@R (10.97)
Defining now the canonical momentum 7r = 22R/, the Hamiltonian related
to the action (10.97) becomes

1 2
HY (1) = 5 / Bz {’;—7; + zQ(&R)Q], (10.98)
and the Hamilton equations
= 22VPR, R = 2—7; (10.99)

Equations (10.99) can be combined in a single second order equation so
that Eq. (10.28) is recovered.

The canonically conjugate momentum, mr is related to the density con-
trast on comoving hypersurfaces, namely, in the case of a single scalar field
source [194, 199,

_ bpp+3H(p, + 1)V a*dp, 4+ 3HE'X

Py a?py ’
where the second equality can be obtained using the fact that p, +p, =
o /a? and that the effective “velocity” field in the case of a scalar field is
V = X/¢'. Making use of Eq. (10.15) in Eq. (10.13), Eq. (10.100) can be
expressed as

(10.100)

€m

_ 2MEV2Y  2V2U
- a?p, 3 M2

€m (10.101)
where the last equality follows from the background equations. From
Eq. (10.101), it also follows that

R = 2°R' = —6a*Hem, (10.102)

where Eq. (10.101) has been used. Hence, in this description, while the
canonical field is the curvature fluctuations on comoving spatial hypersur-
faces, the canonical momentum is the density contrast on the same hyper-
surfaces.

To bring the second-order action in the simple form of Eq. (10.97), vari-
ous (non-covariant) total derivatives have been dropped. Hence, there is al-
ways the freedom of redefining the canonical fields through time-dependent
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functions of the background geometry. In particular, the action (10.97) can
be rewritten in terms of the variable ¢ defined in prior to Eq. (10.29). Then

s =L [l —oZag —uap + (2) @ 10.103
scal_§ g - ;qq_(lq) + ; q |, ( . )

and its related Hamiltonian and canonical momentum are, respectively

/

1 z
Hb(fgl(T) =3 /d?’x [773 + 2mgq + (6iq)2] , andm=¢ — gt (10.104)

In Eq. (10.103) a further total derivative term can be dropped, leading to
another action:

1 1
Son = 3 /d4x {q’z — (3ig)* + %qg}, (10.105)
and another Hamiltonian
1 1
H (7)gear = 3 / d%[ﬁg +(0:9)* — Z;(f] , (10.106)

where 7 = ¢’. As in the case of the Hamiltonians for the tensor modes, Eqgs.
(10.98), (10.104) and (10.106) are all related by canonical transformations.
Furthermore, notice that classically the scalar end tensor Hamiltonians have
exactly the same form in the case of power-law inflation.

10.5 Trans-Planckian problems?

Consider, for simplicity, the case of power inflation parametrized in terms
of the conformal time coordinate 7 as a(7) ~ (—7)~# with 3 > 0. If the
standard normalization prescription is interpreted in strict mathematical
terms, then it will happen that if the initial normalization time 7y is sent
to —oo, a given physical frequency at the time 79, w = k/a(79) will become
much larger than the Planck mass, or as often emphasized, trans-Planckian.
A common theme of various investigations in this direction of research is the
observation that in the “trans-Planckian” regime the precise description of
the evolution of the metric fluctuations could be foggy. These statements
leave room for various proposals which can be summarized as follows:

e the dispersion relations can be modified by trans-Planckian effect;

e the indetermination relations are modified;

e trans-Planckian physics induces the presence of a new fundamental
scale M smaller than the Planck mass; observable effects in the
scalar and tensor power spectra can be expected.
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The modifications invoked in the dispersion relations, as often acknowl-
edged by the authors, always have some ad hoc feature. This possibility
was extensively investigated, in a series of papers, by Brandenberger and
Martin [325-327] as well as by other authors [328-334]. The observation
may be summarized by saying that the wavenumber of the fluctuation is
modified in such a way that k% — k2 (k, 7) [325-327]. Such modifications
should be derived from a suitable variational principle [331] (but this is not
completely obvious) and they can well be nonlinear [329]. Some effort has
been made in order to justify the existence of modified dispersion relations
in various frameworks ranging from analog modifications arising in black-
hole physics [331] to quantum-Poincaré algebras applied to a cosmological
setting [330], to non-commutative geometries [332].

The modifications of the indetermination relations are sometimes mo-
tivated by the scattering of superstrings at Planckian energies [335-338].
However, in that context the modifications in the dispersion relations oc-
curs in critical dimensions (26 in the case of the bosonic string); the “po-
sition” operator is an impact parameter of two colliding strings. In the
trans-Planckian context, on the contrary, the modifications of the indeter-
mination relations are studied in a four-dimensional context. Tachyonic
instabilities then occur (this is also a problem, in some cases, when disper-
sion relations are modified). This approach has been followed by various
authors [339-342].

One possible approach to the problem would be to assume that there is
a fundamental scale M < Mp and that fluctuations should be normalized as
soon as they “exit” from the physical regime characterized by the scale M.
This aspect is partially illustrated in Fig. 10.1 where with the dotted line
the new fundamental scale is reported. According to these type of proposals
[343, 344, 360] the modes of the quantum field should be normalized (at
a finite conformal time () as soon as the physical frequency (with dashed
line in Fig. 10.1) crosses the dotted line. This crossing clearly occurs at
different times for different comoving frequencies. In the case of power-law
inflation, a given physical frequency w(7) = k/a(7) will “cross” the scale
M at a characteristic time 7o (k) determined as

M

(1) = —— o M, > 7o(k) = —ﬁ<?>% ~ —ﬁ<%>1%, (10.107)

a(7o)
where a(7) ~ (—7/71)7%. The second equality in the second equation
follows from the relation between the cosmic and conformal times in power-
law backgrounds (see, for instance, before Eq. (6.81)). In the expanding
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branch of de Sitter space-time 8 = 1 and p — co. Consequently k7y is
constant and roughly given by M/H where H is the Hubble rate during
the de Sitter phase. Now the claim is that [343, 344] this prescription for
setting the initial condition for quantum fluctuations produces observable
corrections to the tensor power spectrum® of the form

— H\"
Pt ="Pr {14—07 <—) +...], (10.108)
M
where c, is a numerical constant; Pt is the tensor power spectrum ob-
tained through the standard normalization prescription discussed earlier in
this section. Oscillating terms multiplying the ratio (H/M)” have been ne-
glected (see below, however). The ellipses in Eq. (10.108) stand for terms
which are of higher order in H/M. Concerning the parametrization given
in Eq. (10.108) two comments are in order:

e it is clear that if the prescription (10.107) is applied the correction
to the power spectrum has to be in the form (10.108): the reason
is that the power spectrum will now depend upon the new scale
xg = ko ~ M/H > 1 that becomes the argument of Hankel
functions whose limit for zg > 1 must indeed produce a result of
the type (10.108);

e the power ~ is crucial for the possible observational relevance of
trans-Planckian effects so it becomes crucial to understand what
controls the power ~.

Some authors claim that v can be 1 [343, 344]. In this case the ratio
H/M will be larger than H/Mp that we know can be as large as 107
1075, If v = 2 or even v = 3 the correction is not relevant. Different
arguments have been put forward for values v > 1 [346-350]. Notice that
often the discussions of these effects take place in pure de Sitter space
(where, as already pointed out, scalar modes would be absent). In this
context different vacua can be defined. They are connected by unitary
transformations and generically indicated as « vacua [351-355]. Flat space
has a global time-like killing vector. This allows us to define a Hamiltonian
whose minimization defines a “vacuum”, i.e. the lowest energy eigenstate.
In de Sitter space there is no global time-like killing vector. So a globally
conserved energy cannot be defined. It is however still possible to find
states which are invariant under the connected part of the isometry group

8Here we discuss the tensor case since, for ezact (expanding) de Sitter space only the
tensor modes are excited. However, the same discussion hold also for the scalar power
spectra in the quasi-de Sitter space-time.
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of de Sitter space, i.e. SO(4,1). In the case of a free scalar field there
is an infinite family of invariant states called o vacua since they can be
distinguished by a single complex number «.

10.5.1 Minimization of canonically related Hamiltonians

In the following the roots of the corrections to the power spectrum will be
understood in terms of a much more mundane feature of the theory of cos-
mological fluctuations, i.e. the possibility, already discussed in chapter 6, of
defining different Hamiltonians related by canonical transformations. More
specifically it will be demonstrated than the value of «y given in Eq. (10.108)
depends on which Hamiltionian one wishes to have minimized at the mo-
ment when the given physical frequency cosses the new fundamental scale
M as explained in Eq. (10.107). By averaging the energy-momentum
pseudo-tensor of the fluctuations of the geometry over the state minimizing
a given Hamiltonian at 7(k), the energetic content of the fluctuations can
be estimated. The result of such a calculation must be smaller than the
energy density of the background geometry. This chain of calculations has
been presented recently in [213] and [214] and will be briefly reviewed here.

The first step is to show that, depending on the which Hamiltonian
is minimized at 79(k) (defined as in Eq. (10.107)) a different power of ~y
is obtained in Eq. (10.108). In order to be specific consider the case of
conventional power-law inflationary models. We will first derive the result
for the cases of the Hamiltonians (10.98). Then we derive the results of the
minimization of the other two Hamiltonians (i.e. Egs. (10.104)-(10.106)).
As already discussed in chapter 6 the scalar Hamiltonians have a direct
counterpart in the case of the tensor modes. So we will be able to report
the analog results holding in the tensor case.

Equation (10.98) implies that the canonical field is R, i.e. the curvature
perturbation. The canonical momentum is the density contrast as discussed
in Eq. (10.102). The Hamiltonian operator will be

A = l/d%[@ + 22(81'7@)2} (10.109)

2 22

Repeating the same procedure outlined earlier in this section, Eq. (10.109)
can be written as

B 1 1 PR N
H(r) = / &’k [—(ﬁgﬁg +Abag) + B2 (RERE + Rgng)} . (10.110)
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The Hamiltonian (10.110) can be written at 7o(k) as
. 1 At A R . A
H(ro) = 5 /dBkk [QT,;Q,; +QQL+ Q" Q1 +Q Q] E} . (10.111)

where

>

A 1 [73(70)
Qk(TO) - /—2k |: Z(To)
obeying [QE, Q;;] = 5(3)(E—ﬁ). Consequently, the state minimizing (10.110)

at 7o is the one annihilated by QE, ie.

Qr(10)|01) =0, Q_=(m)0M) = 0. (10.113)

- iz(To)kRE(To)] , (10.112)

The specific relation between field operators dictated by (10.113) provides
initial conditions for the Heisenberg equations

iR' = [R, H, it = [fr, H]. (10.114)

The full solution of this equation can be written as
Ri(r) = ag(ro) fu(r) +al (r0) f (7), (10.115)
#p(r) = ap(10)gr(7) + @' (70)gi(7), (10.116)

where, recalling the explicit solution of the equations in the case of the
exponential potential (see chapter 5) and defining = = k7

_ R et
fie(r) = s V—rHY (—x), Y= D)
g(7) = —46%(“4'1/2)”,%(7)\/%\/—_3:[{51_)1(—x), (10.117)

satisfy the Wronskian normalization condition

fe(T)gi() = fi(T)ge(7) = i. (10.118)

Notice that the mode functions of Eq. (10.117) are different from the ones
previously written earlier in this section. The creation and annihilation
operators appearing in (6.79) are defined as

i(70) = — el m) + k8 i ()] Qo)

~ lgi(r0) — k=3 S (1))Q" (7o)}
(10.119)

=) = kB )] ()
— [gn(ro) + k=3 fu (1)) Qo) -
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So far two sets of creation and annihilation operators have been introduced:
the operators QE(TQ) and the operators az(7). The state annihilated by
Q i(70) minimizes the Hamiltonian at 79 while the state annihilated by (7o)
does not minimize the Hamiltonian at 7g. It is relevant to introduce these
operators not so much for the calculation of the two-point function but
for the subsequent applications to the back-reaction effects. In fact, in the
standard approach to the initial value problem for the quantum mechanical
fluctuations, the initial state is chosen to be the one annihilated by (7o)
for 79 — —oo0.
The Fourier transform of the two-point function,

(00, | R(Z, T)R(7, 7) 70,00} = /dh‘”xf r— |7 - gl (10.120)

can now be computed, and the result is

%;i%umﬂ%%%+#uﬂmmﬂ

e N

2 (70)?
£ [gn(10)” 2
— ’f2 L(TO) + k%2(70)? fr(70) H (10.121)

The explicit form of Pr and Pt can be obtained by inserting
Egs. (10.117) into Eq. (10.121). The results should be expanded for
|z] = k7 < 1 and for |zg| = k7o > 1. While |k7| measures how much
a given mode is outside the horizon,

M M
|{E0| |k7‘0| =~ H(to(k)) Hex (10122)
defines the moment at which the given mode crosses the scale M. Notice
that Eq. (10.122) has exactly the same content of Eq. (10.107)
To have the explicit form of the power spectrum, Eq. (10.121) should

be expanded for k7 < 1 and |k7o| > 1 and the result is

p  sin[2x0+ pr/(p —1)]
2(]? - 1) xo ’

H1/2 1/2

PR = 1+

(10.123)

where ’P;z/ % is the power spectrum of the scalar fluctutations already ob-
tained within the standard lore.

The results obtained in the case of Eq. (10.98) can be also generalized
to the case of the tensor modes. In this case the calculation is identical



330 A Primer on the Physics of the Cosmic Microwave Background

with the only difference that z(7) is replaced by a(7) and R is replaced by
h. The result will be:

—1/2 1/2

P _ pl 1+2 p  sin[2zo +pr/(p —1)]

(p—1) Zo ’

(10.124)

where, now P%/ % is the same as the spectrum obtained in the case of the
standard lore.

In Egs. (10.123) and (10.124), on top of the standard (leading) terms
there is a correction that goes, roughly, as 1/x¢ ~ Hex/M where, as dis-
cussed in Eq. (10.122), Hex denotes the Hubble parameter evaluated at the
moment the given scale crosses M. If M ~ Mp, Hex/M ~ 1076, This is
the correction that would apply in the scalar power spectrum if quantum
mechanical initial conditions were assigned in such a way that the initial
state minimizes (10.98).

Having discussed in detail the results for the case of (10.98), attention
will now be turned to the case of Egs. (10.104) and (10.106). In this case the
whole procedure of canonical quantization can be repeated with the crucial
difference that the state minimizing the quantum version of (10.104) will not
be the same minimizing (10.98). If the Hamiltonian (10.104) is minimized
the result is

p_ cos[2xo+pr/(p—1)]
4p-1) g ’

where the subscript denotes either the scalar or the tensor power spectrum

—1/2 1/2
PR7T = PR/,T 1-

(10.125)

since the correction, in a power-law inflationary background, is the same
for both scalars and tensors.

A comparison of Egs. (10.124) and (10.125) shows two important facts.
The first is that the leading term of the spectra is the same. This phe-
nomenon simply reflects the occurrence that different Hamiltonians, con-
nected by canonical transformations, must lead to the same evolution and
to the same leading term in the power spectra. The second fact to be no-
ticed is that the correction to the power spectrum goes as 1/z3 in the case
of (10.125). This correction is then much smaller than the one appear-
ing in (10.124). If M ~ Mp then the correction will be, in the de Sitter
case, O(10712), i.e. six orders of magnitude smaller than the correction
appearing in Eq. (10.124).

Finally the case of the Hamiltonian (10.106) will be examined. Equa-
tion (10.106) can be minimized following the same procedure as already
discussed in the case of Eqgs. (10.98) and (10.104). However, again, the
state minimizing the Hamiltonian of Eq. (10.106) will be different from
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Fig. 10.1 The evolution of the Hubble rate in Planck units is illustrated in a schematic
model of post-inflationary evolution. The evolution of two different physical frequencies
is also illustrated in the case when the duration of inflation is non-minimal (about 80
efolds). With the dotted line some fundamental physical scale (smaller than the Planck
mass) is also illustrated.

the states minimizing the Hamiltonians of Eqgs. (10.98) and (10.104). The
result for the power spectra will then be

p(2p — 1) sin [2x0 + pr/(p — 1)]
(p—1)2 4z}

—1/2
Prax=PHa|1+

(10.126)

In Eq. (10.126) the correction arising from the initial state goes as 1/x}
and again, if M ~ Mp, it is O(107!®), i.e. 12 orders of magnitude smaller
than in the case discussed in Egs. (10.123) and (10.124).

10.5.2 Back-reaction effects

In order to select the correct Hamiltonian in a way compatible with the
idea of assigning initial conditions when a given physical frequency crosses
the scale M, it is desirable to address the issue of back-reaction effects.
The energetic content of the quantum-mechanical state minimizing the
given Hamiltonian should be estimated and compared with the energy den-
sity of the background geometry. The back-reaction effects of the differ-
ent quantum-mechanical states minimizing the Hamiltonians will now be
computed. Without loss of generality, attention will be focused on the
tensor modes of the geometry. The advantage of discussing the gravitons
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Fig. 10.2 The same quantities illustrated in Fig. 10.1 are reported in the situation
when the flat plateau lasts for about 65 efolds.

is that they do not couple to the sources and, therefore, the form of the
energy-momentum pseudo-tensor is simpler than in the case of the scalar
modes [356, 357].

The appropriate energy-momentum tensor of the fluctuations of the
geometry will be averaged over the state minimizing a given Hamiltonian
at 79(k) and the result compared with the energy density of the background
geometry, since the energy density of the perturbations cannot exceed that
of the background geometry.

The energy density of the tensor inhomogeneities can be computed from
the energy-momentum pseudo-tensor written, for simplicity, for one of the
two polarizations:

(1) = %«h’h + hh')) + 8—;<[h’2 + (9;h)?]), (10.127)
where (...) denotes the expectation value with respect to a quantum me-
chanical state minimizing a given Hamiltonian and h denotes the field op-
erator corresponding to a single tensor polarization of the geometry.

If, in Eq. (10.127), the average is taken with respect to the state mini-
mizing the tensor analog of Eq. (10.98), then the energy density is, in the
case of de Sitter space [214]:

4
_(1) N H 9 1
Pew (7,70) Gan2 [330 + 0O (_x% >:|

~ GIZ—;(%Y{HO@HW—Z)} (10.128)
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Since, as already discussed, |zo| = M/H > 1, in the case of de Sitter
space, the back-reaction effects related to the state minimizing the first
Hamiltonian are then large. Recall, in fact, that the energy density of the
background geometry is O(H2M3). Hence, if M ~ Mp the energy density
of the fluctuations will be of the same order as that of the background
geometry, which is not acceptable since if this is the case, inflation could not
even start. Let us now turn our attention to the case of the state minimizing
the tensor analog of Eq. (10.104). The expectation value of the energy-
momentum pseudo-tensor will now be taken over the state minimizing the
second class of Hamiltonians. Applying the same procedure as before, the
averaged energy density is smaller than the result obtained in Eq. (10.128)
by a factor (H/M)?.

Finally, in the third and last case, we have to average the energy-
momentum pseudo-tensor over the state minimizing the tensor analog of
Eq. (10.106). In this case the result is [214]

B 27 H\? HA

i.e. even smaller than the result discussed in the case of the second Hamil-
tonian. In this case, the averaged energy density is much smaller than that
of the background.

The results reported in [214] and summarized above suggest the follow-
ing reflections:

e it is physically interesting to set quantum mechanical initial condi-
tions as soon as a given physical frequency crosses a fundamental
scale M;

e to compute “observables”, it is crucial to determine which Hamil-
tonian is minimized as soon as the given physical frequency crosses
a fundamental scale M;

e large (observable) effects seems to be ruled out if one accepts that
the energy density of the fluctuations should be smaller than the
energy density of the background geometry.

Similar considerations, but through different arguments, appear in
[358-360]. It is here appropriate to mention that the authors of
Ref. [361, 362] claim to reach more optimistic conclusions concerning the
back-reaction effects associated with particular classes of trans-Planckian
effects. In particular, in Ref. [361] the analysis has been performed just
in terms of the scalar field fluctuation (that is not gauge-invariant for
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infinitesimal diffeomorphisms). It would be interesting to repeat the same
analysis in terms of the tensor modes of the geometry.

10.6 How many adiabatic modes?

Concerning the the evolution of scalar fluctuations, a plausible question to
ask is how many adiabatic solutions and how many non-adiabatic solutions
are compatible, for instance, with the conservation of R and ( discussed
respectively in Egs. (7.103) and (7.123).

This question, usually approached within the separate Universe picture
[198] (see also [363] for a reintroduction of some of arguments given in
[198]), was recently addressed by Weinberg in a series of papers [364-366].
The separate Universe picture amounts to stipulating that any portion of
the Universe that is larger than H 1 (H being the Hubble rate) but smaller
than the physical wavelength on the perturbation a/k will look like a sepa-
rate unperturbed Universe. In the following the separate Universe picture
will not be invoked but the way of reasoning put forward in Refs. [364-366]
will be briefly outlined. The hypotheses of the theorem are the following:

e the theory of gravity is, for simplicity, of Einstein-Hilbert type;

e the background geometry is given by a FRW metric which we can
take for simplicity to be spatially flat;

e that the Universe is always expanding (possibly with different
rates);

e the sources of the geometry are relativistic fluids.

The last assumption is quite general and it allows for the presence of
anisotropic stresses. From the mentioned assumptions it also follows that
Eq. (7.103) is fully valid. This is true for two separate reasons:

o the first reason is that Eq. (7.103) is deduced within an Einsteinian
theory of gravity;

e the second reason is that, since the Universe is assumed to be
always expanding, the time-dependent coefficients of the terms at
the right hand side of Eq. (7.103) are all non-singular.

Moreover, since fluids with different barotropic indices can be simultane-
ously present, the non-adiabatic fluctuation of the pressure density, dpnad,
can be present.
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The thesis of the theorem is that the evolution equations, in the lon-
gitudinal gauge description, always have a pair of physical solutions for
which dpn.q — 0 and R approaches a constant for k& — 0, where k denotes,
as usual, the comoving wavenumber. In other words, following the usual
terminology, there will always be at least a pair of adiabatic solutions with
0pnad = 0 and R constant in the limit £ — 0:

e one solution with R # 0;
e the other with R = 0.

In order to understand correctly the thesis of the theorem, the limit &k — 0
is crucial. The second point to be borne in mind is that there could also be
other solutions with R’ # 0. These solutions, if allowed by the Hamiltonian
constraint, will be non-adiabatic.

The theorem can be demonstrated in general terms, as illustrated in
Ref. [364]. Here it will be illustrated in the simple case of a scalar field
source. In this case, the evolution equations in the longitudinal gauge can be
simply obtained from Egs. (10.4), (10.5), (10.6) and (10.7). By definition of
longitudinal coordinate system, the gauge freedom is completely specified.
However, in the limit & — 0 there is an extra accidental symmetry which
is a remnant of the gauge symmetry and which allows us to find exact
solutions in the limit of vanishing comoving momenta.

Consider, therefore, the aforementioned evolution equations in the limit
k — 0 (or, equivalently, the limit of vanishing spatial gradients). The
key observation in order to prove the theorem in general terms is that
these equations have an extra accidental symmetry for a particular class of
coordinate transformations, i.e.

T F=T+4e(r), 2 —i =z -\, (10.130)

where the parameter A is a space-time constant. This coordinate trans-
formation clearly induces a transformation in the fluctuations defined in
the longitudinal gauge, in particular, using Eq. (6.13), and recalling the
definitions of longitudinal fluctuations, the transformations will be:

6—=0=0-Heo—c, Y= =U+Ho—Ax—X=x-¢e
While the gauge transformation for ¢ is exactly the one derived in Eq.
(6.18), the transformation for ¢ derived on the basis of (10.130) differs
from Eq. (6.19). There is no surprise for this occurrence: in fact we are

here taking the limit & — 0. Hence, the part of the perturbed metric
proportional to k;k; (which would be generically induced by a coordinate
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transformation) is not induced by the specific coordinate transformation
given in Eq. (10.130). Therefore, from Egs. (10.131) it is clear that a
solution of the longitudinal gauge equations can be obtained, in the limit
k — 0, by setting

¢ = —€, — Heo, 1 = Heg — A,

/
X = — €y .
This solution can be generalized to the case when the sources are more

(10.131)

general, namely, for instance, with several fluids, several interacting scalar
fields and so on.

The solution given in (10.131) would simply be a pure gauge. However,
it can be extended to the case of non-zero k by looking at the conditions
implied on €y by the components of the perturbed Einstein equations which
are trivially satisfied in the limit £ — 0: these are the off-diagonal terms in
the (i7) equation, implying ¢ = ¢ (in the absence of an anisotropic stress)
and the momentum constraint of Eq. (10.6) implying ¢’ + Hy = 4nGy'x.
The condition ¢ = 1 implies, according to Eq. (10.131), that ¢ satisfies
the following simple equation

€h 4+ 2Heg = A, (10.132)
whose solution can be written as €y = eél) + 682) where
W _ A [T g @2 _ _C
€ = a2(7')/ a“(r")dr’, € = (1) (10.133)

are, respectively, a particular solution of the inhomoheneous equation and
the general solution of the homogeneous equation. The solution expressed
by 6((32) can also be understood from the freedom of shifting the lower limit
of the integral appearing in e(()l).

With this observation, the system of the longitudinal fluctuations can be
solved. In order to appreciate the significance of the results to be obtained,
it is useful to write down the system as a third order differential system in
the variables ¢y, xr and x}, = fr. Using Egs. (10.6) and (10.7), the system

to be solved is, in Fourier space,”
VY = —Hi + 4G xi, (10.134)
Xi = fr, (10.135)

2
f=—2mp — k- 2
d¢
hip the following the index denoting Fourier transformed quantities will be restored
since no ambiguity can arise with different subscripts. This is important since it has to
be stressed that the pure gauge solution in the limit £ — 0 can be lifted to the status of
physical solution also for k # 0.

oW
a’yy — ka%ag + 4ap . (10.136)
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In this case the coefficients of the various terms appearing in the system are
continuous in a neighborhood of k¥ = 0. This condition guarantees that the
would-be gauge mode can be lifted to the status of physical solution in the
limit £ — 0. In the general case (when the sources are more complicated
than a single scalar field) this condition may not be satisfied in general but
it is certainly rather plausible given the typical forms of energy-momentum
tensors customarily employed in cosmological model building.

After repeated use of the background equations, (and in particular of
Eq. (5.80)), Eq. (10.136) implies for k = 0 that

1 !
ve=t (X_§a> . (10.137)
a\y
Now, since
W= —eVy P = Py, (10.138)
we will also have
B = X+ K / QA (r)dr, (10.139)
9 H
P = 2y (10.140)

Knowing what X,(cl), x,(f) are, Egs. (10.139) and (10.140) allow us to deter-
mine what Ry, is in the limit £ — 0 from the by now familiar relation

H
R;@m) _ —w,ﬁl’g) _ JXI(CLQ)' (10.141)

In particular, inserting Eqs. (10.138) and (10.139)—(10.140) into Eq.
(10.141) we will have

RV =) R =0 (10.142)

The result is: for & — 0 there always two adiabatic modes, one with
R constant and the other with R vanishing. Since the system of Egs.
(10.134)—(10.136) is a third-order system there will be 3 independent so-
lutions. However, the Hamiltonian constraint eliminates one, the non-
adiabatic, i.e. the one leading to R’ # 0 for k — 0. If instead of one
scalar field there are Ny scalar degrees of freedom the theorem applies as
well. The system of Egs. (10.134)—(10.136) can be generalized to this case
with the result that the number of independent equations will be (2Ng+1).
Of these (2Ns + 1), 2 are adiabatic and a third one is eliminated by the
Hamiltonian constraint. Thus, the remaining 2(N; — 1) are non-adiabatic
modes.
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This perspective was further developed in [366] (see also [365]) with the
purpose of discussing the fate of non-adiabatic modes in multi-field infla-
tionary models. As remarked in [367], in a related context, the conservation
laws for R and its analog for the tensor modes of the geometry bears some
similarities with the Goldstone theorem [368, 369] normally employed in
relativistic quantum field theories. The modes for which R or h;; are con-
stant outside the horizon take the place here with the Goldstone bosons
that become free particles for long-wavelength.

As a final side remark, it is interesting to mention that the derivation
of the present results has been conducted in the longitudinal coordinate
system. What would happen in a different coordinate system, for instance,
the synchronous? The answer to this question is that different gauges
may suggest that different quantities are constant outside the horizon [364].
However, this does not imply that different gauges are not equivalent as far
as the evolution of physical quantities are concerned. The reason is that
the limit £ — 0 may have different meanings in different gauges [364].
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Chapter 11

Surfing on the Gauges

The discussion of gravitational inhomogeneities has been conducted, so far,
by exploiting a specific choice of coordinate system. In chapter 6 it has
been noticed that while the tensor modes of the geometry are invariant
under infinitesimal diffeomorphisms, the scalar and vector modes are not.
As a consequence of this statement, the scalar modes have been treated in
the conformally Newtonian (or longitudinal) gauge in chapters 7, 8 and 9.
In chapter 10 it has been shown how it is possible to switch from a gauge-
dependent to a gauge-invariant description and the general observation has
been applied to the early evolution of scalar fluctuations generated by the
inhomogeneities of the inflaton field. This theme has been further expanded
in Appendix D.

There are no compelling reason why a coordinate system should be
regarded as intrinsically superior to another coordinate system. Every co-
ordinate system has its virtues and its possible drawbacks. Different classes
of physical problems, ranging from classical mechanics to gauge theories,
suggest there is nothing deep about the selection of a gauge. The only guid-
ing principle in the choice of a gauge could be practical considerations. In
a partical problem it can happen, for instance, that the evolution equations
are more transparent (or more easily solvable) in a particular gauge. This
does not mean that every problem should be treated in the same gauge.
On the contrary, the possibility of changing the coordinate system at every
moment should be seen as a powerful tool that allows us to cross-check the
results of long calculations.

In the present chapter it will be shown why it is productive (and some-
times highly desirable) to surf on different gauge descriptions. Along this
discussion the peculiar features of different coordinate systems will be high-
lighted. The gauge choices can be divided, generally speaking, into two

341
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broad classes:

e gauges where the arbitrariness of fixing the coordinate system is
completely removed;

e gauges where the arbitrariness of fixing the coordinate system is
not completely removed.

As already discussed in chapter 6, the gauge freedom is completely removed
if the parameters of the gauge transformation (called for short gauge param-
eters) are fully determined. If the gauge parameters are determined only up
to an integration constant (which is time-independent but space-dependent)
then, the gauge freedom is not completely removed. The longitudinal gauge
and the off-diagonal gauge (sometimes also called uniform curvature gauge)
belong to first of the two aforementioned classes. The synchronous gauge
and the comoving orthogonal gauge belong to the second class. In the first
part of this chapter the most common gauge choices will be examined. In
the second part of this chapter various gauge-invariant descriptions will be
studied with the aim of stressing that not only gauge-dependent descrip-
tions are dictated by the specific problem but also that gauge-invariant de-
scriptions may change depending on the practical circumstances of a given
calculation.

11.0.1 Generalities on scalar gauge transformations

The essential elements of the decomposition discussed in Eqgs. (6.3), (6.4)
and (6.5) will now be quickly reviewed with specific attention to the scalar
modes of the geometry. Indeed, according to Eqgs. (6.3), (6.4) and (6.5),
the scalar fluctuations of the geometry can be parametrized as:

8sgoo = 2a°9, (11.1)
5sgij = 20,2(1,/)51']‘ — 8¢8jE), (112)
55901' = —a28iB, (113)

where, as in Appendix C and D, s denotes a scalar fluctuation of the
corresponding quantity. For infinitesimal coordinate transformations

T — T =T+ e, (11.4)

zt— 3 =2 4 O, (11.5)
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the four independent functions ¢, 1, B and E appearing in Eqgs. (11.1),
(11.2) and (11.3) transform as

¢ — b =¢—Heo — €, (11.6)
Y — ) = + Heo, (11.7)
B—B=B+e¢—¢, (11.8)
E—-E=F—e (11.9)

In Egs. (11.6), (11.7), (11.8) and (11.9) the tilde means that the correspond-
ing quantities are evaluated in the tilded coordinate system as implied by
Egs. (11.4) and (11.5).

To fix (either completely or partially) the gauge parameters €y and e
amounts to selecting a specific coordinate system. If this would be the end
of the story, the choice of a gauge would not be so problematic. Not only
must the scalar fluctuations of the geometry change under Egs. (11.4) and
(11.5); the scalar fluctuations of the sources must also transform accord-
ingly. So the possible ways in which the gauge parameters can be posited
increases. Consider, for instance, the situation when the sources are rep-
resented by a collection of perfect fluids. For each species A, the gauge
transformations (11.4) and (11.5) induce the following shift:

dspx — Ospr = Gspa — p€o, (11.10)
dspx — OPx = dspx — Pheo, (11.11)
0 — 0y = 0 + V3¢ (11.12)

The quantities py and py are the background energy density and pressure
of each single species. The gauge transformations for the global variables
can be obtained by recalling that:
Pt = ZPA; Pt = th (pt + pr)bs = Z(pA +px)0x.  (11.13)
A A A
Equations (11.10), (11.11) and (11.12) imply, together with Eq. (11.13),
that

dspr — dspy = Ospy — preo, (11.14)
5spt - 5sﬁt - 5pt —p/AEQ, (1115)
0y — 0y = 0, + V3. (11.16)

Using the covariant conservation equation for the background fluid density,
ie. p\ = —3H(wx+1)py, the gauge transformation for the density contrast,
i.e. dn) = dpny/pn), follows easily from Eq. (11.10):

Sy = 0n) + BH(L+ wx) )eo- (11.17)
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Another possibility for the energy-momentum tensor of the fluid sources is
represented by one (or more) scalar degrees of freedom. In this case the
relevant gauge transformation has been already discussed and employed in
chapter 10 (see, in particular, Eq. (10.8)). Defining as ¢ the scalar degree
of freedom and as y = d5¢ the corresponding fluctuation, the relevant gauge
transformation induced on x by Eqgs. (11.4) and (11.5) reads:

X— X=X~ ¢y (11.18)

Since the scalar sources also shift under infinitesimal coordinate transfor-
mations, the two gauge parameters can be fixed either from the sources or
from the scalar degrees of freedom of the geometry. For instance we can
choose the gauge where the fluctuations of the energy density vanish: this
will be the uniform density gauge. Or we can choose the gauge where the
fluctuations of the scalar field vanish: this will be the uniform field gauge
and so on and so forth.

It is appropriate to mention also the gauge variation of another impor-
tant quantity, namely the brightness perturbations which will be important
for expressing the perturbed Boltzmann equation in different gauges. Re-
calling the expression of the four-momentum
pu_ ot drdst ot

dX d\ dr dr’

from the condition gagPO‘PB = 0 we get the modulus of the comoving
three-momentum that reads:

(11.19)

, dz’
q=niq" =nidi. (11.20)
T

By now, gauge-shifting the spatial coordinates as z* — &' = 2 + €', the
comoving three-momentum transforms as:
G = q[l +n;0%]. (11.21)

The quantity appearing in the phase space distribution is a scalar under
gauge transformations. Consequently, the ratio (¢/7) must transform as a
scalar under infinitesimal coordinate transformations:

- /

q q q

=== = . 11.22
The inhomogeneous temperature can then be separated into a homogeneous

contribution (denoted by Tp(7)) and a fully inhomogeneous perturbation:

T(&,n', 1) = To() + 6T (% n', 7). (11.23)
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The quantity which must now be computed is the value of 67 in the gauge-
shifted frame. Inserting Eq. (11.23) into Eq. (11.22) the following relation
can be easily obtained:
q q )
- = + quT_O2 .
T0<1 + 5;?) T0<1 + ‘*;OT) 0

Both sides of Eq. (11.24) can now be expanded for small values of the
relative temperature fluctuations with the result that:

q 5T\ g 5T T
4 (1= — 9 (1= -0 11.25
To( Ty ) T0< To ) a7 (11.25)

We can now use Eq. (11.21) to eliminate §; the resulting relation will give
directly the gauge-shift of the temperature under infinitesimal coordinate
transformations:

(11.24)

6T = 0T — egTy + n; 0 Ty, (11.26)
which also implies, in the notation of chapter 9, that
A1 = A — oT)) + 0Ty . (11.27)

The collisionless Boltzmann equation written in a given gauge can be easily
transformed into another suitable gauge. In fully analog terms it is possi-
ble to obtain the gauge variation of the reduced phase space distribution
both for photons and neutrinos. The connection between the brightness
perturbation and the reduced phase space distribution has been derived in
Egs. (9.61) and (9.62). For instance, in the case of neutrinos the gauge
transformed F, is given by

/

~ T .
F,=F, — 4?060 + 4n; 0", (11.28)
0

where the factor of 4 comes from the definition of F,, versus f (1) and where
T45/To = —H (see Egs. (9.61) and (9.62) for the relation between F,, and
fM). A relevant observation that applies both to Eq. (11.27) and (11.28)
is that while the monopole and dipole are not invariant under infinitesimal
coordinate transformations, the higher multipoles are automatically gauge
invariant. This property can be exhibited by taking the various multipoles
of both sides of Eq. (11.27). Even if this short calculation is rather trivial,
let us discuss it in detail. Equation (11.28) reads, in Fourier space,

- T!
F,=F, — 4%60 + dikpe’. (11.29)
0
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By definition of multipole moment we will have (recall that p = k - 7)

1
/ Py(u)F (kyiv, 7)dp = 2(—i) Fro(k, 7). (11.30)
—1
By now taking the multipole moments of both sides of Eq. (11.29), it
can be easily found after straightforward integration over p that while the
monopole and dipole shift under gauge transformations as

~ !/

T, . 4
Foo=Fuo —42e0,  Fi = Fo1 + ke, (11.31)
T 3

the higher multipoles do not shift. We said that this property is trivial since
it can be directly inferred from the gauge-shift of the radiation density con-
trast and of the peculiar velocity. We actually learned in chapter 9 that the
lowest multipoles of the Boltzmann hierarchy do correspond, respectively,
to the density contrast (monopole), to the peculiar velocity (dipole) and to
the anisotropic stress (quadrupole).

In the following, a selection of gauges will be specifically discussed. For
the sake of comparison we will also discuss, very briefly, the longitudinal
gauge which has been used for different applications in chapters 7, 8, 9
and 10. Of course, as repeatedly stressed at the beginning of this chapter,
the selection of gauges which will be presented is by no means exhaustive:
its purpose is solely to account for some of the most commonly employed
choices of coordinate systems.

11.1 The longitudinal gauge

The longitudinal (often named conformally Newtonian) gauge is obtained
by setting to zero the functions £ and B appearing in the parametrization
of Egs. (11.1), (11.2) and (11.3). In the longitudinal coordinate system we
will have E;, = 0 and By, = 0. The perturbed Christoffel connections and
the perturbed components of the Ricci and Einstein tensors can be easily
obtained, in this gauge, by setting to zero F and B in the corresponding
equations appearing in Appendix D. The resulting expressions will contain
¢ and v which should be understood as the longitudinal fluctuations of
the metric computed in the longitudinal gauge. In this sense it would be
convenient to name those quantities ¢y, and vr,. Even if this notation is
desirable it is in practice a bit redundant due to the possible proliferation of
indices. We will try to avoid it as much as possible. In spite of this, in some
circumstances, it will be practical to recall in which gauge the fluctuations
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are effectively computed. For instance it will be interesting to know is
what ¢ when computed in the comoving orthogonal gauge. In this case the
convention adopted will be to write 9, i.e. the value of 1 computed in the
comoving orthogonal gauge. Similar situations will be encountered along
the way.

If we are to reach the longitudinal gauge from a generic parametrization
of the perturbed line element we will have to demand, according to Egs.
(11.8) and (11.9), that

B — BL,=B+e¢ —¢, (11.32)

E—FE,=F—c¢ (11.33)
Since Ey, = By, = 0, Egs. (11.32) and (11.33) imply that the two gauge
parameters are fixed as

¢e=E, e¢=F -B. (11.34)

As anticipated the longitudinal condition removes the gauge freedom com-
pletely since both € and ¢y do not depend upon any arbitrary constant.
The evolution equations in the longitudinal gauge have been extensively
studied in chapters 7, 8 and 9. Moreover, in chapter 10 the longitudinal
gauge equations have been also written in the presence of a single scalar
degree of freedom which is the relevant situation for the discussion of the
problem of initial conditions deep within the inflationary epoch.

11.1.1 Gauge-invariant generalizations

Since the gauge freedom is completely specified, it is possible to construct
a set of gauge-invariant variables whose main property will be to reduce
to the longitudinal variables once the condition £ = B = 0 is consistently
imposed. Of course, these equations will still hold, by construction, also in
other gauges where F # 0 or B # 0. The relevant set of gauge-invariant
variables can be written as

O=¢+(B-EY+HB-E),

V=14 —H(B-E,

dpg = dspy + pi(B — E'),

Opg = Ospy +py(B — E'),

Oy =0+ V?E'. (11.39
Equations (11.35) and (11.36) have already been anticipated in chapter 10
(see Egs. (10.10) and (10.9)) where the gauge-invariant fluctuation of the
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scalar degree of freedom was specifically treated (see Eq. (10.11)). We
immediately verify, according to Egs. (11.6), (11.7), (11.8) and (11.9), that
for infinitesimal coordinates transformations, the variables defined in Egs.
(11.35)—(11.39) are left invariant. We also immediately verify that when
E=B=0,%— ¢, ¥V — 9, and so on. Namely, the set of gauge-invariant
variables defined in Egs. (11.35)—(11.39) reduces to the longitudinal gauge
variables when the longitudinal gauge condition are posited. As a use-
ful exercise it is appropriate to write down the gauge-invariant evolution
equations in terms of the quantities defined in Eqs. (11.35)-(11.39). In-
serting the definitions (11.35)—(11.39) into the general expressions of the
perturbed Einstein and energy-momentum tensors (see Appendix D), the
gauge-invariant forms of the Hamiltonian and momentum constraints be-
comes:
VAU — SH(V' + H®) = 47a*Gépy, (11.40)
V2V +H®P) = —47Ga*(py + p1)Og (11.41)
while the two remaining conditions stemming from the (i, j) components of
the perturbed Einstein equations are®:
U+ H(P +20') + (H? + 2H')

1
+ §V2(<I> —U) = 47Ga*dp, (11.42)

V2(® — W) = 120Ga’(py + pi)oy - (11.43)
Equation accounts for the presence of the anisotropic stress. We prefer to
write the total anisotropic stress (instead of the neutrino contribution) since
there might also be other species with anisotropic stress. In this case we
will have, in analogy to what happens with the total velocity field,

(ps + pt)os = Z(p,\ + pA)0A, (11.44)

A
where the index A runs over all the species of the mixture.

Plugging Egs. (11.35)—(11.39) into Egs. (D.50) and (D.51) and using
the evolution equations of the background (i.e. Egs. (2.65), (2.66) and
(2.67)), the gauge-invariant form of the perturbed covariant conservation
equations can easily be obtained:

0py = 3(p+ )V’ + (pt + pi)Og + 3H(dpg + dpg) =0,  (11.45)

(Pe + p)Og + [(Ph + pt) + 4H(pe + )] Og

+V26pg + (s + p) V2@ — (pg + pi)V30y = 0. (11.46)
a1t is worth noticing that the set of gauge-invariant equations (11.40)—(11.41) and
(11.42)—(11.43) are the fluid generalization of Egs. (10.13), (10.14) and (10.15) that

have been already introduced in chapter 10 when treating the fluctuations induced by a
self-interacting scalar field.
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Another expedient way of obtaining Eqs. (11.40)—(11.43) and (11.45)—
(11.46) is to use the evolution equations written directly in the longitudinal
gauge (see, for instance, chapter 7) and to use the observation that they
must have the same form of the evolution equations for the corresponding
gauge-invariant quantities. The two methods lead to the same results.

11.2 The synchronous gauge

The synchronous coordinate system is defined by setting ¢ =0 and B =0
in Egs. (11.1) and (11.3). Therefore, in the synchronous coordinate system
¢s = Bs = 0. As previously seen in the context of the longitudinal gauge,
if we start from a generic coordinate system, the synchronous gauge is
recovered if we posit, according to Egs. (11.6) and (11.8),

B—>Bs:B+60—€/, (1147)
®— ds = ¢ — Heo — €. (11.48)

Since, by construction, ¢g = Bs = 0, the gauge parameters are determined
this time as

€ = B+ ¢, (aeg)’ = ap. (11.49)

The explicit solution of Eq. (11.49) gives the gauge parameters in terms of

B(Z,7) and ¢(&, 7). Direct integration of Eq. (11.49) implies:
1 /T / = / Gy (f)

N G(T )¢($a T )dT + )

) a(7)

a(t

eo(Z,7) = (11.50)
e(Z, 1) = /T B(Z,7") dr’ + Cy(%)

"

+C1(7) /dL+/L)/ a(r')$(Z,7)dr'.  (11.51)

a(t’) a(T
Equations (11.50) and (11.51) depend upon two arbitrary functions Cy (Z)
and Co(Z) signaling that, in the synchronous frame, the gauge freedom
is not completely removed. According to Eq. (11.2), the synchronous
fluctuation of the metric can then be written, in Fourier space, as

659ij(k, ) = 2a®(s6i; + kik; Es). (11.52)

Another commonly used parametrization for the perturbed line element in
the synchronous gauge is given by

(Ssgij(k7 T) = a2(7) ]%ﬂ%h(k@ T) + 6€(k, T) <IA€Z‘]A€j - %5”)] . (1153)
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Since the parametrizations of Egs. (11.52) and (11.53) must coincide, s
and Eg will just be a combination of £ and h:
(h +6¢)
2k?
The evolution equations in the synchronous gauge can be derived with
two complementary strategies:

s = —¢, Es = : (11.54)

e In the first approach the expressions of Appendix D can be special-
ized to the case of the synchronous gauge by setting in the relevant
expressions ¢ = B = (; the remaining equations will depend upon
s, Fg as well as the relevant density contrasts and peculiar veloc-
ities computed in the synchronous gauge; then using Eq. (11.54)
the variables ¢s and Fg can be traded for h and £ and the wanted
system can be recovered;

e in a complementary perspective it is also possible to take the evo-
lution equations written in another gauge and then work out the
connection between the dynamical variables expressed in the two
gauges; then by expressing the old system in terms of the syn-
chronous variables the very same system of synchronous equations
can be obtained.

Since in chapters 7, 8 and 9 the Einstein-Boltzmann hierarchy has already
been written in the longitudinal frame it is possible to take the longitudinal
equations and to transform them into the synchronous equations.

To spell out the relation between two different gauges it suffices to write
the relation between the dynamical variables defined in the two coordinate
systems. Suppose, therefore, for us to be in the longitudinal gauge where
the variables are ¢r,, ¥, 61, and 6. The corresponding variables in the
synchronous gauge will be given by

g(kﬂ') = —'l/JL(k,T) — %/T a(q—/)¢L(/€,T’)d7‘/’

Bk, 7) = 6un (k. 7) + 6% / " () ou k)

Todr v " 1N g1t
—2k2/ a(T’)/ a(t")or (k, 7")dr", (11.55)

e N P

2

Os(k,7) =0L(k,T) — % /T a(t")oL(k, 7")dr".
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Eq. (11.55) follows from Eqs. (11.6)—(11.9) and (11.10)—(11.12) and from
the conditions defining the longitudinal gauge. In Eq. (11.55), w(y) refers
to the barotropic index of each single species. Concerning Eq. (11.55) a
comment is in order. Since in the synchronous gauge ¢s = 0, the gauge
parameters that drive the solution from the longitudinal to the synchronous
system will simply be determined from the equations

(aco) = adr, € = e, (11.56)

which are the analog of Egs. (11.49) but written for the specific case of a
transformation from longitudinal to synchronous coordinates. As discussed
in Egs. (11.50) and (11.51), Eq. (11.56) necessarily entails two integration
constants that may depend, in Fourier space, upon the comoving wavenum-
ber k. These two constants must be set to zero since they would induce a
spurious solution which is sometimes named gauge mode, i.e. an unphysical
solution that can be removed by a further coordinate transformation that
does not drive the transformed variables outside the synchronous gauge.

Conversely, a solution defined in the synchronous frame can be trans-
formed in the longitudinal frame. In this case the gauge parameters driving
the solution from the synchronous to the longitudinal frame are determined
from the relations

Bs—>BL=Bs—|—€0—€I, Es — Ep, = Eg — ¢, (1157)

recalling that Fy, = Bs = By, = 0. Consequently, from Eq. (11.57), the
gauge parameters are determined to be:

_ h+6¢ €_M+w
T2k 07 ok
where we recall that, according to Eq. (11.54), Es = (h+ 6£)/(2k?). Using

the form of the gauge parameters obtained in Eq. (11.58), a given solution
in the synchronous frame can be transformed in the longitudinal gauge

(11.58)

according to the following expressions:

bu = g l(h+ 66)" + H(h + 6))

H /
P = =€+ 2_k2(h+6§) :
3H(wy + 1)

2%?
1
b1, = 0s — 5 (h +65).

(11.59)

op, = ds + (h +6¢)
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Let us now see how Eq. (11.55) works on a practical example, namely, the
way in which the Hamiltonian constraint is transformed from the longitu-
dinal to the synchronous gauge. In the longitudinal gauge (and in Fourier
space) the Hamiltonian constraint reads (see Eq. (7.51))

—k*Yr, — 3H(HoL + 1)) = 4nGa?6(M p, (11.60)

where, by definition, 6S(L) pt is the density contrast computed in the longi-
tudinal gauge, i.e.

50 py = po6 4 9,68 + pes™ + ot (11.61)

Applying Eq. (11.55) we can easily find, after simple algebra, that
Eq. (11.60) translates into the following equation

%h’ = 47Ga?5 py, (11.62)

k¢ —

where now 6§S)pt is the total density contrast computed in the synchronous
gauge, i.e.

8 p = 168 + p,68) + ped® + prol). (11.63)

Notice that Eq. (11.62) is obtained by using one of the background equa-

tions and, more specifically, Eq. (2.66) which stipulates that (H? — H’) =

47Ga®(py + py). Following a similar procedure all the other evolution equa-

tions (already obtained in the longitudinal gauge) can be easily transformed
in the synchronous gauge.

11.2.1 FEwvolution equations in the synchronous gauge

The complete set of evolution equations in the synchronous gauge will now
be presentedP:

H

k%¢ — Eh’ = 4rGa’5py, (11.64)
R + 2HK — 2k*¢ = 247Ga?dpy, (11.65)
(h +68)" + 2H(h + 6¢) — 2k*¢ = 24nGa®(p, + pu)oy,, (11.66)
k*¢" = —4rGa®(py + pi)b:.- (11.67)

bFor the sake of simplicity various subscripts and superscripts will be omitted. In
particular the superscript S (referring to the synchronous gauge) will be avoided. The
notation will be shortened by writing éés)pt = §p¢ (and analogously for the pressure and
for the divergence of the total peculiar velocity): it must actually be clear, at this point
of the discussion, that these variables will be the ones computed in the synchronous
frame.
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Equations (11.64), (11.65), (11.66) and (11.67) follow, respectively, from the
(00), (i4), (i # j) and (0¢) components of the perturbed Einstein equations.
Indeed Eqgs. (11.64)—(11.67) can be obtained directly from the general ex-
pressions reported in Appendix D by imposing ab initio the synchronous
gauge condition. This exercise is a useful cross-check for the consistency
of the whole procedure. The evolution equations for the different species
can be obtained with similar methods. In particular for CDM particles we
have:

Y
5é = _90 + =,

2 (11.68)
0" + Hb = 0.

The evolution equations for the photons are instead®:

4 2
8, = _597 + gh’,

2 (11.69)
0, = I(SV +€ (6 — 0,).
The equations for the baryons will be:
h/
5{) = -0, + 5,
4p (11.70)
o) + Hb, = gp—Ze’(GW —6p).
Finally, for neutrinos we will have:
4 2 k2
8 =—=0,+ I/, 0, = —k%o, + =96,
43 g s B (11.71)
= —0, - —kF,3— —h'—=¢.
T T I U

Using the observation that, prior to decoupling, photons are tightly coupled
to baryons, the relevant evolution equations for the baryon-photon system
are given by:
’
5 = —gt%b + gh’, 5= —O + 3
MR, | K 5,
Ry +1 " 4R, +1
€It should be mentioned, to avoid confusion, that the quantity ¢ appearing in Egs.
(11.69) and (11.70) denotes (as in chapter 7) the differential optical depth. Therefore it
should not be confused with the first time derivative of the gauge parameter which is

also denoted by €’. With this specification a potentially dangerous clash of notations is
avoided.

(11.72)
0, +
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where 60,1, is the photon-baryon velocity field. A word of care must be spent
for the transformation of the evolution equations of the neutrinos. As al-
ready mentioned the equations for the neutrinos are obtained by keeping the
lowest multipoles of the Boltzmann hierarchy which arise from the collision-
less Boltzmann equation. So we need to find the synchronous expression
of the evolution equation for F,, i.e. the reduced neutrino phase space
distribution. Consider, therefore, the equation for F, that was derived in
chapter 9 (see Eq. (9.21)):

F| +ikuFy, = 4], — dikper, (11.73)

where the subscript v referring to the neutrinos has been suppressed in
favour of the subscript L stressing the fact that the reduced phase space
distribution is expressed in the longitudinal coordinate system. The prob-
lem is then to determine the form of Eq. (11.73) in the synchronous gauge.
Using Eq. (11.28) and the gauge transformations given in Egs. (11.6) and
(11.7) we have:

Fs — F1, = Fg + 4Heg + 4ikue’,
Ys — YL = s + Heo, (11.74)
Vs — ¢, = —Heo — €,

where we used the fact that ¢g = 0 by definition of synchronous gauge.

Inserting Eq. (11.74) into Eq. (11.73) the following equation is swiftly
obtained:

2
Fl+ ikpFs = —4 | — %(h’ +6¢)]. (11.75)

To get to Eq. (11.75) the observation is that the relevant gauge parameters
€0 and € are given in Eq. (11.58) and that, in particular, €” = €.

The useful exercise will now be to derive the Boltzmann equation di-
rectly in the synchronous frame. Starting from the general form of the
collisional Boltzmann equation for massless particles, i.e.

Df of of dr®  Of dq’

Dr  8r ozt dr | g dr
whose explicit perturbation, according to the method treated in Egs. (9.9)
and (9.11), will be

f@' Py7) = folg)1 + fP (2, g5, 7)) (11.77)
To first order Eq. (11.76) will then become:

afw 3f(1)ni Oln fodg _ iC
or Oxt g dr  fo

= Ceoll, (11.76)

(11.78)
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The four-momenta can then be expressed asd

o_ P o_ 4 i 2 i h;" j

To write Eq. (11.78) in explicit terms the derivative of the comoving three-
momentum should be computed and the result is:

dqi_ 2pi | si h;" 2| ci h;" P’ a? j3h§'
dT—QHaP[ch S| et -G g P gl (1180)

The explicit form of the time derivative of the conjugate momentum can
then be derived by recalling that

dpP+

> _ e papB
N LogP®Pr. (11.81)
Since
dpP*  dP"dr dp*
= =P'— 11.82
AN dr dh dr’ (11.82)
we also easily get
dpP? . PR DEVA
i =-2r OPJ 2<'H<5j — §hj )P]. (11.83)
Using Eq. (11.83) in Eq. (11.80)
dg _q,, ;i j
Shin'n’. 11.84
dr 2 ( )

Equation (11.78) can be written in explicit terms and the overall result of
the previous manipulations will be:
ofy  ofY ; olfy
or ox? dq
According to the parametrization of the line element in the synchronous
gauge (see Eq. (11.53)) we then have:

1
hn'n :%ccou. (11.85)

n'n’hj; = p?(h' +6¢') — 5/ (11.86)

Using Eq. (11.86) in Eq. (11.85) the evolution equation of fM) becomes,
finally:

af

2
O yibug® — P20\t By 66| = T (11.87)

dq 2 Jo

dIn the following equations h;; denotes the (global) scalar metric fluctuation in the
synchronous gauge defined in Eq. (11.53). The quantity h;; (only used with this meaning
in the present section) should not be confused with the tensor fluctuation which has been
introduced in chapter 6.

-
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Defining the reduced neutrino phase space distribution as

- [ @ fof® dg

Fk,n, 1) = = > (=) (20 + 1) FoePy(p), (11.88)

(0) 43 -

Jr9¢*dg 4

the collisionless Boltzmann equation for massless neutrinos then becomes,
simply,

]—'{,—I—iku}}:él[ §+ (h’+6§ )] (11.89)

which is exactly Eq. (11.73). Recalling the definition of the second Legendre
polynomial Eq. (11.73) (or Eq. (11.89)) can also be expressed as:

2 4

Following the same procedure for the multipolar expansion discussed in
chapter 9, Eq. (11.90) implies

Flo+kFq1 = ;h/,
k 2
= 350~ gk}_u%
5 5 A (11.91)
= Sk Fr — Sk Fy — — (I + 6¢"),
ve = phFin = 2hFus 15( +6¢£")
k
fél:23+1[€f€ 1y — U+ D) F el £>3.

Recalling the connection of the multipole moments with the density con-
trast, the velocity field and the anisotropic stress, the first three relations
of the previous hierarchy become:

8, = —éa,, + gh’,

v 3
k2
6, = <0 — k%0, (11.92)
4 2
r_ = _ v _ = / /
o, = 1591/ 1Okfl/3 15(h +6§)7

which coincide with the fluid equations previously deduced (see Eq. (11.71))
by transforming the longitudinal equations in the synchronous frame.
Always on the theme of the gauge-transformed Boltzmann equations, it
is appropriate to write the evolution equations for the brightness pertur-
bations of the radiation field (see Eq. (11.27)) directly in the synchronous
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gauge:

2
1
i +ikpuAy = — [5/ — %(h/ + 65/)] +€ [—AI + Agg + pvp, — §P2 (/L)SQ ,

. 1
Ny +ikudg = ¢ | =g + 51~ P(w)Sa).
Al +ikulg = —¢'Aq,
!

v}, + Hop + ;—b(?)mu +up) =0, (11.93)

where, as usual, Sq = A + Ago + Aqe. For the derivation of the results
mentioned in this section it is useful to recall that the gauge-transformed
dipoles and the gauge-transformed monopole are:

~ k 1
Ap=Ap — - =Ap — @(h’ +6£7),

3
By = vy + ke’ = vp + QLk(h' +6¢"), (11.94)
" M

Arg = Arg + Heg = A + @(h/ + 65/).

As in chapter 9 we defined the baryon peculiar velocity as v, = 6y /(ik).

11.2.2 The adiabatic mode in the synchronous gauge

An interesting exercise will now be to derive the solution for the primordial
adiabatic mode directly in the synchronous gauge. This derivation has
already been discussed in the longitudinal gauge (see the discussion from
Eq. (8.84) to Eq. (8.89)). The purpose of the present exercise is to look
for a solution of the lowest multipoles of the Einstein-Boltzmann hierarchy
to leading order in k7 and prior to matter-radiation equality. The interest
of this derivation resides in the method rather than in the result that has
been already obtained by working in the longitudinal gauge (see chapter 8).
In the present chapter, the derivation will be performed directly in the
synchronous coordinate system. In the longitudinal gauge the adiabaticity
of the initial conditions imply the constancy of the metric fluctuations. In
the synchronous gauge the situation is a bit different. Consider first the
evolution equations of the CDM component, i.e. Eq. (11.68). The CDM
velocity can be set to zero and it will remain zero later on; thus Eq. (11.68)
implies that

h(k,T)

0.(k,7) =0, Oc(kyT) ~ 5

(11.95)
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The adiabaticity condition then implies immediately that

Oy (k,T) =0y (k,T), 0c(k,T) = op(k, 7), Oy (k,T) = %(50(1{3,7').
(11.96)
Using Eq. (11.95), Eq. (11.96) also implies that ¢, ~ (2/3)h. Inspection
of the Hamiltonian constraint of Eq. (11.64) then suggests the following
parametrization for h and &:

hk,7) = —C(k)k*r2,  &(k,7) = —2C(k) + B(k)k*r?,  (11.97)

which indeed solves, to the lowest order in k7, Eq. (11.64). Notice that
B and C appearing in Eq. (11.97) do not depend on 7 but do depend on
k,ie. B = B(k) and C = C(k). The relation between B(k) and C(k)
will be determined from the consistency with the other equations of the
system. Within the parametrization provided by Eq. (11.97), Eq. (11.65)
is immediately solved. Equations (11.96) and (11.97) then imply:

2 2
5y (k) = —§C(k)k272, 5, (k, ) = —gc(k)k%%

do(k,T) = ——Cék) k272, op(k, ) = ——Cék) k272,

(11.98)

The evolution of the neutrino anisotropic stress and of the remaining ve-
locity fields is consistently solved by

5 (h7) = ARMT, 6, (7) = — 5 [A(k) + %]
C(k ’ 0 (11.99)
Oyp(k, 7) = —%k%ﬁ.

From the momentum constraint of Eq. (11.66) and from Eq. (11.71) the
arbitrary constants A(k), B(k) and C(k) must satisfy, respectively, the
following pair of conditions:

18B(k) — C(k) = 6R,A(k),  4C(k) — 24B(k) = 30A(k).  (11.100)

The solution of the two algebraic conditions of Eq. (11.100) leads to the
determination of A(k) and B(k) in terms of C(k):

AR, +5
6(4R, + 15)

AC (k)

Bik) = 3(4R, + 15)

Clk),  Ak) = (11.101)
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With the help of Eq. (11.59) the synchronous solution can be transformed
back into the longitudinal gauge. We then discover that what has been
called ¢;(k) in Eq. (8.84) is connected with C(k) through a numerical
constant that depends upon the neutrino fraction. The complete result will
then be:

gy = 20C(k) . (8R,+20
¢’(k)_4Ru+15’ ¢‘(k)_<4Ry+15>C(k)’ (11.102)

51 (K) = 0,(K) = ~26i(k),  0elk) = 6 (k) — Sex(k),  (11.103)

7, 7) = () — i (b) (1.100)
O (e, 7) = 0, (k, 7) =~ Oo(k, 7) = %qsi(k). (11.105)

The solution given by Egs. (11.102), (11.103) and (11.105) is clearly consis-
tent with the solution previously discussed (directly in the longitudinal
gauge) and reported in chapter 8. Indeed, from Eq. (11.102) we im-
mediately derive the relation between ;(k) and ¢;(k), namely v;(k) =
(1 4+ 2R, /5)¢i(k). The latter relation is exactly the one already obtained
(directly in the longitudinal gauge) and reported in Eq. (8.89).

11.2.3 Entropic modes in the synchronous gauge

In chapter 8 the entropic modes have been described in the language of the
longitudinal gauge. It is appropriate here to present the synchronous de-
scription of the entropic modes. We can either solve the equations directly
in the synchronous gauge or transform the longitudinal solutions. As al-
ready discussed, these two procedure lead to the same result. The solutions
reported in the remaining part of the present section are all approximate
in the sense that they hold during the radiation-dominated epoch and to
lowest order in k7.

Consider, to begin with, the CDM-radiation mode. In the synchronous
frame the solution becomes:
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h(k, 7) = 28*(k)ﬁc<%>, £(h,7) = f*é“@(%), (11.106)
5k, 7) = 6, (k,7) = gs*(k)ﬁc<%), (11.107)
Sk, 7) = —8. (k) + Su (k)% %) (11.108)
8y (k,7) = S*(k)ﬁc<%>, (11.109)
Oc(k,7) =0, (11.110)
0,(k,7) = 0,(k,7) = %sﬁ(%)z (11.111)
o (k,7) = %ﬁ (ﬁﬁ)ﬁﬁﬁk%%)% (11.112)

As in the case of the discussion of chapter 8 the quantity S. (k) denotes the
entropy mode of the CDM-radiation system, i.e. according to the definition
of Eq. (8.95)

Ser (b, 7) = S (k,7) = Si (k) . (11.113)

The important point to stress is that entropy fluctuations are gauge-
invariant so they have the same value no matter what gauge is used to
compute them. Let us indeed consider their definition given in Eq. (8.95)
in terms of variables defined in the longitudinal gauge. In terms of the
longitudinal density contrasts, following Eq. (8.95), we can write

05 0

Sij=3 @i D @iD) (11.114)

Let us then perform an infinitesimal shift of the time slicing as 7 — 7 =
T + €. The two density contrasts (pertaining to two generic fluid of the
mixture) will transform (see Eq. (11.17)) as 6 — & = & + (w; 4+ 1)¢) and
as 6 — 0j = 0; + (w; + 1)ep. Consequently, from Eq. (11.114), we will have

Sij —>Sij = §jj, (11.115)

which shows that, indeed, &;j is invariant under infinitesimal coordinate
transformations. It may seem that this result depends upon the occurrence
that the two generic fluids of the mixture have constant barotropic indices
wi and wj. This is not the case. In fact, in the following sections it will be
demonstrated that the quantities ¢; and ¢ (see Eq. (8.95)) have a simple
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gauge-invariant interpretation in terms of the curvature perturbations on
the hypersurfaces where the energy density of the two generic species i and
j are not perturbed. This result allows us to generalize the statement of
Eq. (11.115) also to the situation where the barotropic index is not constant.

Let us now move on and discuss the synchronous gauge description of
the baryon-entropy mode. In this case the synchronous gauge variables are
simply given by:

h(k,7) = 23*(15)5,3(711), €k, 1) = _ST(k)ﬁb(rl) (11.116)
5, (k,7) = 0, (k, 7) = gs*(k)ﬁb <Tll) (11.117)
So(k, ) = S*(k)ﬁb(%), (11.118)
Sy (k,7) = —S,. (k) +S*(k)§b(%), (11.119)
O (k,7) =0, (11.120)
2 2
0,(k,7) = 0. (k,7) = ’“—Gﬁsﬁb(%) , (11.121)
! v\ m\°
o (k1) = kT<15fTRu)Qbs*(k)<T_l> . (11.122)

Equations (11.116)—(11.122) completely mirror the analog equations ob-
tained in the case of the CDM-radiation mode. The only notable physical
difference is that the entropic contribution now resides in the baryon sector.
The notations have been chosen in accordance with the notations already
established in the longitudinal gauge (see Eqs. (8.107)—(8.115)).

The solution corresponding to the neutrino-entropy mode reads, in the
synchronous gauge,

S.(k)k*12, h(k,7) =0 (11.123)

8, (k,7) = gR,,S*(k), o, (k,7) = —%RWS*(kL (11.124)
Op(k,T) = dc(k,7) =0, 6.=0 (11.125)
Oy = Rus*ék) kT, 0, = —R,YS*T(k)kQT (11.126)
o (b 7) = 0 & (b2, (11.127)



362 A Primer on the Physics of the Cosmic Microwave Background

11.3 Comoving orthogonal hypersurfaces

There are two important variables that have been already treated and that
have a natural interpretation in specific gauge descriptions. They have been
introduced in chapter 7 in terms of the longitudinal gauge variables:

o the first variable is R (see Eq. (7.101));
o the second variable is ¢ (see Eq. (7.120)).

As we saw (see Eq. (7.101)) the variable R arises directly as a simplifying
variable allowing a direct integration for the evolution equations of ¢ in the
longitudinal gauge. This had been the main practical reason for its intro-
duction in chapter 7. In similar terms the introduction of ¢ has been rather
useful for simplifying the discussion of non-adiabatic initial conditions (see
Eq. (7.120) and discussion therein). In this section the physical and geo-
metric interpretation of these two variables will be further scrutinized.

The variable R measures the curvature perturbations in the comoving
orthogonal gauge. The comoving orthogonal gauge is defined as the coor-
dinate system where B¢ = 0 and ¢ = 0. Since the comoving orthogonal
gauge sets a condition on the velocity field there might be some subtleties
connected with the physical nature of 8¢. If a single total fluid is present
in the game the statement c = 0 is not ambiguous. However, if there
are many different fluids the situation could become more tricky. In the
present case this subtlety will be left aside. By the condition 8¢ = 0, we
mean that either the velocity field vanishes (in the single fluid case) or the
total velocity field vanishes (if many fluids are present in the mixture). To
prove the statement that R measures the fluctuations of the spatial cur-
vature in the comoving orthogonal gauge, let us compute the fluctuations
of the spatial curvature when Bc = ¢ = 0. In this coordinate system
the curvature perturbation can be computed directly from the expressions
of the perturbed Christoffel connections. From the equations reported in
Appendix D (see, in particular, Eq. (D.1)) we have

5IF; = (0"pcds; — Onpedy — 0;000F) + 0:0;0" Eg (11.128)

The fluctuations of the spatial curvature are then defined as

SR = 6,/ R +776,RY, (11.129)
where 7;; = a?§;; and where RS) = 0 since the background metric is

spatially flat. By definition we will have
SR = 0p8,TY — 8;0,1%, = V2ycdy; + 0:050c, (11.130)
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where the second equality follows from Eq. (11.128) (notice that E¢ dis-
appears from the final expression). Thus, from Eq. (11.129)

4
5 R®) = Ev%ﬁc. (11.131)

The curvature fluctuations of the comoving gauge can be connected to the
fluctuations in a different gauge characterized by a different value of the
time coordinate, i.e. 7¢ — T = 7¢ + €9. Under this shift

Y — ¢ = e + Heo, (11.132)
<Bc - Z—g) — <B — %) = <Bc - Z—g) =+ ¢€o. (11.133)

Since in the comoving orthogonal gauge Bc — fc/k?* = 0, Eqs. (11.132)—
(11.133) imply, in the new coordinate system,

@/Jc:@b—H(B—%). (11.134)
Equation (11.134) still looks very different from Eq. (7.101) (which was
written, however, in the longitudinal gauge). Let us notice immediately
that 1¢ is gauge-invariant. This statement may look, at first sight, a bit
strange. The variable ¢ is defined on comoving orthogonal hypersurfaces,
how come it is also gauge-invariant? The answer to this question stems
directly from Eq. (11.134). We can clearly see that ¥¢, when expressed in
a generic coordinate system where neither 8 nor B vanish, does not change
under infinitesimal coordinate transformations. In fact, under a shift of the
time coordinate, ¥ transform through Heg while the combination (B—60/k?)
shifts as €. Since ¥¢ is gauge-invariant it can be expressed directly as a
combination of gauge-invariant variables. Indeed, using Eqgs. (11.36) and
(11.39) it is easy to show that

!/

Yo = <\If + H%) = <\IJ + %), (11.135)
where the second equality follows from the gauge-invariant momentum con-
straint of Eq. (11.41) which allows us to eliminate O, in favour of a combi-
nation involving ® and ¥’. Notice also that in writing the second equality
of Eq. (11.135), the background equations have been used (and, in partic-
ular, Eq. (2.66)). Since Eq. (11.135) is written in explicit gauge-invariant
terms, it can be evaluated in any gauge. Let us choose, in particular, the
longitudinal frame. In this coordinate system, as we saw before in this
chapter, ¥ — ¢, and ® — ¢1,. But then is evident that R is ¢c up to a
sign, i.e. R = —¢¢. Consequently, from Eq. (11.135) it can be concluded
that R corresponds to the curvature fluctuations of the spatial curvature
on comoving orthogonal hypersurfaces.
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11.4 Uniform density hypersurfaces

Let us now concentrate our attention on (. The physical interpretation of
¢ can be twofold. It can be interpreted as the fluctuation of the spatial
curvature on the hypersurfaces of constant density. But it can also be
interpreted as the (total) density contrast on the hypersurfaces of constant
spatial curvature. Let us start from the first possible interpretation. On the
hypersurfaces of constant density the measure of curvature perturbations
is provided by ¥p. Under infinitesimal gauge transformations

Yp — ¥ = ¢p + Heo,

) (11.136)
0pp — 0p = 0pp — p'eo.
But on constant density hypersurfaces, dpp = 0, by the definition of the

uniform density gauge. Hence, from Eq. (11.136),

ép é
«/}D—wnp__ww Pe. (11.137)

t t
where, again, the second equality follows from the definitions of gauge-
invariant fluctuations given in Eqgs. (11.36) and (11.37). Hence, the (gauge-
invariant) curvature fluctuations on constant density hypersurfaces can be
defined as

g:—<w+H5pg) (11.138)

t
Equation (11.138) defines the gauge-invariant curvature fluctuations on con-
stant density hypersurfaces. Again, as in the case of curvature fluctuations
on comoving orthogonal hypersurfaces, the last sentence seems to contain
a contradiction, but such an expression simply means that ¢ coincides with
the curvature fluctuations in the uniform density gauge. In a different gauge
(for instance the longitudinal gauge) ¢ has the same value but does not co-
incide with the curvature fluctuations. In particular we might choose to
evaluate ¢ on the hypersurfaces of constant curvature. The hypersurfaces
of constant curvature are the ones for which ¥ = 0. We can immediately
verify that, in this gauge, ¢ equals dp;/[3(pt + pi)]- This conclusion can be
drawn, for instance, from Eq. (11.137) which implies, in the constant cur-
vature gauge, that ¢p = —dpi/[3(ps + p¢)]. But, by definition, { = —p.
This proves the statement that, indeed, ( can be also interpreted as the
total density contrast on uniform curvature hypersurfaces.

The values of ¢ and R are equal up to terms proportional to the Lapla-
cian of W. This can be shown by using explicitly the definitions of R and (
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whose difference gives

op (C]
-R=H|-E-=2) 11.139
‘ < py k2 ) ( )
Recalling now the form of the Hamiltonian and momentum constraints in
gauge-invariant notations (see Eqs. (11.40) and (11.41)), and using the
conservation of the energy density of the background (i.e. Eq. (2.67)), the

total peculiar velocity and the total density contrast can be expressed as:

O, 1
e _(HO+ W
k2 47TGa2(pt + pt) (H + )’
o, ] . / (11.140)
—=————"—"|k*"UV4+3H(H® + T')].
Pt dnGa?(py + pc)[ ( )
Thus, from Eq. (11.139) we obtain
2
(—R= i (11.141)

C120Ga2(pe + pr)
It is finally useful to mention another interesting quantity that often appears

in the treatment of cosmological perturbations, namely the density contrast
on comoving orthogonal hypersurfaces:

e Opc _ dpt pi(B - 0/k?) _ Opg +3H(p + p)Og/
Pt Pt Pt

where the second equality follows from the first one by using the definitions

of gauge-invariant fluctuations given in Eqs. (11.35)—(11.39). Again, using

the Hamiltonian and momentum constraints,

]€2

m=————->Y 11.143
‘ drGa2py ( )

that means, according to Eq. (11.141), that (( — R) « €m, or more specifi-
cally,

o (11.142)

3(ps + pt) (
Pt
In conclusion, the three gauge-invariant quantities discussed in the present

(—TR). (11.144)

€m

and in the previous section can be summarized, in explicit gauge-invariant
terms, as
() 4]
R=-W— £  (=-w-HTLE
k2 Py
_0Opg | 3H(pe +pi) O
em = — + ——— %
Pt Pt k

(11.145)
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They are not independent since, by virtue of the gauge-invariant Hamilto-
nian constraint of Eq. (11.40), Eq. (11.144) must always hold.

It is finally appropriate to remark that there exist physical situations
where more than one fluid is present in the system. In this circumstance it
is always possible to define ¢ and R in terms of global variables. However,
it is also productive, sometimes, to think in terms of the variables defin-
ing the separate dynamics of each fluid of the mixture. This is the case,
for instance, in the treatment of non-adiabatic initial conditions of CMB
anisotropies that have been introduced in chapter 8. Consider, therefore,
a realistic pre-decoupling fluid where there are photons, neutrinos, CDM
particles and baryons. It is possible, in this situation, to introduce the cur-
vature fluctuations on the hypersurfaces where one of the species composing
the mixture has constant energy density. These will be the hypersurfaces
where the energy density of a given component of the plasma is unper-
turbed. Let us give an example and consider the curvature fluctuations
computed on the hypersurface where the photon density contrast vanishes.
On this hypersurface, by definition, dppy = 0, meaning that (with this no-
tation) this is the hypersurface where the energy density of the photons is
unperturbed. Therefore, it will be possible to perform a gauge shift of the
time coordinate as Tpy — T = Tp, + €9 which will induce the following shift
on the two relevant dynamical variables:

"r/)D'y - 1/) = wD'y + Heo,

8ppy — 0py = dpD~y — Pl €0
Consequently, the new (gauge-invariant) variable arising from this observa-
tion will be:

(11.146)

B B
wD7:¢+H%:¢—Zf (11.147)

y
To be consistent with the previous conventions, therefore, we will define a

new gauge-invariant variable ¢, = —p, whose physical interpretation will
be the curvature fluctuation on the hypersurfaces of constant photon energy
density. Alternatively, the variable ¢, can be interpreted as the photon
density contrast on the hypersurfaces of unperturbed spatial curvature (i.e.
1 = 0). The same kind of game can be played with all the species of the
plasma so that, in the pre-decoupling system, the following set of gauge-
invariant variables arises naturally

51(/g) 5(%)
=+ GETvE
( (11.148)
5Cg) 5](3%)
C=-U+2, =T

3 )
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Equation (11.148) is the analog of Eq. (8.91) that has already been encoun-
tered in chapter 8. The difference is that, in Eq. (11.148), all the quantities
are written in gauge-invariant terms: W is the well known Bardeen potential
and

v

58 =6, —3H(B—E'), 6® =6.—3H(B—E'), (11.150)
are the gauge-invariant density contrasts for each single species of the
plasma. Equations (11.149) and (11.150) define the various gauge-invariant
density contrasts (characterized by the superscript g) in terms of the lon-
gitudinal gauge variables in full analogy with Eq. (11.37) that holds for
the total density contrast of the mixture. The density contrasts of the
various species, when evaluated on uniform curvature hypersurfaces, are
clearly related to (, i.e. the total density contrast on uniform curvature
hypersurfaces. It is easy to show that, indeed,

04 2 2 P}
=Y e a-yal (11.151)

0 =0, —4H(B-E'), 0¥ =6, —4H(B—E'), (11.149)

i t

where the index i runs over the different species of the plasma. By gauge-
invariance of the (; and of ¢, the same relation holds also in any other
coordinate system. Equation (11.151) has been already derived in chapter 8
(see Eq. (8.93)) in the course of a discussion conducted in the longitudinal

frame.

11.5 The off-diagonal gauge

The last remark of the previous section has to do with the explicit form of
R in the case where the fluctuations are provided by a self-interacting scalar
degree of freedom. This theme has already been explored in chapter 10 but
it is appropriate here to deepen the implication of those results. In the
case of a single scalar degree of fredom the gauge-invariant generalization
of the fluctuation of the scalar field is given by Eq. (10.11), ie. X =
X+ ¢ (B — E’). In terms of X the momentum constraint of Eq. (11.41) is
given by Eq. (10.15), i.e. H® + ¥’ = 47Gp’X. Thus, from Eq. (11.145)
the gauge-invariant curvature fluctuation R becomes
R:—\I/—E,X:—g, (11.152)
© z
where z = ay’/H has already been introduced in Egs. (10.27). The vari-
able ¢ defined by the second equality of Eq. (11.152) arises naturally as
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a canonical normal mode of the scalar-tensor action perturbed to second-
order in the amplitude of the scalar fluctuations of the metric (see Eq.
(10.29)) and plays a crucial role in the problem of the early initial condi-
tions of CMB anisotropies (see, also, the final part of the Appendix C).
By definition of ¥ and X it is also immediate for us to obtain, from Eq.
(11.152) that

R=—1p— gx. (11.153)

From Eq. (11.153) it emerges that R has other two other potentially inter-
esting interpretations:

e R can be interpreted as the curvature fluctuation on uniform field
hypersurfaces, i.e. the hypersurfaces where the scalar field is un-
perturbed and x = 0;

e R can be interpreted as the scalar field fluctuation on uniform
curvature hypersurfaces where v vanishes.

The second interpretation lead us directly to exploit the uniform curva-
ture gauge which is called also off diagonal gauge. The rationale for this
nomenclature is very simple and stems from the fact that the requirement
of uniform curvature does not specify completely the coordinate system. If
we insist that the gauge freedom should be completely removed, the nat-
ural choice is to select the new gauge by requiring that, not only 1¥,q = 0
but also that E,q = 0. If we want to reach the off-diagonal gauge from
another generic coordinate system we just have to posit the off-diagonal
gauge conditions and determine accordingly the two gauge parameters. In
fact, from Egs. (11.7) and (11.9) we have

Y — Poa = ¥ + Heo, E— Eyqq=F—e (11.154)
Imposing now FE,q = ¥.q = 0 the two gauge parameters ¢y and € are
determined to be

€ = 37 e=F. (11.155)

It is clear that according to Eq. (11.155) the off-diagonal gauge fixes com-
pletely the coordinate system. In this sense the off-diagonal gauge belongs
to the same class of the longitudinal gauge. In both gauges the gauge
parameters are completely fixed. This is in contrast with what we saw
happening in the synchronous gauge where two arbitrary space-dependent
functions arise in the determination of the gauge parameters.
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11.5.1 Ewolution equations in the off-diagonal gauge

The observation that, in the off-diagonal gauge, 1oq = 0 implies directly
(according to Eq. (11.152)) that ¢ = ay, i.e. the canonical normal mode of
the second-order action coincides in this gauge solely with the fluctuation
of the scalar field. This observation suggests that the off-diagonal gauge is
particularly suitable when the dominant source of the energy-momentum
tensor is represented by one (or more) scalar fields. To illustrate the advan-
tages of conducting explicit calculations in the off-diagonal gauge, we will
analyze the evolution equations of the scalar fluctuations of the geometry
when two interacting scalar fields are simultaneously present in the system.
The matter part of the action will therefore be written as

1 1
Spo = / d'zy/=g [igaﬁaawanF 597020030 = W(p,0)|.  (11.156)

The evolution equations of the conformally flat background geometry can
be usefully written as:

H2 —H = 47G (o + '), (11.157)

cp”+2H<p’+a,28—W =0, (11.158)
dp

a”+2Ho’+a286—W =0. (11.159)
(o)

In the off-diagonal gauge the (i # j), (00) and (0i) components of the
perturbed Einstein equations lead, respectively, to:

B +2HB + ¢ = 0, (11.160)
HV?B + (H' 4+ 2H?)¢p = —4nG [cp/x:o +o'x.

ow ow ,
+ 90 a“xe + 9 * Xa} (11.161)
Ho = AnG(Xo¢" + Xo0'). (11.162)

In Egs. (11.161) and (11.162) the variables x, and X, denote the fluc-
tuations of ¢ and o. Equations (11.160), (11.161) and (11.162) must be
supplemented by the two perturbed Klein-Gordon equations that can be
easily obtained from

ow ow
VAV — =0 BV o,V — =0. 11.163
g ppt 5, =0 9 80+ 5 ( )
Using the results reported in Appendix D (with the appropriate modifica-

tions implied by the presence of two scalar fields), the first-order form of
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Eq. (11.163) is:
W
X+ 2HX, — Vixy + WCLQXw
®
n o*wW u
Opdo

Yo + 2¢>%—‘Za2 — ¢ — V2B =0, (11.164)

2

XL+ 2, — Vi + S gty

0o?
0*wW

+3<p80a
Equations (11.164) and (11.165) can be used to integrate the system in
explicit terms. By inserting Eqs. (11.160), (11.161) and (11.162) into
Egs. (11.164) and (11.165) the dependence upon B and ¢ (i.e. the fluc-
tuations of the metric) can be totally eliminated. Indeed, Eqgs. (11.160),
(11.161) and (11.162) imply

I /
o= 47rG< Xo + ng) (11.166)

QOI ! o !
¢ = 47TG|: x@ + HX" + <ﬁ> X + (ﬂ) XU}, (11.167)

! !
V2B = —477G{(H’ +2H?) [EM +Z }

*Xo + 2¢88—2Va2 —o'¢ —'V?B = 0. (11.165)

HYe TN
/ ! oW a? oW a?
+ %X¢+ﬁ ;‘F%ﬁmﬂ'a—oﬁxd} (11.168)

where Eq. (11.167) is just the derivative of Eq. (11.166) and Eq. (11.168)
follows from Eq. (11.161) by using Eq. (11.166). Using now Eqgs. (11.166),
(11.167) and (11.168) to eliminate ¢, ¢’ and V2B from Eqgs. (11.164) and
(11.165), the wanted result can be obtained, namely:

X + 21X, — ViXp + AppXo + Apoxo =0, (11.169)
Xo + 2HX, — VXo + AvoXo + ApoXy = 0, (11.170)
where
O*W [ oW 4 H'
4G 4—a? | = 4+42— 11.171
Ao = Gz TG aw“(H) < * H?)]’( )

_ W [ oW o2 o’ /2 H

B 62W [ ow (7 oW (¢
-A@g' = 80’()0 +47TG 2% (—) +2%a (ﬁ)

H/
+¢'o’ <4 + 2@)] (11.173)
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where A,, = Asp. Equations (11.169) and (11.170) cannot be decoupled.
They can be rearranged in such a way that the scalar normal modes ¢, =
ax, and ¢, = ax, arise naturally. In this case Egs. (11.169) and (11.170)
become

CLN
¢ — Vi + [—; + Aw]qw + Apoge =0, (11.174)
" 2 a”
9o = Vo + | =+ App G0 + Apoty = 0. (11.175)

By solving Eqgs. (11.174) and (11.175), all the other interesting quantities
can be obtained. In the off-diagonal gauge the curvature perturbation R
has a very simple expression, since
H2

Equation (11.176) can be directly obtained, for instance, from the second
identity of Eq. (11.135) by recalling that, in the off-diagonal gauge the two
Bardeen potentials can be expressed as ¥ = —HB and ® = ¢ + B’ + HB.
Using Eq. (11.166) to eliminate ¢, Eq. (11.176) can then be written as

R = L[

do 2 | 4o 2
_‘P’2+0’2 vt

by + L2 | =~ o0r). (1)
In Eq. (11.177) the second equality arises just by using the cosmic time
coordinate and by taking into account that®
/ /
2y = %, 2 = % (11.178)
If the system consists of two interacting scalar fields (as it can happen
in some classes of inflationary models) the procedure is very simple: we
have to solve Eqgs. (11.174) and (11.175) and then compute the interesting
quantities, for instance, the curvature perturbations. Notice, once again,
another example of the general observation that has been already discussed
in the present chapter: R is the fluctuation of the scalar curvature in the
comoving orthogonal gauge. In the off-diagonal gauge it does not have the
same interpretation.
We conclude this section by pointing out that, in the limit where o is
absent, g, is the canonical normal mode of the system that has been already

€In chapter 10 we had only a single scalar degree of freedom and, therefore, there was
no ambiguity in the definition of z (see, for instance, Eq. (10.27)). In the present exercise
we are dealing with two minimally coupled scalars. We are therefore obliged to specify
which z we discuss by introducing a subscript, as in Eq. (11.178).
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discussed in Eq. (10.29) and in Appendix C. In the case where o is absent
we have z, — 0 and Ay, — 0. In this case Eq. (11.174) implies that

a// Z;ﬁ
- — = ——" 11.179
T (1.179)
The result (11.179) follows by using Egs. (11.157), (11.158) and (11.159).

In particular, the following two background relations are rather useful:

Hl/ g0// Hl
— =o' -2 (1-—, 11.180
w =N ¢ ( HQ) ( )
62W SD/H
a? a7 = A4H? — 2H' — o (11.181)

11.6 Mixed gauge-invariant treatments

Based on the developments discussed in the present chapter, it is possible
to infer that there exists rather useful gauge-invariant descriptions of the
cosmological perturbations that mix different gauge-invariant variables, i.e.
gauge-invariant variables whose physical interpretation is particularly sim-
ple in a specific coordinate system. As in the selection of the coordinate
system there is no gauge with a particular status, also in the selection of
gauge-invariant quantities there is not a single unique and ultimate choice
that is intrinsically better than the other possible choices. So, for instance,
the gauge-invariant quantities defined in Egs. (11.35)—(11.39) have the
agreeable property of being the direct gauge-invariant generalization of the
longitudinal variables. However there exists other sets of gauge-invariant
combinations having equally nice dynamical properties. This observation
leads us directly to what we will call mixed gauge-invariant descriptions.

Consider, to be more specific, the system defined by R, the Bardeen
potentials ¥ and ® and the density contrast on comoving orthogonal hy-
persurfaces €y,. It will now be shown how it is possible to have a closed
system of equations involving the four mentioned variables. The first obser-
vation we want to make is that Eq. (11.143) is the relativistic generalization
of the Poisson equation. Namely, by writing Eq. (11.143) as

V20U = 4nGa® peem, (11.182)

it is apparent that this equation has the same form of the Poisson equation
where, however, ¥ and €,, hold in the relativistic limit. We then need the
evolution equation for €. The quickest way to derive this equation is to
write the evolution of ¢ and R; then take the difference of the obtained
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equations and finally use, in the obtained expression, Eq. (11.141) which
gives €y, as the difference between ¢ and R. Let us follow this program.
The evolution equation for { can be written as

H S}

OPnad — o2 (11.183)

= T w) 3

and this has been already discussed in chapter 7. The evolution equation
for R is instead

H
R = ————6pna
pe(1 + wy) Prad
H

+ He,
127Ga?(ps + pt)

Vi (P-U)— — st
( ) A7 Ga?(ps + pt)

VAU, (11.184)

In Eqgs. (11.183) and (11.184), w; and ¢ are the total barotropic index and
the total sound speed, i.e.

_ D 9 wy _ldln(wt—kl)

T ST TSN ) T3 dina

Taking then the difference of Egs. (11.184) and (11.185) and using repeat-
edly Eq. (11.141), the evolution equation for €, turns out to be

(11.185)

Wy,

Ein — 3Hwtem = —(]. + wt)@g - ?)H(]. + 'LUt)O't (11186)
where the notation
81(9JH; = (pt + pt)Vzat. (11187)

This set of gauge-invariant variables is rather useful in several applications
like the ones dealing with the semi-analytical evaluation of temperature
autocorrelations. Alternatively, the evolution equation of €, can be inferred
from Eq. (11.182). The idea is to take the first derivative of both sides of
Eq. (11.182) and then use the momentum constraint of Eq. (11.41) to
eliminate the dependence upon V2¥’. Then Eq. (11.42) can be used to
trade ® (arising as a result of the use of the momentum constraint) for ¥
and the anisotropic stress o¢. Finally, the remaining V2¥ can be expressed
in terms of ey, through the generalized Poisson equation (see Eq. (11.182)).

The last relevant equation we could derive involves O, directly. From
Eq. (11.46) it is possible to derive the following expresssion:

2
Cst 2 2 2
O, + HO; + mv em + V?® — Vo, = 0. (11.188)
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Now the obtained system of equations can be used in different ways. To
illustrate the usefulness of the described approach let us consider a sim-
ple problem, namely, the physical situation provided by the radiation-
matter transition which can be described by the following exact form of
the barotropic index and of the total sound speed:

1 9 4
m, co = m, (11.189)
which have already been derived in Eq. (7.97). Recall that, in Eq. (11.189),
a = a/aeq = ¥* + 2z where z = 7/71.

The evolution equations can then be solved in a kind of iterative ap-
proach where, to zeroth order, the anisotropic stress is neglected, i.e.
oy = 0. The skilled reader will recognize that this is essentially the same
physical situation already encountered in chapter 7. Equation (11.43) stip-
ulates that:

wy =

V2(® — W) = 120Ga®(ps + py)ot, (11.190)

so, if oy = 0, ® = U. In this approximation Eqgs. (11.182), (11.186) and
(11.188) can be written, respectively, as

V20U = 4nGa® peem, (11.191)
€ — SHwiem + (1 4+ wy)Og = 0, (11.192)
O + HOy + VU = 0. (11.193)

In Eq. (11.193) we neglected a term going as V2e,,. This is justified since
we are working for typical scales larger than the Hubble radius. However,
we have to be careful. It would be indeed very sloppy to say that, since
we are outside the Hubble radius, all the Laplacians should be neglected.
In chapter 7 we used to neglect terms containing the Laplacians. Here, on
the contrary, one of the dynamical variables is effectively the Laplacian of
U. Consequently, since e, ~ O(V2W¥) the Laplacian of ¥ must be kept
in Eq. (11.193) and (11.191). Similarly, in chapter 7 we neglected the
peculiar velocity. But the peculiar velocity was of higher order in that
treatment: it would be wrong to neglect it with the variables employed in
the present example. The logic of the calculation will be to start with the
zeroth order solution where oy = 0. Under this approximation, as we will
see, both ey and O, can be computed. Then, using Eq. (11.191) it will be
possible to compute ¥. The obtained solution will then be inserted back
into Eq. (11.190) and the anisotropic stress will be switched on and the
contribution of o can be perturbatively included.
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To achieve this program the first step is to find the zeroth order solution
and, for this purpose it is useful to recall that H can be written directly in
terms of o (see Eq. (11.189)):

2
H(a) = T a (11.194)
Equations (11.192) and (11.193) can then be rearranged by using as the
integration variable a directly instead of 7. Eliminating V2W in Eq. (11.12)
with help of Eq. (11.191), Eqs. (11.192) and (11.193) can be written,
respectively, as

dem € 71 (3a +4)

me = 11.1
o o@D + 6(a+1)3/2@g 0, (11.195)
A , O, 3vet+l _, (11.196)
da o T a2

Equations (11.195) and (11.196) can be clearly decoupled by taking the
first derivative of Eq. (11.195) with respect to a and by using Eq. (11.196)
to eliminate the derivative of ©,. The bottom line of this straightforward
manipulation will be the following second-order equation for €p,:

d2ey, dem

oz T jl(a)ﬁ + Jo(a)em =0, (11.197)

9a + 14

N = S D Bat D)

To(a) = ~ (3a+4)(30% + 30+ 2) +9a” +20a + 8
2 202(a + 1)2(3a + 4)

Equation (11.197) can be solved with standard methods and the solution
will be

em(k,7) = c1(k) f1(a) + ca(k) fo(r) (11.198)
1
fila) = oo il (11.199)
903 +20% — 8a — 16 + 16y/a + 1
fala) = Sala T 1) : (11.200)

In Eq. (11.198), ¢;1(k) and c2(k) are two integration constants that depend,
in Fourier space, on the comoving momentum k. The solution fi(«a) is
decaying while the solution f(«) is growing. The growing mode of the
total density contrast €y, is responsible for the decay of the Bardeen poten-
tial across the radiation-matter transition. Indeed, from Eq. (11.191) the
Bardeen potential will be, in Fourier space,

6ca(k) 902 + 202 — 8a + 16(v/a — 1)
B k272 a3

U(k,q) = : (11.201)
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where the background identity 4rGa?p; = 3H?/2 = (6/7)(c + 1)/a? has
been used to extract ¥(k, a) from Eq. (11.191). The normalization implied
by Eq. (11.201) is not ideal. We then have to normalize the Bardeen
potential to its value in the radiation epoch. After simple manipulations
we then have

v (k)
10a?
where U, (k) = U(k,0). Equation (11.202) has the same content of
Eq. (7.108) that has been obtained through a completely different procedure
and, in particular, within the longitudinal gauge. Within the normalization
implied by Eq. (11.202), the total density contrast and the total velocity
field are:

U(k,a) = [90° +20” — 8a + 16(vVa + 1 — 1)], (11.202)

B k272, (k) 9
em(k,T) = —m[ﬁ)oﬁ + 20* — 8«
+16(Va+1—1)], (11.203)
Og(k,7) = ko U (k)[Va+1(3a® —4a+8) — 8. (11.204)

10a2
The remaining part of the calculation consists in including the neutrino
anisotropic stress into account perturbatively. For typical scales larger than
the Hubble radius, O, is a good estimate of the neutrino velocity. Therefore
this allows us to compute o, which can be inserted back into Eq. (11.190),
allowing, ultimately, an estimate of ®. We refer the interested reader to
a pair of interesting papers where, among other things, this formalism has
been exploited [276, 279].



Chapter 12

Interacting Fluids

Entropy perturbations are constant for typical wavelengths larger than the
Hubble radius. This statement is not a theorem even if this kind of stan-
dard lore has been safely assumed with various derivations discussed in the
previous chapters. For the introduction of entropy perturbations see, in
particular, chapter 7 and, more formally, chapter 11.

In this chapter we are going to prove that the conservation of entropy
perturbations is likely across the radiation-matter transition but it can be
very well violated along the early stages of evolution of our Universe.* In
particular, this will be the case if the fluids of the plasma are allowed to
interact in different ways. And in connection with the discussion of chapter
2, the following situations will simultaneously be examined:

e the case of energy-momentum exchange between the fluids of the
mixture;

e the case where one (or more) fluids of the mixture have nonvanish-
ing bulk viscous stresses.

The discussion reported here follows the logic reported in [97, 98].

To introduce the problem consider the case where the plasma has two
fluids with constant barotropic indices® w, and wy,. Suppose, for simplicity,
that we are in the longitudinal gauge. With the experience gained along the
previous chapters and with the results of Appendix D it is immediate for
us to write down the evolution equations, in particular, for the velocity and

2In this sense the topics covered in the present chapter go beyond the standard ACDM
model.

bSince the barotropic index of each fluid is constant the sound speed will coincide, by
definition, with the corresponding barotropic index, i.e. ¢sa = wa and cgp = wy. Later
on, in this chapter, we will be interested in avoiding this assumption.

377
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for the density contrast. So, for the a-fluid we will have®:

8, = 3(wa + 1) — (wa + 1)0a, (12.1)
/ _ ___Wa g2¢ o2
0, + H(1l — 3w,)b, - 1V 0a — V70, (12.2)
while for the b-fluid
5{3 =3(wp + 1) — (wp + 1)0, (12.3)
4 1- - g2, - w2, 12.4
0, + H(1 — 3wy,)0y —— 1V op — Vg (12.4)

The entropy fluctuations for this fluid are defined, according to chapter 11,
as
da o
Wy + 1 B wy + 1
Note that in the second equality of Eq. (12.5) the longitudinal gauge defi-
nition of {, and (p:
5o b

Ca:—l/J‘Fma Cb=—¢+m7

have been used in order to express the entropy fluctuation in terms of the
density contrast. Using now Eq. (12.6) in Eqgs. (12.1) and (12.3) it is easy
to show that

Sab = =3(Ca = (b) = (12.5)

(12.6)

N , Oy
_ -5
Finally, using Eq. (12.7) together with the definition of S, given in
Eq. (12.5) we immediately obtain:

o = (02— ). (12.8)

Concerning the result of Eq. (12.8) the following three remarks are in order:

(12.7)

e from Eq. (12.8) it is apparent that S, is constant, to a good ap-
proximation, for typical wavelengths larger than the Hubble radius
since 6, and 6}, are in this limit suppressed;

e indeed, Eqgs. (12.2) and (12.4) show that both 6, and 6y, are, in
Fourier space, O(k?7), i.e. negligible in the super-Hubble limit;

e this occurrence helped our study of the CDM-radiation system (see
chapter 7) where it has been shown that the entropy fluctuations
are constant along the matter-radiation transition.

€Along this derivation we will assume, without loss of generality, that the anisotropic
stress vanishes. Indeed, as it will become clear in the following sections, we are interested
in the evolution of the mixture for typical wavelengths larger than the Hubble radius.
Notice that, under this approximation, ¢ = .
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In the following chapter we are going to address the following question: is
the conclusion implied by Eq. (12.8) still true when the fluids are allowed
to interact?

Having spelled out the main theme of the chapter let us remark on the
more technical ground that:

e the analysis will be conducted in the off-diagonal (or uniform
curvature) gauge which has been thoroughly introduced in chap-
ter 11;

e we will be working in natural Planck units where 87G = 1;

e the situation of two generic fluids will be considered and, towards
the end of the chapter, some more specific applications will be
outlined.

12.1 Interacting fluids with bulk viscous stresses

As already discussed in chapter 2 the two dissipative effects that enter
the description of a mixture of different fluids are the energy-momentum
exchange between the fluids of the mixture and the possible presence of bulk
viscous stresses. Since the background is isotropic the momentum transfer
will be evident only to first order (i.e. when the peculiar velocities are
present). Furthermore, the presence of bulk viscous stresses can be viewed,
on a physical ground, as the relativistic generalization of the finite size
effects characterizing real as opposed to perfect gases in thermodynamics.

Therefore, consider a mixture of two relativistic fluids (the a-fluid and
the b-fluid) obeying a set of generally covariant evolution equations formed
by the Einstein equationsd

v 1 v 1 v

and by the evolution equations of the energy-momentum tensors of each
fluid of the mixture, i.e.

VM’];HV = _ngﬂuﬁ (pa + pa)a (1210)
V. T = Fguﬁuﬂ(pa + pa); (12.11)
dAs already mentioned, units 877G = 1 will be used throughout the chapter. The Latin
(lower-case roman) subscripts a, b, ¢ d, ... will denote, in the present chapter (and in

analogy to what already done in chapter 2), different fluids present in the relativistic
plasma. Greek (lower-case) subscripts will denote tensor indices. Latin (lower-case italic)
subscripts 4, j, k, ... will denote the spatial components of a tensor.
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where ug is the total velocity field of the mixture. Equations (12.10) and
(12.11) describe the situation where the a-fluid decays into the b-fluid with
decay rate I'. It is evident from the form of Eqgs. (12.10) and (12.11) that
the total energy-momentum tensor of the mixture, i.e.

TH = TH 4 T (12.12)

is covariantly conserved, i.e. V,7*” = 0. The total energy-momentum ten-
sor of each species is given by the sum of an inviscid contribution, denoted
by T and by a viscous contribution, denoted by 7% | i.e.

T =T+ T (12.13)
T}, = (Pa,b + pa,b)uly pUs 1, — Pa,bg"", (12.14)
T:?a =&ab <9W - uéf,buz,b) Vaug b (12.15)

where the subscript in the various fluid quantities simply means that
Egs. (12.13), (12.14) and (12.15) hold, independently, for the a- and b-
fluids. So, for instance, in Egs. (12.14) and (12.15), u/ and u}, denote the
peculiar velocities of each fluid of the mixture.

In a spatially flat metric of Friedmann—Robertson-Walker (FRW) type
characterized by a background line element

ds* = 9, datdz” = a*(1)[dr?* — di?, (12.16)
Egs. (12.10) and (12.11) imply

ph + 3H(pa + Pa) + al(pa + pa) = 0, (12.17)
oL+ 3H(pp + Pr) — al'(pa + pa) = 0, (12.18)

where the usual notations established in chapter 2 have been followed. In
Egs. (12.17) and (12.18), P, 1, denote the total effective pressure of each
species, i.e.

H—
Pa,b = Pa,b _3E€a’b, (1219)

while p, 1, denote the inviscid pressures of each species. In Eq. (12.19), ¢, 4,
denote the bulk viscosity coefficient evaluated on the background geometry.
As will be discussed later, the bulk viscosity coefficient may depend on both
pa and pp,. Equations (12.17) and (12.18) lead to the evolution of the total
energy and pressure densities

o +3H(p+P)=0, (12.20)
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where p = p, + pp and P = P, + Pp. Equations (12.17) and (12.18) must
be supplemented by the explicit background form of Eq. (12.9), i.e.

3H? = a®p, (12.21)
2(H? —H') = a*(p+ P), (12.22)

where, again, (p+ P) is the total effective enthalpy that contains the back-
ground viscosity coefficient of the mixture & =&, + &,,.

12.2 Evolution equations for the entropy fluctuations

We are now interested in deriving the evolution of the entropy and total-
curvature fluctuations of the system. Both the entropy perturbations and
the perturbations in the total spatial curvature can be written in terms of ¢,
and (, which are related in the off-diagonal gauge [370] (see also [371, 372])
to the density contrasts of the individual fluids of the mixture [373]:

8§ =-3(C— ), (12.23)
¢= p_%Ca + p_{,)Cb- (12.24)
p P

In the following we are going to exploit the off-diagonal gauge [370, 371]
which is particularly convenient for the problem at hand. The results will be
exactly the same of those obtainable in the framework of gauge-independent
descriptions (see [98]). In fact, the quantities S and ¢, defined in terms of ¢,
and (p, are invariant under infinitesimal coordinate transformations. Con-
sequently they can be computed in any suitable (non-singular) coordinate
system.

In the off-diagonal gauge the spatial components of the perturbed metric
vanish and, hence, the only components of the perturbed line element are:

5900 = 2a2¢, (SgOi = —GQ(%B. (1225)

As we learned in chapter 11 (see, in particular, Eq. (11.176) and recall
that, in the long wavelength limit R ~ (), in the long-wavelength limit,

(H —H*)p = HC. (12.26)

Thus, in the off-diagonal gauge, dgqg is connected to (. As anticipated, (,
and (}, can be expressed in terms of the fluctuations of the density contrasts
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of the individual fluids, i.e.®

H pa H
Ca == pf) 53) Cb = - f)bdb' (12'27)

a Py

The evolution equations obeyed by the density contrasts §, = dp./pa and
8 = 0pu/pp are derived by perturbing Egs. (12.10) and (12.11) to first
order in the amplitude of the metric and hydrodynamical fluctuations:

2
B (B -+ aT) (e = )+ o [Eu(0+ ) = 5] + a1 + w )T +0)
HE], _
| ) = 6 } 0, =0, (12.28)
5, + 3H(c2, — wp)dy + @%[(1 +wa) (B — O — @) — (1 + ¢2,)8]
2 _
"‘%Eb((b +0p) — 0&] + [(1 +wp) — % Oy = 0. (12.29)

For notational convenience the barotropic indices (i.e. w,, wy) and the
sound speeds (i.e. ¢2, and c?,) have been introduced for the inviscid
component of each species of the plasma. If the inviscid component is

parametrized in terms of a perfect relativistic fluid, cza) b = Wa,b- In Eqgs.
(12.28) and (12.29):

o ir = 5F/f denotes the fractional fluctuation of the decay rate
computed in the off-diagonal gauge;
e 0&, and 6&;, denote the fluctuations of the bulk viscosity coefficients.

The fluctuation in the total viscosity is defined as
08 = 68, + 0&p. (12.30)
Finally, in Eqgs. (12.28) and (12.29)
0., = Bivg = V?0,, Oy, = @»vﬁ‘) = Vuy,. (12.31)

The global velocity § = d;v" field (with §7;¢ = (p + P)v?) is recovered from

0. and 6}, by recalling that (p + p)0 = (pa + pa)ba + (Pb + pb)0b.
Equations (12.28) and (12.29) must be supplemented by the perturbed

components of Eq. (12.9); in particular by the Hamiltonian and momentum

®Notice that Eq. (12.27) holds in the off-diagonal gauge and not in the longitudinal
gauge where, for instance, Eq. (12.6) has been written. This is another example of how
it is possible to exploit the freedom of surfing through the gauges which has been the
guiding theme of chapter 11.
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constraints: )
HV2B + 8H% + -6p = 0, (12.32)
2
V2[Ho + (H? — H')B] + %(p L PY =0, (12.33)
and by the other two equations stemming from the spatial components (i.e.
(1 =7)and (i # j)) of Eq. (12.9):
/ 2 ra
¢ + (H + 2%) —;—H {5;9 - 3%55 - %(9 —3Hg)| = 0. (12.34)
B' +2HB+ ¢ =0. (12.35)
In Eq. (12.32) the global energy and pressure density fluctuations (i.e. dp
and 0p) have been introduced. As it is clear from Egs. (12.32)-(12.35),
that one of the advantages of the off-diagonal formulation is the absence
of second time derivatives of the metric fluctuations. Strictly speaking the
evolution equations of 8, and 6}, should be added to the system. However,
they are only relevant for typical length scales smaller than the Hubble
radius at a given time. Since we are interested in the opposite regime,
these equations will be omitted, but they will be discussed elsewhere in
their full generality (see [98]).

To derive Eqs. (12.32), (12.33), (12.34) and (12.35) it is relevant to
recall the first-order form of the total energy-momentum tensor. The scalar
fluctuation of the effective energy-momentum tensor of the fluid sources is,
in general coordinates,®

5 T7 =, " [(0p + 0p) — EVAT — EVAdu?]
+ 04 [6EV AN — 0p + EV AU

+ (Su @ +a,0u”)[(p+ p) — EVATY], (12.36)
where the velocity field satisfies g"“u,u, =1 and
8s(Vaut) = orxdu + 5F§ﬁuo‘ﬂa + fiﬂ&ta, (12.37)

where fga and 5F§a are, respectively, the background and the perturbed
Christoffel connections. The various components of Eq. (12.37) can be
written, without choosing a specific gauge, as:
5Ty = dp, (12.38)
8T, = (p+ P, (12.39)
5T = —55{5;9 - 3%55 - 2[9 —3(¢' +Hep) + VQE’]}. (12.40)

fAs in Appendices C and D ds denotes the scalar fluctuation of the corresponding
quantity. Equation (12.36) can be simply obtained by perturbing, to first order, Eq.
(12.12).



384 A Primer on the Physics of the Cosmic Microwave Background

Recalling that, in the off-diagonal gauge, F = 1) = 0 (see chapter 11) the
specific form of Eqgs. (12.32), (12.33), (12.34) and (12.35) can be recovered.
By combining Eqgs. (12.32) and (12.34) the evolution equation for ¢ can

be easily obtained and it is given by

$= S IE+E)C+ HOE + )

+ E( Cga)(é—a - <)7 (1241)

where we passed, for later convenience, from the conformal time coordi-
nate 7 to the cosmic time coordinate ¢ (i.e. dt = a(r)dr). Note that, in
Eq. (12.41) the higher order terms (involving spatial gradients) have been
neglected since we are directly interested in the super-Hubble evolution of
the perturbations.

Equations (12.28) and (12.29) lead to the evolution equations of ¢, and
(p whose explicit form is given by

Gat [g— +(BH+T)(1 +c3a>} Gt 2 (1256, ~ €, H¢)

a

pa + pa H
. {& v 2 C] (12.42)
and by
: qn 2 ) 2 1<
Cb —+ |:q— + 3H(]. + csb):| Cb (1 + ¢ a)ca [H éfb - Hé_bd
_ Pat pa ;
_ 12.4
@b [5 +H2<}’ 249
where . .
Pa Pb
=P — 12.44
q H av H ( )

Various identities can be used to bring Eqs. (12.41), (12.42) and (12.43) to
slightly different (but equivalent) forms. In particular:

e using Eq. (12.24), we can always trade the combinations (¢, — ()
and (G — €) for pa/p(Ca — Gb) and pu/p(Ca — Co);

e according to Eq. (12.23), ((a — (&) = —S5/3;

e by virtue of the background equations (12.21) and (12.22), H/H =
P/ (2p);

e if the inviscid component of each fluid of the mixture is a perfect
fluid, then ¢f , = w, and cz)b = Wh;

e finally the background evolution of each fluid, i.e. Egs. (12.17) and
(12.18), may always be employed to obtain equivalent forms of the
above equations.
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12.3 Specific physical limits

Specific limits of Eqgs. (12.41)—(12.43) will now be reproduced. In the limit
£, =&, =0, with 6p = 6, = 0&, = 0 and T = 0, Egs. (12.41)—(12.43) read
Hp

é=— 5 2o (wy, — w,)S, (12.45)

b = i(w 4 1)Ll (12.46)
a 6 a pa 9

G, = 0. (12.47)

In the case w, = 0 and wp, = 1/3, Egs. (12.45)—(12.47) coincide with
the set of equations used in Ref. [374] to describe the radiative decay
of a massive curvaton whose effective pressure, at the oscillatory stage,
reproduces that of dusty matter, i.e. w, = 0. It is then clear, taking the
difference between Eqgs. (12.47) and (12.46), that the evolution equation of
entropy perturbations

Szg(wa+1)pa,”a<1—?—%’2— ﬁ)s (12.48)

PPL Pa Pa

is homogeneous and does not contain any (-dependent source term.
Sticking to the case of the radiative decay of a dusty fluid, but includ-

ing the fluctuations of the decay rate, the following system of evolution

equations

P

¢= GH(Ca ), (12.49)
N i

Ca - iCa = —0a (51‘ + ﬁ(), (1250)

can be derived from Eqs. (12.41)-(12.43) when wy, = 1/3 and w, = 0. In
Egs. (12.49) and (12.50), g» = —Hpa/pa.- Equations (12.49) and (12.50)
describe the situation discussed in Ref. [375], where the dynamics of the
inflaton with inhomogeneous decay rate has been discussed (see, for in-
stance, also [376, 377, 379, 378]). If the spatial fluctuations of the decay
rate are not a function of the local energy density of the mixture, curva-
ture fluctuations may be generated for length scales larger than the Hubble
radius.

Consider now the case where the I' is constant, the decay is homogeneous
(i.e. op = 0), but & = &a(pa) and & = &,(pb). This occurrence implies
that

0&a = —%Ca, 68y = —%Cb. (12.51)
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Hence, from Eqs. (12.41)—(12.43), we obtain, respectively

. H p, -

E=— ”;’[ p” ( b—wa>+—p<5 ——ﬁbﬂ . (12.52)
(o= 6';"‘;.) T(wa + 1)pa + 9HE,] S, (12.53)
G = B’Zj‘b {f(wa +1) <1 - g—;> + géb} S. (12.54)

Again, in this case, it can be easily argued that the evolution of entropy
fluctuations obeys a homogeneous equation in §. In fact, combining Eqgs.
(12.53) and (12.54) it is possible to obtain:

. .2 .2
> PaPa = Phb P 3(= Poz
S:——Fwa+1<l———2—>+—(a+— ):|S 12.55

[2ppb ( W 2 ) Tals T b (12.55)
This conclusion can be, however, evaded if £, and &, are functions of both
Pa and pp, i.e. & = &a(pa, pb) and &, = &,(pa, pb). In this case

560 = _5“1 FGat o), 06 = _f_b(Ca + ). (12.56)

Thus, in the situation descrlbed by Eq. (12.56), Eq. (12.55) will inherit
two extra terms at the right-hand side, i.e.

_9H 2 .=

Y <pa€béa pbfacb), (12.57)

which cannot be recast, for generic &, and &, in a single term proportional
to S.

12.4 Mixing between entropy and curvature perturbations

A relevant issue to be addressed concerns the phenomenological viability
of interacting viscous mixtures. Consider, for instance, a model where the
decay rate is constant but inhomogeneous (i.e. dr # 0) and &, = €\/pa
(where € is constant). The viscosity coefficient of the b-fluid vanishes, i.e.
&, = 0. This model describes the situation where the a-fluid is initially
dominant and characterized by a viscosity proportional to €. Furthermore,
if we want the Universe to be expanding, we must also require € < (w, +
1)/v/3. The a-fluid will start its decay for a typical cosmic time tp ~ f_l,
and then the background will be dominated by the b-fluid while the energy
density of the a-fluid, i.e. p,, will decay exponentially. Also the background
viscosity will decay exponentially, since &, = €y/Pa. These aspects are
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Fig. 12.1 The evolution of the background is illustrated. The parameters of the mixture
are fixed in such a way that wa = 0, wy, = 1/3, T/Hp ~ 1073, &, = €y/Pa, & = 0; Ho
denotes the value of the Hubble parameter at the initial integration time. The dashed
curve represents the evolution of the energy density of the decay products (radiation)
while the full lines represent the evolution of the energy density of the decaying compo-
nent for different values of e. This figure is adapted from [97]. Reproduced by permission
of Elsevier.

illustrated in Fig. 12.1 where, for two different values of €, the common
logarithm (i.e. the logarithm to base 10) of p, and p}, are reported. From
the point of view of the background, this model is perfectly viable and it
leads to a final stage of expansion dominated by the b-fluid. To make the
example even more explicit, one can think of the situation where the a-fluid
is given by dust (i.e. w, = 0) or stiff matter (i.e. w, = 1). The b-fluid may
be taken, for instance, to coincide with radiation (i.e. wp = 1/3).

The dynamics of curvature fluctuations may be described, for practical
reasons, by expressing the evolution equations in terms of ¢ and J,, i.e. the
curvature fluctuations and the density contrast of the a-fluid. Given the
relations (12.24) and (12.27) (b, (o and d, can always be obtained as linear
combinations (with background-dependent coefficients) of ¢ and d,. From
Egs. (12.28) and (12.41) the relevant evolution equations can be written as

(= b {3 5p_z + 2(wp, — wa)} (Pal + H paba), (12.58)

: 9e H? H [9¢H? _ —
(Sa + 2—\/p_a(sa + ﬁ [ﬁ I‘(wa + ].):|C = —F(wa + 1)5p (1259)

Equations (12.58) and (12.59) describe the evolution of ¢ and J, for typical
wavelengths larger than the Hubble radius. Initial conditions of the system
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Fig. 12.2 The evolution of the fluctuations induced by the background of Fig. 12.1
is illustrated. The dashed curves illustrate the behaviour of |(a| while the full lines
represent the evolution of |¢|. Both |¢| and |(a| are given in units of ép. This figure is
adapted from [97]. Reproduced by permission of Elsevier.

are then set by requiring ((t9) = 0 and 0,(tg) = o, = 0, where tg is the
initial integration time. From Fig. 12.2 the evolution is such that curvature
fluctuations grow from 0 to a value proportional to dr, i.e. proportional to
the fluctuations of the decay rate over length scales larger than the Hubble
radius. The final asymptotic value of ( can be determined analytically and
it turns out to be

LY 3‘/§€>. (12.60)

|Cﬁnal| — 6 (1—7\/36

In the limit € — 0, the results reproduce the findings of Ref. [375] leading
to a Bardeen potential |Ugna1| > dr/9, which implies |(anal| = ér/6 by using
the well-known relation of ¢ and ¥ in a radiation-dominated phase. In the
example discussed so far the values of ér have been taken in the ranges
1076-107°.

The class of examples reported so far can be generalized in various ways.
Different barotropic indices for the fluids of the mixture can be studied.
Equation (12.60) can then be generalized to the cases of generic w, and
wy. Furthermore, the functional dependence of the viscosity coefficients
can be chosen to be different. These generalizations can be found, for
instance, in [98]. We would like to point out that the simple examples
presented here may be made more realistic by thinking that a dusty fluid is
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an effective description of a scalar field oscillating in a quadratic potential
[380]. Thus, the simple fluid model of a dust fluid decaying into radiation
has been used [375] (with some caveats [378]) to infer some properties of
the inflaton decay when the inflaton decay rate is not homogeneous. If the
inhomogeneous decay occurs after an inflationary phase at low curvature
(i.e. Hinr < 1076Mp), it is plausible to argue that the spectrum of ér may
be converted into the spectrum of ¢ for typical frequencies smaller than the
Hubble rate. We are not interested here in supporting a specific model of
inhomogeneous reheating. The purpose of the examples discussed so far is
purely illustrative. However, the lesson to be drawn is that bulk viscous
stresses may play a relevant role.

In the present chapter various results have been achieved. First of all,
the concept of interacting viscous mixtures has been introduced, i.e. a mix-
ture of interacting fluids with viscous corrections. In this framework, the
coupled evolution of curvature and entropy fluctuations have been derived
in the case where both the decay rate and the bulk viscosity coefficients
are allowed to fluctuate over typical length scales larger than the Hubble
radius. Different situations have been systematically discussed. If the de-
cay rate is constant and homogeneous, with bulk viscosities that depend
separately on the energy density of each fluid of the mixture, the evolution
of entropy fluctuations obeys a source-free evolution equation. If, on the
contrary, the bulk viscosity has a more general dependence on the energy
densities of the fluids composing the mixture, the evolution equations of the
entropy perturbations may inherit a source term that involves, in one way
or another, curvature fluctuations. In similar terms, if the decay rate is al-
lowed to fluctuate without being a function of the local density of the fluid,
entropy fluctuations will not obey a source-free equation. These findings
show that the conservation of entropy fluctuations, safely assumed across
the radiation-matter equality, may not be the most generic situation in the
early Universe.
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Chapter 13

Spectator Fields

It is rather plausible that the early Universe is not described by a single
scalar degree of freedom. On the contrary it seems conceivable that various
fields are simultaneously present. In this situation various interesting phe-
nomena can take place. One of them will be specifically discussed in the
present chapter and it has to do with the possibility that non-adiabatic fluc-
tuations in the early stages of the life of the Universe lead to fully adiabatic
initial conditions for the CMB anisotropies.

In chapters 7 and 8 (and also in chapter 11) the distinction between
adiabatic and non-adiabatic initial conditions has been made clear and,
according to our presentation, these two possibilities represented physically
distinct initial conditions for the evolution of the lowest multipoles of the
Boltzmann hierarchy of the brightness perturbations. It is important to
appreciate, however, that CMB initial conditions are set after neutrino
decoupling. This is mainly due to the fact that we do have some control on
the thermodynamic history of the early Universe only below temperatures
of few MeV mainly thanks to the success of BBN.

As we learned in chapter 10 there is a different way of setting initial
conditions for CMB anisotropies and it is related to the assumption that
we do know pretty well the full thermodynamic history of the Universe. In
its simplest realization this assumption amounts to state that there was an
inflationary phase suddenly (or almost suddenly) followed by a radiation-
dominated phase of expansion. This assumption is consistent with the data
but it is not tested directly. In a complementary perspective it could happen
that

e inflation is not of slow-roll type;
e inflation is not driven by a single scalar degree of freedom;
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e the post-inflationary history is more complicated than what is nor-
mally assumed.

A complete discussion of the mentioned list of topics would require more
than one chapter. In spite of this it is useful to point out that there are
situations where the curvature perturbations induced by the master field
that drives inflation might be negligibly small. Later on, thanks to the
dynamical evolution, these fluctuations may grow and inherit the fluctu-
ation spectra of other spectator fields which are present during inflation.
By spectator field we mean a field whose energy density does not deter-
mine (or even affect) the evolution of the background. Still, its fluctuations
must be appropriately taken into account when computing the evolution of
curvature perturbations.

There are different (but related) concrete examples of such dynamics.
The first obvious case is the one where the dynamics of the background is
driven by a scalar degree of freedom (for instance, the dilaton in pre-big
bang models [104, 105]). While the Universe inflates, some other spectator
field (that is not source of the background geometry) gets amplified with a
quasi-flat spectrum. The role of spectator field is played, in pre-big bang
models, by the Kalb-Ramond axion [105]. When inflation terminates, the
large-scale fluctuations in the curvature are vanishingly small owing to the
steepness of the dilatonic spectrum. After the dilaton/inflaton decay, the
Universe will presumably be dominated by radiation. However, owing to
the presence of the spectator field, the dynamics of the inhomogeneities
will be much richer than the one of a radiation-dominated Universe. Since
the radiation peculiar velocity and density contrast are present together
with the fluctuations of the spectator field, a non-adiabatic fluctuation of
the pressure density, dpnaq can be expected. Since dppaq is the source term
for the evolution of the curvature perturbations, the quasi-flat spectrum of
the spectator/axion field may be converted, under some dynamical require-
ments, into curvature fluctuations after the axion’s decay.

Another possible example is the one where inflation occurs at relatively
low curvature scales, i.e. H < 1079 Mp. In this case one can imagine
the situation where the fluctuations of a scalar field (that is light during
inflation and later on decays), can be efficiently converted into adiabatic
curvature perturbations.

In [381] the possible conversion of isocurvature fluctuations into adia-
batic modes was investigated in a simple set up where on top of the inflaton
field there is only an extra spectator field. The chief objective of Ref. [381]
was not the possibility of converting isocurvature into adiabatic modes;
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on the contrary, there was the hope that fluctuations of a pseudo-scalar
spectator could indeed give rise to isocurvature modes [382] after the de-
cay (taking place after baryogenesis in the model of [381]). The possibility
of conversion was also briefly mentioned in Ref. [383]; the main goal of
[383] was however the analysis of possible non-Gaussian effects arising in
isocurvature models.

In [384] (see also [385]) the role of spectator field was played by some
super-string moduli that could be amplified during a conventional inflation-
ary phase. The authors correctly pointed out the possibility of obtaining,
after modulus decay, a correlated mixture of adiabatic and isocurvature
fluctuations. In [386] the conversion of isocurvature modes has been ana-
lyzed in the context of pre-big bang models. In fact, while the spectrum
the dilaton and of the graviton is rather steep, the spectrum of axionic fluc-
tuations may be rather flat or even red. The axionic fluctuation amplified
during the pre-big bang phase can then be converted into adiabatic modes.
In Ref. [387] the authors called the spectator field curvaton and provided
further support to this idea.

On a more technical ground, in the present chapter, we will be led to
analyze a rather interesting system of equations combining fluid perturba-
tions and scalar field fluctuations. This system is rather interesting per se
and it arises since it will be crucial, in what follows, to study the evolution
of a scalar field in a fluid background. In a different perspective (and with
rather different physical assumptions) this system also describes the fluc-
tuations of a quintessential field after equality. This problem, however, will
not be explicitly treated in the present script.

13.1 Spectator fields in a fluid background

Let us suppose that a scalar degree of freedom® o, characterized by a
potential W (o), evolves together with a fluid background with constant
barotropic index w. The Friedmann-Lemaitre equations can be written, in
this case, as

2In this sccript the variable o has also been employed to denote the cross section. In
the present chapter the two variables will never appear together and no confusion is
possible.



394 A Primer on the Physics of the Cosmic Microwave Background

2

—2 a
MpH? = —=(po +p); (13.1)
2
MeH' = =% [(ps +3pa) + (0 + 3p); (13.2)
p' +3H(p+p) =0, (13.3)
o +2Ho' + 8—Wa2 =0, (13.4)
Oo

where Mp denotes, as usual, the reduced Planck mass defined in Eq. (5.59);
the prime denotes, as usual, a derivation with respect to the conformal time
coordinate. Furthermore, in Egs. (13.1) and (13.2),

/2 /2

o
2a2

Po +W,  po=55-W (13.5)
In more explicit notations Eqgs. (13.1) and (13.2) can also be written as:

2a2

— 1[o"?
MpH? = 3 [% +Wa? + pa2], (13.6)
MpH' = —% [0'2 ~Wa? + (3w—2+1>pa2} . (13.7)

Consider now, as a warm-up, the situation where the scalar field o is not
a source of the background geometry but rather it evolves in a background
which is dominated by the fluid sources. In this situation we will have the
following conditions verified:

MpH? > a®p,, P> po. (13.8)

Under this approximation, the evolution of ¢ can be studied in two com-
plementary regimes:

e the kinetic regime where o/ > v2Wa;
e the slow-roll regime where o/ < v2Wa.

In the kinetic regime the evolution depends upon the specific evolution of
the background geometry. For instance, in the case of conventional infla-
tionary models o may relax to the minimum of W(o) where the kinetic
approximation eventually breaks down. In different models the evolution
might be slightly different. Once the slow-roll regime takes place the dy-
namics of o obeys the following approximate equation

oL OW e
0= (13.9)
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The parameter o depends upon the specific barotropic index of the dom-
inant component of the fluid background. Suppose, for simplicity, that
only a single fluid is present in the game. Then inserting Eq. (13.9) into
Eq. (13.4) we obtain

1H oW 5, 40W ,
aH2 00" ado 90 oH 002 "
Now, the last term at the left hand side of Eq. (13.10) contains three
derivatives of the potential since, according to Eq. (13.9), ¢’ is proportional
to the first derivative of W with respect to o. Consequently, this term can
be neglected and « is determined to be:
I 6+3w+1)

:4_%_ 5 s

where the second equality follows since the fluid-dominated background
implies that H'/H? = —(3w + 1)/2. Thus, from Egs. (13.9) and (13.11)
, 2 ow

= ——a°.
H[6+ 3(w+1)] do
Equation (13.12) can also be easily written in the cosmic time parametriza-

2
20W 1 OW 20" =0 (13.10)

a (13.11)

(13.12)

tion:
_ 2 ow
T H[6+3(w+1)] do
The discussion can be developed in reasonably general terms, however,
for sake of simplicity it is easier to focus on the case when the background

is dominated by radiation and the potential term of ¢ is quadratic, i.e.

2

b= %, W (o) = %02, (13.14)
Under these assumptions Eqgs. (13.3)—(13.4) and (13.6)—(13.7) can be writ-
ten as:

(13.13)

2 2
-l 1
MpH = [pr + 53 —|—W(U)}, (13.15)
. a2 012
MpH' = Y {Pr Ttz W(U)] ; (13.16)
o +2Ho' + aQa—W =0, (13.17)
0o
ph+4Hp, = 0. (13.18)
Furthermore Eq. (13.12) implies
2
o = - 5a2. (13.19)
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Since, during a radiation, furthermore, Ha is constant, Eq. (13.19) can be
solved and it gives:

m272 [ 1t
o(1) =oiexp|— 50 <7_—14 - 1>} (13.20)
Equation (13.20) tells that, basically, o(7) remains fixed at a constant value
o; as long as mn; ~ m/H; < 1. At H;, Eq. (13.8) implies that the following
hierarchy of scales holds®

2,2 452

> 5 (13.21)

As time goes by the Hubble rate H = H/a decreases. There are, therefore,
two important moments:

—2 m
MpH? >

e the moment at which H ~ m (denoted in what follows by H,,);
e the moment at which MpH ~ mo (denoted in what follows by
H,).

For H > H,,, grossly speaking, ¢ ~ o0;. For H < H,,, ¢ will undergo
a phase of coherent oscillations where ¢ o a~3. This statement can be
easily appreciated by writing the evolution of o according to Eq. (13.17)
in cosmic time:

G +3Hs +m?oc =0. (13.22)

By eliminating the first derivative we have that
¥+ {mQ— <%H2+ gH)]zzo, > =a%?0. (13.23)
Since H = —2H?2, it is clear that for m? > H? the rescaled variable ¥

will have a solution going as sinmt and the other solution evolving as
cosmt. Furthermore, o will also oscillate but with amplitude decreasing as
a~3/2. Tt is important to stress, at this point, that the simple trigonometric
oscillations are a direct consequence of the quadratic nature of W (o). This
choice implies that, on average, (p,) ~ 0 which explains why o2 decreases
3 i.e. as dusty matter. For instance in the case of a quartic potential,
(po) ~ 3(ps) [388, 391] and the oscillatory regime will have a different
analytical description.

For H > H, the background is dominated by radiation (or, more gener-
ally, by the fluid content of the model). For H < H, the potential energy of

asa

bIn what follows we will often switch from the cosmic to the conformal time parametriza-
tion (and vice-versa) without any specific comment.
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o dominates against the background sources. When H < H, the spectator
field changes its status and becomes the dominant source of the evolution
of the geometry.

Finally, at H ~ Hyq ~ m?3/M3 the field o will decay. For an order
of magnitude estimate we can impose, for instance, that Hqy > Hppn.
The latter requirement imposes that the decay should occur prior to the
moment at which light nuclei are formed (i.e. the moment of big-bang
nucleosynthesis). If Hy < Hppn the production of light elements might be
jeopardized. If Hqy > Hppn, m > 10 TeV taking the BBN temperature of
the order of 0.1 MeV. This bound can be made more restrictive by requiring
that the decay takes place prior the electroweak epoch (for temperatures of
the order of 0.1 TeV).

With all the ingredients mentioned so far it is possible to sketch the
evolution of the system recalling that, for accurate estimates, numerical
methods are preferable especially in the light of the evolution of the cor-
responding fluctuations which will be addressed in the following section.
For practical reasons we define the ratio between the energy density of the
spectator field and the energy density of the radiation background, i.e.

m2c? (a\*
r(a) = HQM‘Q (a—> (13.24)
iddp N
As indicated by Eq. (13.24) r(a) is a sharply increasing function of the
scale factor for H > H,,. Now we have two possibilities:

e ¢ can oscillate before becoming dominant, i.e. H,, > H,;
e o can oscillate after being dominant against the radiation back-
ground, i.e. H,,, < H,.

Let us discuss separately these two possibilities. If H,, > H,, then
3
m20? ~ m2o? <a—) ., H<m. (13.25)
a

Consequently, Eq. (13.24) will become, for H < m,
2
r(a) = — <i) H <m. (13.26)
Mp \Im
By comparing Eqgs. (13.25) and (13.26) it emerges that r(a), for H < m, is
always increasing but at a slower rate. According to Eq. (13.26) r(a,) ~ 1
which implies that the duration of the oscillatory will be given by

(2)=(5)
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Consequently, if o; > Mp, the duration of the oscillating phase can be
rather long and the moment at which o starts dominating can be delayed.
From Eq. (13.27) it is also clear that

o a 3/2 o 4
H, ~ m(_l ) (_> ~ m<_l ) | (13.28)
MP 0% MP

Let us now see what happens with decay. Here, again, there are two differ-

ent possibilities which are particularly relevant for the fate of the pertur-
bations. If the decay takes place before the spectator field is dominant, i.e.
H, < Hg, then we get to the conclusion that o; /Mp should indeed satisfy:

(_Ui ) <. ]2 (13.29)
Mp Mp

In the opposite case, i.e. when o decays after being dominant, the opposite
inequality will apply and Eq. (13.29) will be

(_"i ) S (13.30)
Mp Mp

Owing to the absolute lower bound on the mass m (stemming from BBN)
both inequalities of Eqs. (13.29) and (13.30) can be satisfied when oy < Mp.

Let us briefly examine, finally, the case when o; > Mp. Consider, then
Eq. (13.24) and suppose that, indeed, o; > Mp. The scale of oscillations
will still be given by m and the scale of dominance will still be given by
H, ~ m(oi/Mp)*. Therefore, if o; > Mp we will necessarily have H, >
H,,, i.e. the spectator field will become dominant without experiencing any

oscillatory dynamics. From Eq. (13.24) it is then rather easy to estimate
when the spectator field will eventually dominate:

<a_o) ~ @ (13.31)

Qi agim
After the spectator field becomes dominant there are two possibilities:

e if the dominance takes place before the oscillatory regime, then a
secondary (i.e. low curvature) inflationary phase will take place
with H, Mp ~ /W (0);

e if the dominance takes place after oscillations have started (i.e.
in the case o7 < MP) then there will be an intermediate phase
dominated by a dusty phase induced by the coherent oscillations
of 0.
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Notice, as remarked before, that the second statement depends heavily
upon the quadratic nature of the potential and can be partially evaded if the
potential has a different analytic form. In the limiting case of purely quartic
self-interactions the intermediate phase will still be, effectively, dominated
by radiation.

In connection with Eq. (13.31) it is important to appreciate that the
spectator field must actually be effectively massless at the beginning, i.e.

m
— < 1. 13.32
i (13.32)
This condition stems from the requirement that we ought to have the fluc-
tuations of o amplified with nearly scale-invariant spectrum. Last but not
least, to have a predominantly Gaussian contribution to the Sachs-Wolfe
plateau we must also require that

H;
— < 0j. (13.33)
2

All the constraints and the possibilities listed in the present section define
the parameter space of the model and few specific examples (the related
exclusion plots can be consulted in Refs. [389] and [407]).

As a last remark we wish to stress that the initial radiation-dominated
phase can be replaced by a different kind of phase. For instance, in the case
of quintessential inflationary models [407], the initial phase is dominated
by the kinetic energy of the inflaton/quintessence field. The discussion of
the evolution of the background then follows similar lines but the nature
and implications of the constraints is clearly different.

Before the spectator fields becomes dominant, an interesting phe-
nomenon can take place, i.e. the conversion of an initial isocurvature mode
into an adiabatic mode. There are two independent motivations to discuss
in some detail for this possibility:

e the first motivation is that the fluctuations of the field which drives
the evolution of the background before 7; are not amplified with
nearly scale-invariant spectrum, as required by experimental data;

e the second motivation is that inflation takes place at a curvature
scale that is much smaller than 10~ 5Mp.

Two examples of these two situations will now be provided.
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13.2 Unconventional inflationary models

During the pre-big bang evolution the Kalb-Ramond axion is amplified with
quasi-flat spectrum [105], i.e.

SMEATIALS w534

where the spectral index n, depends on the dynamics of the internal dimen-
sions [388, 389]. On the contrary, the spectrum of curvature fluctuations
is characterized by a rather steep spectral index. More precisely, the con-
siderations introduced earlier in this section allow us to compute the scalar
and tensor spectral indices [370]:

ng = 4, nt = 3. (13.35)

At the beginning of the post-big bang evolution the background is charac-
terized by a “maximal” curvature scale Hy, whose finite value regularizes
the big bang singularity of the standard cosmological scenario, and pro-
vides a natural cutoff for the spectrum of quantum fluctuations amplified
by the phase of pre-big bang inflation. In string cosmology models such an
initial curvature scale is at most of the order of the string mass scale, i.e.
HSMg ~ 1017 GeV.

The evolution of ¢ is different depending upon the initial value of ¢ in
Planck units, i.e. o;/ Mp. If o; > Mp the axion dominates earlier since the
condition of dominance is saturated faster. If o; < Mp the axion dominates
later, i.e. its starts oscillating coherently at H,, and it will dominate at a
redshift (a,,/a,) ~ (0i/Mp)?. For a more specific discussion we refer to
[386, 388-390].

Consider then, as an illustration, the case of o; < Mp. Initially
6H?;
and, around this scale the approximation of Eq. (13.12) breaks down and
o(1) ~ oi(am/a)*?. At a typical scale H, =~ (01/Mp)*m/36, the field
starts dominating the background inducing, possibly, a short period of in-

=2 . . . .
My > m?0; since o is not dominant. Later on o oscillates at H,,, ~ m

flationary expansion. The axion can decay either before being dominant or
after. The decay of the curvaton has been discussed both analytically and
numerically by different authors [389, 392, 393]. In the following, for the
sake of simplicity the approximation of sudden decay will be adopted. If
the decay follows the dominance, i.e. Hqy < H,, then

(Maip) > \/E\/MEP. (13.36)
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The opposite inequality holds if Hy > H,.

The evolution equations for the fluctuations are obtained by considering
the simultaneous presence of the the fluctuations of o and of the fluctuations
of the radiation background. The Hamiltonian constraint then becomes, in
the longitudinal gauge,

—k*p — 3H(Hap +¢') = 4nGa®(p:dr + 6po ), (13.37)
while the ¢ = j component of the perturbed Einstein equations gives
4G
W+ 3HY + (H? + 2H ) = ”Taﬂprar + 4nGap,, (13.38)
where
1 2 ow
0pe = = [—¢o' +o'x + 5o ¢ x] , (13.39)
1 2 ow
0ps = o) {—1/}0’ +ao'x — B35 ¢ X} (13.40)

In all the perturbation equations it has been assumed that anisotropic
stresses are absent (i.e. ¥ = ¢). Notice that we denoted with x the fluc-
tuation of . Finally the evolution of x and of the fluid variables is given
by

2

X'+ 2HY — Vx + 0 WaQX —40'® + 28—Wa2<1> =0, (13.41)

otk oo
4
8 = —gor + 4o (13.42)
k‘2
0 = de + k2ep. (13.43)

We are interested in the solution of the system of Eqs. (13.37)—(13.38)
and (13.41)-(13.43) with non-adiabatic initial conditions, i.e. ¥(k, ) =
(Sr(k,Ti) =0 but X(/ﬂ,Ti) = Xi(k)«
Since for large-scale inhomogeneities 6, < 1, Eq. (13.42) implies
or(k, ) ~ dp(k, 7), (13.44)

because initially ¢(r;) — 0. Using Eq. (13.39) and (13.44), the Hamiltonian
constraint (13.37) can be written, for kK — 0 as®

d(a? 4G
éln? = 3—H2a3[a’x’ + W ,a%x]. (13.45)

¢In what follows the stenographic notation W, , will be used to indicate the derivative
of the potential with respect to o.
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In order to derive Eq. (13.45) we used the fact that (p, + po) < pr-
Similarly to Eq. (13.12), Eq. (13.41) implies, with isocurvature initial
conditions, that

! 1 2
~ ——W ,,a%x. 13.46
X' = g Wooa™x (13.46)
Hence, from Eq. (13.45), direct integration leads to
1 a?
k) = ————Woxi(k) + O(W?%) ~ — Woxi(k) + O(W2).
Uik, ) = =g Weri(h) + OV2) = — W (k) + OW2)
(13.47)
Inserting Eq. (13.47) into Egs. (13.42) and (13.43)
2 2
(k. 7) =~ 5 Wi + O(W2),
21Mp 1
1 a? 9
QT(T) = - [} _3W70Xi + O(WU) (1348)
105Mp 1 ’

The time evolution of R in the radiation-dominated, slow-roll regime can fi-
nally be determined from the definition of R in terms of ¢ (see, for instance,
Eq. (7.101) or the more complete discussion in chapter 11):

1
Rl ) = =DV (k) + O(W2), (13.49)
4p, Oo ’
so that 1 and R obey the approximate relation
b(k,7) = —(2/T)R(k, T) + O(W3). (13.50)

The same result can be obtained directly by integrating the evolution equa-
tion for R i.e.

dR ~ 6pnad

dlna ~ p+p’

(13.51)

having approximately determined the form of dpn.q. The exact form of
Opnaq and of the sound speed is, in our system,

I\

1 o
5pnad = Pr <_ - CS) O + '@[J(Cz - 1)(po + po) + a_;((l - Cz)

3
~Wox(1+¢2), (13.52)
1 4 r o o ! o
3 4pr + 3(po + po)

When the curvaton is subdominant ¢2 ~ 1/3 and the leading term in
Eq. (7.91) is the last one. Hence, to leading order, dpnaa ~ —4V,xi/3;



Spectator Fields 403

inserting the approximate form of dpyaq into Eq. (13.51) we obtain again,
by direct integration Eq. (13.49) since
dR Vs

s

~ . 13.54
dlna er (13.54)

After the initial phase, when the oscillation starts, we have to assume a
specific form of the potential which we take to be quadratic. For H < m,
X ~ Xi(am/a)??, 0 ~ oi(am/a)?/? and Eq. (13.54) then leads to

Rk, ) ~ <MLP> (%’;)) (%) - r(a)%ii, (13.55)

r(a) = (M"Pf(%) (13.56)

where for H < m we used p, ~ mgﬂi(am/aﬂ. The second equality
follows from the definition of r(a), i.e. the time-dependent ratio of the
axion energy density over the energy density of the dominant component of
the background. Recalling now that x;(k) has a quasi-flat power spectrum,
Eq. (13.55) expresses the conversion of the initial isocurvature mode into
the wanted adiabatic mode. The expression of R(a) will be frozen at the
moment of sudden decay taking place at the scale Hy. In the context of pre-
big bang models the power spectrum of the axionic fluctuations depends
on various parameters connected with the specific model of pre-big bang
evolution. By comparing the generated curvature fluctuations with the
value experimentally measured various constraints on the parameter of the
model can be obtained [388, 389]. These constraints seem to suggest that
the scale H; should be of the order of 10~ My, where My ~ 0.01Mp is the
string mass scale. Notice, furthermore, that we have just treated the case
where the axion decays before becoming dominant. However, in the context
of pre-big bang models the opposite case is probably the most relevant. If
the axion decays after becoming dominant, numerical calculations have to
back the analytical approach (especially in the case o; > Mp).

13.3 Conventional inflationary models

It is conceivable that the curvaton could also play a réle in the context
of conventional inflationary models, provided the inflationary scale is suf-
ficiently low (i.e. Hi,y < 107°Mp). In this case, it is argued [394], the
adiabatic perturbations generated directly by the fluctuations of the infla-
ton will be too small. In [394] a simple model has been discussed where the
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potentials of the curvaton and of the inflaton are both quadratic. During
inflation the curvaton should be effectively massless, i.e. m < Hins. There
are some classes of inflationary models leading naturally to a low curvature
scale [395] (see also [396]). As far as the evolution of the curvaton in a
radiation dominated epoch is concerned, the results obtained in the case of
the pre-big bang are also valid provided the scale H; is now interpreted as
the curvature scale at the end of inflation.

To identify a particle physics candidate acting as a curvaton, various
proposals have been made. Different authors [397-400] suggest that the
right-handed sneutrinos (the supersymmetric partners of the righ-handed
neutrinos) may act as curvatons. Models have also been proposed where the
curvaton corresponds to a MSSM flat direction [401, 402] and to a MSSM
Higgs [403].

In the following we would like to concentrate on one of the besic ques-
tions arising in low-scale inflationary models: is it possible to lower the
inflationary scale ad libitum?

In the standard curvaton scenario the energy density of the curvaton
increases with time with respect to the energy density of the radiation
background. From this aspect of the theoretical construction, a number of
constraints can be derived; these include an important aspect of the infla-
tionary dynamics occurring prior to the curvaton oscillations, namely, the
minimal curvature scale at the end of inflation compatible with the curva-
ton idea. Suppose, for simplicity, that the curvaton field o has a massive
potential and that its evolution, after the end of inflation, occurs during a
radiation dominated stage of expansion. As previously discussed the ratio
r(a) increases with time during the radiation-dominated oscillations

gj 2 a
r(a) ~ (MP> (am> H < Hyp, (13.57)
where o; is the nearly constant value of the curvaton throughout the later
stages of inflation. When o decays the ratio r gets frozen to its value at
decay, i.e. 7(t) = r(tq) = rq for t > tq. Equation (13.57) then implies

o2

- (13.58)
raMp
The energy density of the background fluid just before decay has to be
larger than the energy density of the decay products, i.e. p.(ta) > T¢§1~

Since

m =

4
—2 ((am
pr(ta) ~ m*Mp <a) ) (13.59)
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the mentioned condition implies
m [ m
— = >1, 13.60
T\ Tia (13.60)

which can also be written, using Eq. (13.58), as

o \° T
(_‘ ) >r§/2(_—d>. (13.61)
Mp Mp

Equation (13.61) has to be compared with the restrictions coming from
the amplitude of the adiabatic perturbations, which should be consistent
with observations. If o decays before becoming dominant the curvature

perturbations at the time of decay are

1ov
pr Oo

~ gt (13.62)

tq Oi

R(td) ~

Recalling that xi ~ Hiys/(27) the power spectrum of curvature perturba-
tions

12 TaHins _5
~— ~ 1 13.
PR e S 5 x 10 (13.63)
implies, using Eq. (13.61) together with Eq. (13.58),
Hi, B T 1/3
(_ f) > 1074 x ry'/? (_—d> . (13.64)
Mp MP

Recalling now that rq < 1 and m < Hiyr, the above inequality implies
that, at most, Hine > 10712 Mp if Ty ~ 1 MeV is selected. This estimate
is, in a sense, general since the specific relation between Ty and Hy is
not fixed. The bound (13.64) can be even more constraining, for certain
regions of parameter space, if the condition Ty > v/ Hq Mp is imposed with
Hy~ mB/H; In this case, Eq. (13.64) implies H2; > 10~%m Mp, which
is more constraining than the previous bound for sufficiently large values of
the mass, i.e. m > 10"*Hj,s. Thus, in the present context, the inflationary
curvature scale is bound to be in the interval [395, 404]

1072 Mp < Hyy < 107 5Mp. (13.65)

This bound can be relaxed by a bit, if the evolution of the curvaton
takes place after inflation in a background dominated by the kinetic energy
of the inflaton field itself. Consider now the case where the inflationary
epoch is not immediately followed by radiation. Different models of this
kind may be constructed. For instance, if the inflaton field is identified
with the quintessence field, a long kinetic phase occurred prior to the usual
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radiation-dominated stage of expansion. The evolution of a massive cur-
vaton field in quintessential inflationary models has been recently studied
[407] in the simplest scenario where the curvaton field is decoupled from the
quintessence field and it is minimally coupled to the metric. In order to be
specific, suppose that, the inflaton potential, V(¢) is chosen to be a typical
power law during inflation and an inverse power during the quintessential
regime:

V(p) = Me' + M),  »<0,

8

Vig) = o
e+ M
where A is the inflaton self-coupling and M is the typical scale of quintessen-
tial evolution, i.e. by appropriately fixing M, the field ¢ will be dominant
about today. The potential of the curvaton may be taken to be, for sim-
plicity, quadratic. In this model the curvaton will evolve, right after the
end of inflation, in an environnment dominated by the kinetic energy of
. The curvaton starts oscillating at Hy,, ~ m and becomes dominant at a
typical curvature scale H, ~ m(c;/Mp)2. Due to the different evolution of
the background geometry, the ratio r(¢) will take the form

r(t) ~ m? (Mipf(%f H < Hy,. (13.67)

to be compared with Eq. (13.57), valid in the standard case. For t > tq,
r(t) gets frozen to the value r4 whose relation to o; is different from the one
obtained previously (see Eq. (13.58)) and valid in the case when o relaxes
in a radiation dominated environnment. In fact, from Eq. (13.67),

0 >0, (13.66)

aj
mo ——. 13.68
N (13.68)
From the requirement
pk(ta) ~m MP( ) > T4, (13.69)
it can be inferred, using (13.68), that
3/2
i T
(_" ) >3/ <_—d) (13.70)
Mp Mp

Following the analysis reported in [407], the amount of produced fluctua-
tions can be computed.

The calculation exploits Eqs. (11.174) and (11.175) which are valid for
a two-field model. Solving Eqgs. (11.174) and (11.175) with the appropriate
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initial condition, and using a®p?/H that is constant during the kinetic
phase, Eq. (11.177) can be written as [407]

H.  xo0W X
R(t) ~ —0qy =~ =—— ~ . 13.71
®) Pkaq px 0o Td( g ( )

Recalling that x,(fi) ~ Hing/(27), the observed value of the power spectrum,

ie. PH?~5x 1075, implies

: 2/3
<}£“f) > 1074 %2 (I—d) . (13.72)
P P

The same approximations discussed in the standard case can now be applied
to the case of quintessential inflation. They imply the absolute lower bound
of Hiys > 100 GeV [404, 405]

Up to now we have always discussed the case of quadratic potentials.
However, the potential of ¢ should be allowed to have different profiles.
There is only one danger. If the potential leads to some attractor solution
for the fluctuations, it may happen that the fluctuations of the curvaton are
erased [404, 391]. If, for some reason, the curvaton does not decay com-
pletely, it is possible to have residual isocurvature fluctuations which will
be completely correlated with the adiabatic component (see, for instance
[406]).



This page intentionally left blank



Appendix A

The Concept of Distance in
Cosmology

In cosmology there are different concepts of distance. Galaxies emit electro-
magnetic radiation. Therefore we can ask what the distance light travelled
from the observed galaxy to the receiver is (that we may take, for instance,
located at the origin of the coordinate system). But we can also ask what
the actual distance of the galaxy was at the time the signal was emitted.
Or we can ask what the distance of the galaxy is now. Furthermore, dis-
tances in FRW models depend on the matter content. If we would know
precisely the matter content we would also know accurately the distance.
However, in practice, the distance of an object is used to infer a likely value
of the cosmological parameters. Different distance concepts can therefore
be introduced such as:

the proper coordinate distance;
the redshift;

the distance measure;

the angular diameter distance;
the luminosity distance.

In what follows these different concepts will be swiftly introduced and phys-
ically motivated.
A.1 The proper coordinate distance

The first idea coming to mind to define a distance is to look at a radial part
of the FRW line element and define the coordinate distance to r as

(A.1)

S

() =a(0) | " ﬂf—T
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where, conventionally, the origin of the coordinate system coincides with
the position of the observer while 7. defines the position of the emitter.
Since k can be either positive, or negative or even zero, the integral at the
right hand side of Eq. (A.1) will change accordingly so that we have:

s(re) = a(t)re, k=0,

arcsin [VE 7], k>0, (A.2)

arcsinh[/|k| re], k<0,

The only problem with the definition of Eq. (A.1) is that it involves geo-
metrical quantities that are not directly accessible through observations. A
directly observable quantity, at least in principle, is the redshift and, there-
fore it will be important to substantiate the dependence of the distance
upon the redshift and this will lead to complementary (and commonly used)
definitions of distance.

Before plunging into the discussion a lexical remark is in order. It
should be clarified that the distance 7. is fized and it is an example of a
comoving coordinate system. On the contrary, the distance s(r.) = a(t)re
(we consider, for simplicity, the spatially flat case) is called physical dis-
tance since it gets stretched as the scale factor expands. It is a matter
of convenience to use either comoving or physical systems of units. For
instance, in the treatment of the inhomogeneities, it is practical to use
comoving wavelengths and wavenumbers. In different situations physical
frequencies are more appropriate. It is clear that physical distances make
sense at a given moment in the life of the Universe. For instance, the
Hubble radius at the electroweak epoch will be of the order of the cm.
The same quantity, evaluated today, will be much larger (and of the or-
der of the astronomical unit, i.e. 10'3 c¢m) since the Universe expanded
a lot between a temperature of 100 GeV and the present temperature (of
the order of 10713 GeV). In contrast, comoving distances are the same
at any time in the life of the Universe. A possible convention (which
is, though, not strictly necessary) is to normalize to 1 the present value
of the scale factor so that, today, physical and comoving distances would
coincide.
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A.2 The redshift

Suppose that a galaxy or a cloud of gas emits electromagnetic radiation
of a given wavelength A\.. The wavelength received by the observer will
be denoted by ;. If the Universe does not expand we would simply have
Ae = Ar. However since the Universe expands (i.e. @ > 0), the observed
wavelength will be more red (i.e. redshifted) in comparison with the emitted
frequency, i.e.

a(ty) ay
/\r—a(te))\e, 1+z—a—e.
where z is the redshift. If the wavelength of the emitted radiation is pre-
cisely known (for instance a known emission line of the hydrogen atom or
of some other molecule or chemical compound) the amount of expansion
(i.e. the redshift) between the emission and the observation could be accu-
rately determined. Equation (A.3) can be directly justified from the FRW
line element. Light rays follow null geodesics, i.e. ds? = 0 in Eq. (2.2).
Suppose then that a signal is emitted at the time ¢. (at a radial position
re) and received at the time ¢, (at a radial position r, = 0). Then from Eq.
(2.2) with ds?> = 0 we will have®

/tr dt / dr
¢, a(t) o V1I—kr?
Suppose then that a second signal is emitted at a time ¢, 4 0t and received

at a time ¢, + 0t,. It will take a time §¢, = A /c to receive the signal and a
time dt, = Ae/c to emit the signal:

tr+0t: dt Te d
[ (A.5)
tetst, alt) o V1—kr?
By subtracting Egs. (A.4) and (A.5) and by rearranging the limits of

integration we get:
tetote gy bt Ot gy
T B (A.6)
te a(t) te a(t)

oty A alty) Ve

e e Calte) v

(A.3)

(A4)

implying

(A7)

As far as the conventions are concerned we will remark that often (even
if not always) the emission time will be generically denoted by ¢ while the

2The position of the emitter is fized in the comoving coordinate system.
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observation time will be the present time ty. Thus, with this convention
z+1=ao/a(t).

Let us then suppose (incorrectly, as we shall see in a moment) that ¢, =
te + 1. Then, recalling the definition of the Hubble parameter evaluated
at t, = tg, i.e. H, = Hy = d,/a, we have:

a(t:)
Ar = —= ~ X[l + Horel, A8
alte) [1+ Hore] (A.8)
where the second equality in Eq. (A.8) follows by expanding in Taylor series
around t, and by assuming that Hor. < 1. Recalling the definition of Eqgs.

(A.3) and (A.7), we obtain an approximate form of the Hubble law, i.e.
Hore ~ z, z= M (A.9)
)\I‘

This form of the Hubble law is approximate since it holds for small red-
shifts, i.e. z < 1. Indeed the assumption that ¢, ~ t, + 7. is not strictly
correct since it would imply, for a flat Universe, that the scale factor is
approximately constant. To improve the situation it is natural to expand
systematically the scale factor and the redshift. Using such a strategy we
will have:

%) =1+ Ho(t —to) — q—;Hg(t —t0)* + ...
(A.10)
ag

)
where ¢ is the deceleration parameter introduced in Eq. (2.63). From the
definition of redshift (see Eq. (A.3)) it is easy to obtain

=1— Hy(t —to) + (%0 + 1) Hi(t—to)* + ...

2= Holto —t) + (%O—kl)Hg(to—t)?, (A.11)
: (to —t) = Hio {z - (%0 + 1)2z2]. (A.12)

Using then Eq. (A.10) to express the integrand appearing at the left hand
side of Eq. (A.4) we obtain, in the limit |kr2| < 1,

to ¢! 1 1
= - I PO 1)22 Al
= o %%P 5%+v} (A.13)

where, after performing the integral over ', Eq. (A.12) has been used to
eliminate t in favour of z. Notice that while the leading result reproduces
the one previously obtained in Eq. (A.9), the correction involves the decel-
eration parameter.
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A.3 The distance measure

As we saw in the previous subsection the term distance in cosmology can
have different meanings. Not all the distances we can imagine can actually
be measured. A meaningful question can be, for instance, the following: we
see an object at a given redshift z; how far is the object we see at redshift
2?7 Counsider, again, Eq. (A.4) where, now the integrand at the left hand
side can be expressed as

dt da 1 dz

e S , A4
a Ha? ag H(2) ( )
From Eq. (2.56), H(z) can be expressed as
H(z) = Ho/Qo(1 + 2)3 + Qao + (1 + 2)2, (A.15)
where
k
Qno + Qa0 + Q. =1, Qk——m. (A.16)

In Eq. (A.16), Qi accounts for the curvature contribution to the total
density. This parametrization may be confusing but will be adopted to
match the existing notations in the literature. Notice that if £k > 0 then

Q) < 0 and vice-versa. Defining now the integral®
i d
Dy(2) = = 7 (A.17)
Vm0(1+ )3 + Qa0 + Q1 + 2)?

we have, from Eq. (A.4), that

_ Do(2) _
re(z) = ol k=0,
1
(2) = V1% Do( k>0,
re(2) e \/|Q_s1n[ Q%] Do (2)], >
re(2) = ! ————— sinh [/ Do(2)], k <O0. (A.18)

CL()HO vV Q
The quantity 7.(z) of Eq. (A.18) is sometimes also called distance measure
and it is denoted by dy(z). In the limit |kr2| < 1 the open and closed
expressions reproduce the flat case k = 0.

bIt should be borne in mind that the inclusion of the radiation term (scaling, inside the
squared root of the integrand, as Qro(1 + x)%) is unimportant for moderate redshifts
(i.e. up to z ~ 20). For even larger redshifts (i.e. of the order of zeq Or zgec) the proper
inclusion of the radiation contribution is clearly mandatory. See Eqgs. (2.89) and (2.117)
for the derivation of zeq and zgqec. See also the applications at the end of this Appendix
(in particular, Eqs. (A.34), (A.35) and (A.36)).
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Some specific examples will now be given. Consider first the case Qyg =
1, Qap = 0 and Qi = 0 (i.e. flat, matter-dominated Universe). In such a
case Eq. (A.18) gives

1 1 1 3,

re(2) = oo [1 - \/Z—f'—l] ~ oo [z 17 ], (A.19)
where the second equality has been obtained by expanding the exact result
for z, 1. Notice that the second equality of Eq. (A.19) reproduces Eq. (A.13)
since, for a flat matter-dominated Universe, ¢y = 1/2. The other example
we wish to recall is the one where Q; = 1, Qo = 0, and Q9 = 0 (i.e. open
Universe dominated by the spatial curvature). In this case Egs. (A.17) and
(A.18) give, respectively,

Do(z) =In(z+ 1), re(z) = 2a01H0 [(Z +1)— ﬁ} . (A.20)

The considerations developed so far suggest the following chain of observa-
tions:

e in cosmology the distance measure to redshift z depend upon the
cosmological parameters;

e while for z < 1, reHy ~ z, as soon as z ~ 1 quadratic and cubic
terms start contributing to the distance measure;

e in particular quadratic terms contain the deceleration parameter
and are thus sensitive to the total matter content of the Universe.

If we are able to scrutinize objects at high redshifts we may be able to get
important clues not only on the expansion rate of the present Universe (i.e.
Hp) but also on its present acceleration (i.e. go < 0) or deceleration (i.e.
go > 0). This type of reasoning is the main rationale for the intensive study
of type la supernovae. It has indeed been observed that type la supernovae
are dimmer than expected. This experimental study suggests that the
present Universe is accelerating rather than decelerating, i.e. ¢o < 0 rather
than ¢p > 0. Since

_doag _ Qo
a3 2

qo = + (1 4 3wp)Qhno0, (A.21)
where the dark energy contribution is py = wypa with wp ~ —1. So, to
summarize, suppose we know an object of given redshift z. Then we also
know precisely the matter content of the Universe. With these information
we can compute what is the distance to redshift z by computing 7.(z). The
distance measure of Eq. (A.18) depends both on the redshift and on the
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precise value of the cosmological parameters. But cosmological parameters
are, in some sense, exactly what we would like to measure. Astronomers
are therefore interested in introducing more operational notions of distance
like the angular diameter distance and the luminosity distance.

A.4 Angular diameter distance

Suppose we are to be in Eucledian (non-expanding) geometry. Then we
do know that the arc of a curve s is related to the diameter d as s = d¢
where 9 is the angle subtended by s. Of course, this is true in the situation
where ¥ < 1. Suppose that s is known, somehow. Then d ~ s/9 can be
determined by determining 4J, i.e. the angular size of the object. In FRW
space-times the angular diameter distance can be defined from the angular
part of the line element. Since ds? = a?(t)r?d¥?, the angular diameter
distance to redshift z will be

59 aopre(z)
D = — = t e — s A22
A) = 2 = altyre = 207eC (A.22)
where 7¢(z) is exactly the one given, in the different cases, by Eq. (A.18).
The quantity introduced in Eq. (A.22) is the physical angular diameter
distance. We can also introduce the comoving angular diameter distance
Da(2):

ayg —
5 Dal), (A.23)

which implies that the comoving angular diameter distance coincides with
the distance measure defined in Eq. (A.18).

To determine the angular diameter distance we need, in practice, a set of
standard rulers, i.e. objects that have the same size for different redshifts.
Then the observed angular sizes will give us the physical angular diameter
distance. Using the results of Egs. (A.19) and (A.20) in Eq. (A.22) we
obtain, respectively,

DA(Z) = a(t)EA =

1 vVze+1-1

DAE) = (A.24)

where Eq. (A.24) applies in the case of a matter-dominated Universe and
Eq. (A.25) applies in the case of an open Universe dominated by the spatial
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curvature.® It is interesting to notice that the angular diameter distance
in a flat (matter-dominated) Universe decreases for z > 1: objects that
are further away appear larger in the sky. In such a case D given by
Eq. (A.24) has a maximum and then decreases.

A.5 Luminosity distance

Suppose we are to be in Eucledian (transparent) space. Then, if the absolute
luminosity (i.e. radiated energy per unit time) of an object at distance Dr,
is Labs, the apparent luminosity Lap, will be

i Eabs . Eabs
Lapp = 17 D2’ Dy =] i Lopy (A.26)

If the observer is located at a position r, from the source, the detected

photons will be spread over an area A = 4mwa2r?. Thus, from the emis-

sion time ¢, to the observation time ¢y we will have the energy density of
radiation evolve as:

4
P(to)ZP(te)(a—e) N e (4.27)

ao Po
But now,
J7
Labs X /Pe, Lapp X Tradr? (A.28)
Thus the luminosity distance as a function of the redshift becomes:
Dy (z) = (1 + z)agre(2), (A.29)
By comparing Eq. (A.22) to Eq. (A.29) we also have
Dy (2)
D = —= A.30
M) = (A.30)

To give two examples consider, as usual, the cases of a (flat) matter-
dominated Universe and the case of an open (curvature-dominated) Uni-
verse. In these two cases, Eq. (A.29) in combination with Eqs. (A.19) and
(A.20) leads to

Di(z) = —VaFIWVEFI—1], Du(x)= —[(z+1)>—1]. (A.31)
Hy 2H,

€It is clear that, in this case, from Egs. (2.56) and (2.57) the scale factor expands
linearly. In fact, suppose we take Egs. (2.56) and (2.57) in the limit p = 0 and p = 0. In
this case the spatial curvature must be negative for consistency with Eq. (2.56) where
the right hand side is positive semi-definite. By summing up Eqs. (2.56) and (2.57) we
get to the condition H2 + H = 0, i.e. @ = 0 which means a(t) ~ t. In this case, by
definition, the deceleration parameter introduced in Eq. (2.63) vanishes.
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As in the case of the angular diameter distance where it is mandatory
to have a set of standard rulers, in the case of the luminosity distance
there is the need of a set of standard candles, i.e. a set of objects that are
known to have all the same absolute luminosity L,ps. Then by measuring
the apparent luminosity Lapp, the luminosity distance can be obtained at
a given redshift. The observed Dy, (z) can then be compared with various
theoretical models and precious information on the underlying cosmological
parameters can be obtained.

A.6 Horizon distances

In the discussion of the kinematical features of FRW models, a key role is
played by the concept of event horizon and of particle horizon. The physical
distance of the event horizon is defined as

tmax dtl
do = a(t) /t ot (A.32)

The quantity defined in Eq. (A.32) measures the maximal distance over
which we can admit, even in the future, a causal connection. If do(t) is
finite in the limit ¢yax — oo (for finite ¢) we can conclude that the event
horizon exists. In the opposite case, i.e. do(t) — 00 for tmax — 00 the event
horizon does not exist.

The physical distance of the particle horizon is defined as

dt’
a(t’)’

dp(t) = a(t) / (A.33)

tmin
Equation (A.33) measures the extension of the regions admitting a causal
connection at time ¢. If the integral converges in the limit ¢, — 0 we
say that there exists a particle horizon. In connection with the concept of
horizon in inflationary cosmology the Ref. [408] can be usefully consulted.

A.7 Few simple applications

In CMB studies it is often useful to compute the (comoving) angular diam-
eter distance to decoupling or to equality (see Eq. (A.23) for a definition
of the comoving angular diameter distance). As already discussed, the (co-
moving) angular diameter distance coincides with the distance measure. So
suppose, for instance, we are interested in the model where Qo = 1. In this
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case we have to compute

Da(2) = Da(2) _ apre(2)
a(t) a(l+ z)

where the last equality follows from the definition of redshift and where

Dy denotes the (comoving) angular diameter distance. If Qpo = 1, the

comoving angular diameter distance to decoupling and to equality is given,

respectively, by:

= re(2), (A.34)

D) = 2 (1 L 1939
P T H N VT ) Hy

(A.35)

ol 2 (1 1 2
s =70 (1 =)~
where we assume that the Universe was always matter-dominated from
equality onwards (which is not an extremely good approximation since ra-
diation may modify the estimate a bit). The comoving angular diameter
distance enters crucially in the determination of the multipole number on
the last scattering sphere. Suppose indeed we are interested in the following
questions:

e what is the multipole number corresponding to a wavelength com-
parable with the Hubble radius at decoupling (or at equality)?
e what is the angle subtended by such a wavelength?

Before answering these questions let us just remark that when the spatial
curvature vanishes (and when Qng + Qa0 = 1), the comoving angular di-
ameter distance must be computed numerically but a useful approximate
expression is

Dia(zaee) = gog Ho - (A.36)

MO

When the (comoving) wave-number kge. is comparable with the Hubble
radius, the following chain of equalities holds:

kdec = Hdec = a/decHdec =V QMOI{() \% 1+ Zdec (A37)

where the second equality follows by assuming that the Hubble radius at
decoupling is (predominantly) determined by the matter contribution, i.e.
8rG

ngc ~ TpM = HgQMo(l + Zdec)g. (A38)

The corresponding multipole number on the last scattering sphere will then
be given by

Liec = kdecEA (Zdec) =2v1+ ZdecQRAB ~ 66.3 Qg/[%), (A.39)
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where zgeec =~ 1100. The angle subtended by 7/kgec will then be

180°
édec

Odec = =270 Q0L

Following analog steps, it is possible to show that
_ h§Qwmo
114 Mpc’

loq = keqDA(2eq) = 430 hoQ355.
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(A.40)

(A.41)

Equation (A.38) holds under the assumption that the Hubble radius at
decoupling is predominantly given by the matter contribution. Equation
(A.41) holds under the same assumption, namely, that at equality the main
contribution to py comes from the dusty matter. This is reasonable within
the ACDM paradigm since the dark energy will become dominant much
later, i.e. at a much smaller redshift. So, effectively, for the above estimates

it is as if QMQ = Qt0~
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Appendix B

Kinetic Description of Hot Plasmas

B.1 Generalities on thermodynamic systems

In thermodynamics we distinguish, usually, intensive variables (like the
pressure and the temperature) which do not depend upon the total matter
content of the system and extensive variables (like internal energy, volume,
entropy, number of particles). The first principle of thermodynamics tells
us that

d€ = TdS — pdV + pdN, (B.1)

where S is the entropy, p is the pressure, V is the volume, p is the chemical
potential, N the number of particles and £ the internal energy. From Eq.
(B.1) it can be easily deduced that

o0& o€ o€
T‘(%M p“(WLN’ “‘(a—zv)us’ B.2)

where the subscripts indicate that each partial derivation is done by hold-
ing fixed the remaining two variables. Suppose now that the system is
described only by an appropriate set of extensive variables. In this situa-
tion we can think that, for instance, the internal energy is a function of the
remaining extensive variables, i.e. £ = £(S,V,N). Let us then perform a
scale transformation of all the variables, i.e.

£ — o€, S — oS, V—=odV, N — oN. (B.3)

We consequently have c€ = £(0S,,0V,0N). By taking the derivative of
the latter relation with respect to o and then by fixing 0 = 1 we get the
following relation:

o0& o0& o0&
_ (%€ 9& 9 N B4
¢ (65>V7NS+<W>S7NV+(azv)us B4
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Using now Egs. (B.2) in Eq. (B.4) we get the following important relation
sometimes called fundamental thermodynamic identity:
E=TS8 —pV + uN. (B.5)
If the system is formed by different particle species, a chemical potential
for each species is introduced and, consequently, uN = >, 11; N;. Equation
(B.5) tells us that if the chemical potential vanishes (as in the case of a gas of
photons) the entropy will be simply given by S = (£+pV)/T. In statistical
mechanics it is sometimes useful to introduce different potentials such as the
free energy F', the Gibbs free energy G and the so-called thermodynamic
potential Q:
F=&-TS, G=F+pV, Q=F—uN. (B.6)
The free energies F' and G or the thermodynamic potential Q allow us
to reduce the number of extensive variables employed for the description
of a given system in favour of one or more intensive variables.! So the
description provided via the potentials is always semi-extensive in the sense
that it includes always one or more intensive variables. Notice, for instance,
that Q(T,V, u) and that, using Egs. (B.6) and (B.1)
dQ) = —pdV — SdT — Ndpu. (B.7)
Equation (B.7) implies that Q = Q(V, T, u) and

o0 o0 o0
S =—— , = —( — , N=—— . B.8
<8T>V,,L d (aV)T,# (w)m B8

In the case of a gas of photons u = 0, and Q = F. This implies, using
Eq. (B.6) and (B.1) that dF = (udN — pdV — SdT). Hence, the condition
of equilibrium of a photon gas is given by

oF
ON )y
For a boson gas and for a fermion gas we have {2 that can be written,
respectively, as
B B F F
QF =308 o =)"0af (B.10)
E k
n—Eg
Qf:TZIn[l—e T } (B.11)
E
n—E
Qg:—TZIn[l—ke T’“]. (B.12)

dTo avoid ambiguities in the notation we did not mention the enthalpy, customarily
defined as H = £ +pV (this nomenclature may clash with the notation employed for the
Hubble parameter H). Note, however, that the enthalpy density is exactly what appears
in the second of the Friedmann-Lemaitre equations (see Eq. (2.57)).
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Recalling that the Bose-Einstein and Fermi-Dirac occupation numbers are

defined as
anv an, (B.13)

the third relation reported in Eq. (B.8) allows us to determine T} and 7} :

00Nt 1
"o < O )T,V eBe—m/T _ 1’ (B.14)

00Nk 1
—F_ (% _ 1
"o ( o >T,V eEr—w)/T 1 1° (B.15)

B.2 Fermions and bosons

To determine the concentration, the energy density, the pressure and the en-
tropy we can now follow two complementary procedures. For instance, the
entropy and the pressure can be deduced from Eq. (B.8). Then Eq. (B.5)
allows us to determine the internal energy £. It is also possible to write the
energy density, the pressure and the concentration in terms of the occupa-
tion numbers:

B/F _ _9 Br 7 —B/F B.1

n G / ) (B.16)

B/F _ _ 9 Bk E _B/F B.1

P = s [k B (B.17)

pBE =Y /d s /" (B.18)
(2m)3 3E) ’

where g denotes the effective number of relativistic degrees of freedom and
where the superscripts indicate that each relation holds independently for
the Bose-Einstein or Fermi-Dirac occupation number. Then, Eq. (B.5) can
be used to determine the entropy or the entropy density.

Consider, for instance, the ultra-relativistic case when the temperature
is much larger than both the masses and the chemical potential:

T>m, T, E,=Vk+m2~Ek (B.19)
In this case we will have
nB = %gTB, nt = ZnB, (B.20)
p° = g—;gT‘*, ph = ng, (B.21)
p’ = g—;gT“, P = ng, (B.22)
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From Eq. (B.5) the entropy density will then be quickly determined as
ST

To perform the integrations implied by the above results it is useful to recall

that

) 3 4 oo 3 4
IB:/ vide - IF:/ vdr T, _ T (B.24)
, er—1 15 o e+1 8 120

Notice that the value of Zr can quickly be determined once the value of 7y

2 2
B_ T 18 r_T (B.23)

is known. In fact

* 3dx 1
Ty —Ip = —2/ s = —5, (B.25)
0

where the second equality follows by changing the integration variable from
x to y = 2x. Furthermore, the following pair of integrals is useful to obtain
the explicit expressions for the concentrations:

oo s—1 1 00 s—1 1
/0 d%i —7 = =1 ()¢(s), /0 dx;m — = =)0 2179)¢(s),
(B.26)

where I'(s) is the Euler Gamma function and ((s) is the Riemann ¢ function
(recall ¢(3) = 1.20206).
As an example of the first procedure described consider the calculation

of the entropy density of a boson gas directly from the first relation of Eq.
(B.8):

B_ gV < 9 S ] g
where the second integral can be evaluated by parts and where the sum has
been transformed into an integral according to

Y - v [ dk. (B.28)

The result of Eq. (B.27) clearly coincides with the one of Eq. (B.23),
recalling that, by definition, s® = SB/V. In similar terms, the wanted
thermodynamic variables can be obtained directly from the thermodynamic
potentials.

In the ultra-relativistic limit the boson and fermion gases have a radia-
tive equation of state, i.e.

p- == p=—=. (B.29)
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In the nonrelativistic limit the equation of state is instead p = 0 for both
bosons and fermions. In fact, in the nonrelativistic limit,

k2
|m —p| > T, Ek:\/k2+m2:m+%. (B.30)
Then, in this limit
np/" =y, = e ER/T, (B.31)

Then, from the definitions (B.16), (B.17) and (B.18) it can be easily ob-
tained, after Gaussian integration

n = W(mT)Bﬂe(“’m)/T,
™

T (B.32)
p =mn, p=nl=p —) <P

which shows that, indeed p = 0 in the nonrelativistic limit. Note that to
derive Eq. (B.32) the well known result is

/ ke = -\ 1%
a?
2 —ak? :——I :£ -3/2.

/ dkk?e ~1(a) =Y,

The energy density in the ultra-relativistic limit (i.e. Eq. (B.21)) goes
as T*. The energy density in the nonrelativistic limit (i.e. Eq. (B.32))
is exponentially suppressed as e~"™/T. Therefore, as soon as the temper-
ature drops below the threshold of pair production, the energy density
and the concentration are exponentially suppressed. This is the result of
particle-antiparticle annihilations. At very high temperatures T > m par-
ticles annihilate with anti-particles but the energy-momentum supply of the
thermal bath balances the annihilations with the production of particles-
antiparticles pairs. At lower temperatures (i.e. 7' < m) the thermal energy
of the particles is not sufficient for a copious production of pairs.

(B.33)

B.3 Thermal, kinetic and chemical equilibrium

Let us now suppose that the primordial plasma is formed by a mixture of IV}
bosons and Ny fermions. Suppose also that the ultra-relativistic limit holds
so that the masses and the chemical potentials of the different species can
be safely neglected. Suppose finally that, in general, each bosonic species
carries g, degrees of freedom at a temperature and that each fermionic
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species carries gy degrees of freedom. Each of the bosonic degrees of freedom
will be in thermal equilibrium at a temperature T} and; similarly each of the
fermionic degrees of freedom will be in thermal equilibrium at a temperature
Ty. Under the aforementioned assumptions, Egs. (B.21) and (B.23) imply
that the total energy density and the total entropy density of the system
are given by

772 ™
oT) =g (DT S(1)= g1 (B3
where
S TL (T
Zgb( ) ng( f) , (5.35)

Nf

fjm;(ﬂ’) Zw( ) (B.36)

Equations (B.35) and (B.36) are clearly different. If all the fermionic and
bosonic species are in thermal equilibrium at a common temperature T,
then

Tb = Tf = T7 9p = gs- (B37)

However, if at least one of the various species has a different temperature,
then g, # gs. In more general terms we can say that:

e if all the species are in equilibrium at a common temperature T,
then the system is in thermodynamic equlibrium;

e if some species are in equilibrium at a temperature different from
T, then the system is said to be in kinetic equilibrium.

There is a third important notion of equilibrium, i.e. the chemical equilib-
rium. Consider, indeed, the situation where 2H + 0 — H50. In chemical
equilibrium the latter reaction is balanced by H30 — 2H + 0. We can
attribute a coefficient to each of the reactants of a chemical process. For
instance, in the aforementioned naive example we will have oy = 1, ap = 1,
am,0 = —1 satisfying the sum rule 3 rarft = 0 where R denotes each of
the reactants. Such a sum rule simply means that the disappearance of a
water molecule implies the appearance of two atoms of hydrogen and one
atom of oxygen and vice versa. This concept of chemical equilibrium can
be generalized to more general reactions, like e +e~ — vyore+p — H -+~
and so on. By always bearing in mind the chemical analogy, let us suppose
we conduct a chemical reaction at fixed temperature and fixed pressure (as
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it is sometimes the case for practical applications). Then the Gibbs free
energy is the appropriate quantity to use since
dG = prdNg — SdT + Vp. (B.38)
R
If dT' = 0 and dp = 0 the condition of chemical equilibrium is expressed by
dG = 0 which can be expressed as

ONR\ . B
g/}qg(W)d)\ = XR: ORUR = 0, (B39)

where the second equality follows from the first one since dNg are not
independent and are all connected by the fact that dNgr/ag must have the
same value d\ for all the reactants. Thus, in the case of et +e~ — + (and
vice versa) the condition of chemical equilibrium implies pio+ + fle- = fiy,
i.e. [le+ = —pe— since p, = 0. Similarly, for the reactions p+e — H + 7y
(hydrogen formation) and v+ H — p+e (hydrogen photo-dissociation) the
condition of chemical equilibrium implies that jie + pp = pmr.

B.4 An example of primordial plasma

The considerations presented in this Appendix will now be applied to a
few specific examples that are useful in the treatment of the hot Uni-
verse. Consider first the case when the primordial soup is formed by
all the degrees of freedom of the Glashow-Weinberg-Salam (GWS) model
SUL(2) ® Uy (1) ® SU.(3). Suppose that the plasma is at a temperature T’
larger than 175 GeV, i.e. a temperature larger than the top mass which is
the most massive species of the model (the Higgs mass, still unknown, such
that my > 115 GeV). In this situation all the species of the GWS model
are in thermodynamic equilibrium at the temperature T'. In this situation
g, and gs are simply given by

gp=gs:Zgb+ngf, (B.40)
b 7

where the sum now extends over all the fermionic and bosonic species of

the GWS model. In the GWS the quarks come in six flavours

(Mg, My, Me, Mg, My, mq) = (175, 4, 1, 0.1, 5x 1073, 1.5 x 1073)GeV
(B.41)

where the quark masses have been listed in GeV. The lepton masses are,

roughly,

(mr, my, me) = (1.7, 0.105,0.0005) GeV. (B.42)
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Finally, the W* and Z° are, respectively, 80.42 and 91.18 GeV.

Let us then compute, separately, the bosonic and the fermionic contri-
butions. In the GWS model the fermionic species are constituted by the six
quarks, by the three massive leptons and by the neutrinos (that we will take
as massless). For the quarks the number of relativistic degrees of freedom
is given by (6 x 2 x 2 x 3) = 72, i.e. 6 particles times a factor 2 (for the
corresponding antiparticles) times another factor 2 (the spin) times a factor
3 (since each quark may come in three different colors). Leptons do not
carry color so the effective number of relativistic degrees of freedom of e,
w and 7 (and of the corresponding neutrinos) is 18. Globally, the fermions
carry 90 degrees of freedom. There are eight massless gluons each of them
with two physical polarizations amounting to 8 x 2 = 16 bosonic degrees
of freedom. The SUL(2) (massless) gauge bosons and the Uy (1) (massless)
gauge boson lead to 3 x 2 4+ 2 = 8 bosonic degrees of freedom. Finally,
the Higgs field (an SUL(2) complex doublet) carries 4 degrees of freedom.
Globally, the bosons carry 28 degrees of freedom. Therefore, we will have,
overall in the GWS model

7
gp = gs = 28 + 3 x 90 = 106.75. (B.43)

Notice as a side remark that the counting given above assumes indeed
that the electroweak symmetry is restored (as it is probably the case for
T > 175 GeV). When the electroweak symmetry is broken down to the
Uem(1), the vector bosons acquire a mass and the Higgs field loses three of
its degrees of freedom. It is therefore easy to understand that the gauge
bosons of the electroweak sector lead to the same number of degrees of
freedom obtained in the symmetric phase: the three massive gauge bosons
will carry 3 x 3 degrees of freedom, the photons 2 degrees of freedom and
the Higgs field (a real scalar, after symmetry breaking) 1 degree of freedom.

When the temperature drops below 170 GeV, the top quarks start an-
nihilating and g, — 96.25. When the temperature drops below 80 GeV
the gauge bosons annihilate and g, — 86.25. When the temperature drops
below 4 GeV, the bottom quarks start annihilating and g, — 75.75 and so
on. While the electroweak phase transition takes place around 100 GeV the
quark-hadron phase transition takes place around 150 MeV. At the quark-
hadron phase transition the quarks are not free anymore and start combin-
ing forming colorless hadrons. In particular, bound states of three quarks
are called baryons while bound states of quark-antiquark pairs are mesons.
The massless degrees of freedom around the quark-hadron phase transition
are 7, 7%, e*, u* and the neutrinos. This implies that gp = 17.25. When
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the temperature drops even more (i.e. T < 20 MeV) muons and also pions
annihilate and for T' ~ O(MeV), g, = 10.75.

It is relevant to notice that the information on the temperature and
on the number of relativistic degrees of freedom can be usefully converted
into information on the Hubble expansion rate and on the Hubble radius
at each corresponding epoch. In fact, using Eq. (2.56) the temperature
of the Universe determines directly the Hubble rate and, consequently, the
Hubble radius. According to Eq. (2.56) and taking into account Eq. (B.34)

we will have,
2

T
H = 166\/5, (B.44)

or in Planck units:

H B g 12, g \2
— ) =115x107%" [ —=£— — ) . B.4
<MP> 510 (106.75) GeV (B-45)

Equation (B.45) measures the curvature scale at each cosmological epoch.
For instance, at the time of the electroweak phase transition, H ~ 10734 Mp
while for T ~ MeV, H ~ 10~** Mp. To get an idea of the size of the Hubble
radius we we can express H ! in centimeters:

1/2 2
- 1.4<106.75> <100 GeV> cm, (B.46)
9p T

which shows that the Hubble radius is of the order of the centimeter at the
electroweak epoch while it is of the order of 10* Mpc at the present epoch.
Finally, recalling that during the radiation phase H~! = 2t,
1/2 2
N <106.75) / (100 GeV) osec. (BAT)
9p T
which shows that the Hubble time is of the order of 20 psec at the elec-

troweak time while it is ¢ ~ 0.73 s right before electron positron annihilation
and for T~ MeV.

B.5 Electron-positron annihilation and neutrino decou-
pling

As soon as the Universe is one second old two important phenomena take
place: the annihilation of electrons and positrons and the decoupling of
neutrinos. For sufficiently high temperatures the weak interactions are in
equilibrium and the reactions

e +p—n+ve, et +n—p+7,, (B.48)
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are balanced by their inverse. However, at some point, the rate of the weak
interactions equals the Hubble expansion rate and, eventually, it becomes
smaller than H. Recalling that, roughly,

[weak ~ opT2, or = GET?, Gr =116 x107° GeV 2, (B.49)

we immediately show, neglecting numerical factors, that

Cyeak T \° T2
~ H~—. B.50
H (Mev> ’ Mp (B:50)

Thus, as soon as T' drops below a temperature of the order of the MeV the
weak interactions are not in equilibrium anymore. This temperature scale
is also of upmost importance for the formation of the light nuclei since,
below the MeV, the neutron to proton ratio is depleted via free neutron
decay.

It is important to appreciate, at this point, that the neutrino distribu-
tion is preserved by the expansion and, therefore, we may still assume that
a(t)T is constant. However, around the MeV the electrons and positrons
start annihilating. This occurrence entails the sudden heating of the pho-
tons since the annihilations of electrons and positrons end up in photons.
The net result of this observation is an increase of the temperature of the
photons with respect to the kinetic temperature of the neutrinos. In equiv-
alent terms, after electron-positron annihilation, the temperature of the
neutrinos will be systematically smaller than the temperature of the pho-
tons. To describe this phenomenon let us consider an initial time ¢; before
et—e™ annihilation and a final time ¢; after e™—e™ annihilation. Using the
conservation of the entropy density we can say that

9s(t) a®(t:) T3 (1) = gs(te) a® (1) T3 (t), (B.51)
3
gs(t)) = 10.75,  g(tf) =2 +5.25 E”Eg] , (B.52)

where it has been taken into account that while before e™—e~ annihilation
the temperature of the photons coincides with the temperature of the neu-
trinos, it may not be the case after et—e~ annihilation. Using the same
observation, we can also say that

a®(t:) T3 () = a®(te) T2 (te). (B.53)
Dividing then Eq. (B.52) by Eq. (B.53) the anticipated result is that

1/3
T (tr) = (1741) T, (1), (B.54)
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i.e. the temperature of the photons gets larger than the kinetic temperature
of the neutrinos. This result also implies that the energy density of a
massless neutrino background would be today
4/3
21/ 4

o =3 <ﬁ) P05 h2Q,0 = 1.68 x 1075. (B.55)
It is worth noticing that, according to the considerations related to the
phenomenon of neutrino decoupling, the effective number of relativistic
degrees of freedom around the eV is given by

7 4\*?
=2+-x6 — = 3.36 B.56
m=2+gx0x (1) 7 (B.56)
where two refers to the photon and the neutrinos contribute weighted by
their kinetic temperature.

B.6 Big-bang nucleosynthesis (BBN)

In this subsection the salient aspects of BBN will be summarized. BBN is
the process where light nuclei are formed. Approximately one quarter of
the baryonic matter in the Universe is in the form of “He. The remain-
ing part is made, predominantly, by hydrogen in its different incarnations
(atomic, molecular and ionized). During BBN the protons and neutrons
(formed during the quark-hadron phase transition) combine to form nuclei.
According to Eq. (B.47) the quark-hadron phase transition takes place
when the Universe is 20 usec old to be compared with tgpn ~ sec. During
BBN only light nuclei are formed and, more specifically, *He, 3He, D, 7Li.
The reason why the “He is the most abundant element has to do with the
fact that “He has the largest binding energy for nuclei with atomic number
A < 12 (corresponding to carbon). Light nuclei provide stars with the ini-
tial set of reactions necessary to turn on the synthesis of heavier elements
(iron, cobalt and so on).
In short, the logic of BBN is the following:

e after the quark-hadron phase transition the antinucleons annihilate
with the nucleons, thus the total baryon concentration will be given
by ng = 1y + np;

e if the baryon number is conserved (as it is rather plausible) the
baryon concentration will stay constant and, in particular, it will
be ng ~ 10’10n7;
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e for temperatures lower than T' ~ O(MeV) weak interactions fall
out of equilibrium; at this stage the concentrations of neutrons
and protons are determined from their equilibrium values and, ap-
proximately,

nn
— =e
Np

for T ~ 0.73 MeV;

e if nothing else would happen, the neutron concentration would be
progressively depleted by free neutron decay, i.e. n — p+e~ +V,;

e however, when T ~ 0.1 MeV the reactions for the formation of
the deuterium (D) are in equilibrium, i.e. p+n — D + v and
D+~ —p+mn;

e the reactions for the formation of deuterium fall out of thermal
equilibrium only at a much lower temperature (i.e. Tp =~ 0.06
MeV);

e as soon as deuterium is formed, “He and *He can arise according
to the following chain of reactions:

O

~

, Q = my — mp; (B.57)

| =

D+n—T+7, T +p —* He 4 7, (B.58)
D +p—3He+~, 3He +n —* He 4+ ; (B.59)

As soon as the helium is formed a little miracle happens: since the temper-
ature of equilibration of the helium is rather large (i.e. T'~ 0.3 MeV), the
helium is not in equilibrium at the moment when it is formed. In fact the
helium can only be formed when deuterium is already present. As a con-
sequence the reactions (B.58) and (B.59) only take place from right to left.
When the deuterium starts being formed, free neutron decay has already
depleted by a bit the neutron to proton ratio which is equal to 1/7. Since
each *He has two neutrons, we have ny /2 nuclei of 4He that can be formed
per unit volume. Therefore, the He mass fraction will be

_ 4(m/2)  2(1/7)

P g 4n, T 14+1/7

The abundances of the other light elements are comparatively smaller than
the one of “He and, in particular:

D/H ~ 1075, SHe/H ~ 1073, "Li/H ~ 1071, (B.61)

~ 0.25. (B.60)

The abundances of the light elements computed from BBN calculations
agree with the observations. The simplest BBN scenario implies that the
only two free parameters are the temperature and what has been called 7y,
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i.e. the baryon to photon ratio which must be of the order of 10710 to agree
with experimental data. BBN represents, therefore, one of the successes of
the Standard Cosmological Model.
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Appendix C

Scalar Modes of the Geometry

In this Appendix we are going to derive the results that are the starting
point for the study of the evolution of the scalar modes both around equality
and during the primeval inflationary phase. As exemplified in section 10
it will always be possible to pass from a gauge-dependent description to
a fully gauge-invariant set of evolution equations. In this Appendix the
longitudinal gauge will be consistently followed.

C.1 Fluctuations of the Einstein tensor

The scalar fluctuations of the geometry with covariant and controvariant
indices can be written, to first order and in the longitudinal gauge, as

2
55900 = 2a2¢7 55900 = __2¢7
a
8sgij = 2a*1d;j, dsg" = _EWSU’ (C.1)

where the notations of section 6 have been followed. Since the fluctuations
of the Christoffel connections can be expressed as

]‘— v
(Ss]-—‘gﬂ = 59” (_auésgaﬁ + 856591104 + 8adsgﬁu)
1 .y _ _ —
+ §5Sgﬂ (_aljgaﬁ + aﬁgya + aagﬁy)a (C2)
where g, = a®(7)nu denotes the background metric and dsg,,, the first-
order fluctuations in the longitudinal gauge which are given, in explicit

terms, by Eq. (C.1). Inserting Eq. (C.1) into Eq. (C.2) the explicit form

435
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of the fluctuations of the Christoffel connections can be obtained:

5SF80 = ¢I7

819 = —[¢' + 2H(¢ + )]0y

8sT% = 610, = 9:,

5SF60 = ai(bv

8TF; = (9Fdy; — s — 9;48F),

8%, = —'sl.
We remark, incidentally, that the fluctuations of the Christoffel connections
in an inhomogeneous Minkowski metric (used in section 7 for the derivation
of the scalar Sachs-Wolfe effect) are simply obtained from Egs. (C.3) by
setting H = 0.

The fluctuations of the Ricci tensor can be now expressed, as

5SR;L1/ = 8o¢5srzy - 81/5SF§Q + 581—‘?:1/ fftﬂ

+T0, 6,00, — 6,02 T5, — T 6,75, (C.4)
where, as usual, fgﬁ are the background values of the Christoffel connec-
tions, i.e., as already obtained:

Too =M, Ty =Hby, T =mHol. (C.5)
Using Egs. (C.3) in Eq. (C.4) and taking into account Eq. (C.5) the ex-

plicit form of the components of the (perturbed) Ricci tensors can be easily
obtained and they are:

dsRoo = 3[¢" +H(¢" + )],
6sRoi = 20;(¢" + H),
0sRij = —0i{[¥" + 2(H' + 2H*) (¥ + ¢) + H(¢' +5¢') — V*y]}
+9:0;(¢ — ¢) (C.6)
The fluctuations of the Ricci tensor with mixed (i.e. one covariant the other
controvariant) indices can be easily obtained since

S8R = 55(9°" Rpy) = 859" R + G0 R (C.7)
where R, are the Ricci tensors evaluated on the background, i.e.
= —0 3
Roo = —3H', R, = _EH/’
— —; 1 ,
Ry = (H' +2H*)d;, R, = — (M + 2H?)s7, (C.8)

— 6
R= —EW +H).
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Using Egs. (C.6) into Eq. (C.7) and recalling Eq. (C.8) we get
1
SRS = E{V% +3[" +H (¢ + ) + 2H 9]},
. 1 .
SR = ﬁ[w” +2(H' 4+ 2H*)¢ + H(¢' + 5¢') — V)67
1 _
2
6 R) = 531(1&' +He),
, 2
SRy = —ﬁal(w’ + Ho).

Finally the fluctuations of the components of the Einstein tensor with mixed
indices are computed to be

5,08 = (V0 — BH(W + HO)), (€.10)
j 1 " / ’ ’ i
sG] = g{[—w —2(H? 4+ 2H")¢ — 2H¢' — 4HY' — V(¢ — )]
—8;07 (v — 9)}, (C.11)

Equations (C.10), (C.11) and (C.12) are extensively used in chapters 7 and
10.

C.2 Fluctuations of the energy-momentum tensor(s)

All along in this book two relevant energy-momentum tensors have been ex-
tensively used, namely the energy-momentum tensor of a minimally coupled
scalar field and the energy-momentum tensor of a mixture of perfect fluids.
For the applications discussed in chapters 7, 8, 9 and 10 it is relevant to
derive the first-order form of the energy-momentum tensor. Needless to say
that since the inverse metric appears in several places in the explicit form
of the energy-momentum tensor(s), an explicit dependence upon the scalar
fluctuations of the metric may enter the various (perturbed) components
of T};.

Let us start with the case of a fluid source. The energy-momentum
tensor of a perfect fluid is

Tiw = (p+ p)upts — PGpv- (C.13)
By perturbing to first-order the normalization condition g, u*u” = 1 we
have

859", T, + G (Tudsuy + dsu,,) = 0, (C.14)
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implying, together with Eq. (C.1)

up = a, ssu’ = —¢/a. (C.15)
It is important to stress that, on the background, the spatial component of
Uy, i.e. W;, vanish exactly. The contribution to the peculiar velocity arises

instead to first-order since, in the longitudinal gauge, dsu; # 0. By taking
the first-order fluctuation of Eq. (C.13) the result is

5STMV = (5]9 + 5P)Euﬂu + (p + P) (ﬂu‘ssuv + 5SUMEV) - 5p§;w _pésg;w- (C~ 16)

The perturbed components of energy-momentum tensor with mixed indices
can of course be obtained from the expression

5ST5 = 6s(9™"Tpy) = 589(1“75# + 905 T, (C.17)
where T, denote the background components of the energy-momentum
tensor, i.e.

TQQ = an, Tij = CLZp. (018)
Inserting Egs. (C.1) into Eq. (C.16) and taking into account Egs. (C.17)
and (C.18) we obtain:

1
0I5 = 0p, T = —5(3p = 2p9), (C.19)
and
0T = —opé], (C.20)
I R y
3T = E[(Spé T+ 2ppdt], (C.21)
8Ty = (p+ p)v', (C.22)
5T = ?(p + p)vt. (C.23)

where we have chosen to define du® = v/a.
Let us now consider the fluctuations of the energy-momentum tensor of
a scalar field ¢ characterized by a potential V (p):

1
Ty = 0,90u ¢ — guv [§gaﬁaa¢aw - V(w)} : (C.24)

Denoting with x the first-order fluctuation of the scalar field ¢ we will have

1
6STMV = MX@,,QD + 8N<p5,,x — 6sguy [igaﬁaagpaﬁ(p — V:|

1 oV
— Guv |:§(5$ga68a§085@ + gaﬁaaxaggo — % :| . (C25)



Scalar Modes of the Geometry 439

Inserting Egs. (C.1) into Eq. (C.25) we obtain, in explicit terms:
ov
5:Too = X'¢’ +2a°V + a> —x,
¢
(5ST01‘ = QD/(%‘X, (C26)

ov
05T = 045 {ﬁplxl - %Xaz —(p+ 1/))(,0/2 +2a%V ).
Recalling that

J— (p/Q
Too = > +a?V = agp(p,

12 (C.Q?)
Tij = [% — GJ2V:| (Sij = ang,éij,
the perturbed components of the scalar field energy-momentum tensor with
mixed (one covariant the other controvariant) indices can be written, fol-

lowing Eq. (C.17), as

1 oV
o1y = 2 <_¢<Pl2 + %CL2X + XIQOI) ; (C.28)
1 v .
5T = = <¢g0'2 + Z—(pcﬁx — X’gp’) 87, (C.29)
i Lo
0T = —?p'a X- (C.30)

These equations have been extensively used in chapter 10.

C.3 Fluctuations of the covariant conservation equations

The perturbed Einstein equations are sufficient to determine the evolution
of the perturbations. However, for practical purposes, it is often useful
to employ the equations stemming from the first-order counterpart of the
covariant conservation equations. Consider, first, the case of a fluid, then
the perturbation of the covariant conservation equation can be written as:

v, T av et ol @ v b
06T + T, 0T + 6,1 T + T 56,17°% + 6,I%,T"" =0, (C.31)

where the definition of the covariant derivative has been made explicit.
Recalling Egs. (C.1) and (C.20)—(C.22) the (0) and (i) components of Eq.
(C.31) can be written as
00T + 0;6,T7° + (26,19 + 6.1 YT + (2T + Ty)0s T

+T0,6.7% + 6,08 =0, (C.32)
00T + ST + (5T, + T )T

+ (Tog + Trg)0sT% + 6,03 T + 6,07 T + 2T, 6,T° = 0. (C.33)

km
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Inserting now the specific form of the perturbed connections of Egs. (C.3)
into Egs. (C.32) and (C.33) the following result can be obtained respec-
tively:

op' =3¢ (p+p) + (p+ p)0 + 3H(dp + dp) = 0, (C.34)
for the (0) component, and
(p+p)0 +0[(0) +p') +4H(p+ p)| + V2p+ (p+ p) V¢ =0 (C.35)

for the (i) component. In the above equations, as explained in the text,
the divergence of the velocity field, i.e. § = 9;v" = 9;0v, has been directly
introduced. Notice that the possible anisotropic stress (arising, for instance,
in the case of neutrinos) has been neglected. Its inclusion modifies the left
hand side of Eq. (C.35) by the term —(p+ p)V20. In section 7, Eqs. (C.34)
and (C.35) have been written in the case of a mixture of fluids.

Finally, to conclude this Appendix, it is relevant to compute the fluc-
tuation of the Klein-Gordon equation which is equivalent to the covariant
conservation of the energy-momentum tensor of the the (minimally coupled)
scalar degree of freedom that has already been extensively discussed. The
Klein-Gordon equation in curved spaces can be written as (see section 5)

ov
PV, V —a?=0. C.36
g o+ 550 (C.36)
From Eq. (C.36) the perturbed Klein-Gordon equation takes the form

92V
92X
—0. (C.37)

Using Egs. (C.1) and (C.3) we have:

3s9°? 100059 — T s0o¢] + 7*°[0a05X — 615 305¢ — Toglox] +

5.9 — H@') — 59T  + 5" — 8T’ — Top')
g — aVv
77 [0i0ix = 8.5~ i) + 525 = 0. (C38)
Finally, recalling the explicit forms of the Christoffel connections and of the

metric fluctuations the perturbed Klein-Gordon equation becomes:
o*V aVv
X"+ 2HY — Vix + 550’ x +2¢5—a” — ¢/ (¢' +3¢') =0.  (C.39)
d¢ d¢
It should be appreciated that the perturbed Klein-Gordon equation also
contains a contribution arising from the metric fluctuations and it is not

only sensitive to the fluctuations of the scalar field.
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C.4 Some algebra with the scalar modes

We will now develop some algebra that is rather useful when dealing with
the scalar modes induced by a minimally coupled scalar degree of freedom.
We will assume that Egs. (10.4), (10.5) and (10.6) are valid in the longitu-
dinal gauge. Subtracting Eq. (10.4) from Eq. (10.5), the following equation
can be obtained (recall that ¢ = 1 since the scalar field to first-order does

not produce an anisotropic stress):

ov

" 4+ 6HY + 2(H + 2H? ) — V) = —87G %&X. (C.40)
From Eq. (10.6) it follows easily that
_ Y+ HY
X = Gy (CA41)

Using then Eq. (C.41) in Eq. (C.40) (to eliminate x) and recalling Eq.
(5.58) (to eliminate the derivative of the scalar potential with respect to )
we obtain the following decoupled equation:

/! /!
¢—}¢’+2[H’—H%}w—v2w —0. (C.42)

¢// + 2 |:H _ -
Note that Eq. (5.58) is written in the cosmic time coordinate. Here we
need its conformal time counterpart which is easily obtained:

oV
" 4+ 2HY +a’=—— = 0. (C.43)
g
It is appropriate to mention, incidentally, that Eq. (C.42) can also be
written in a slightly simpler form that may be of some use in specific ap-
plications, namely:
JZ T R AV (C.44)
P - Y% - (,0/ 9 - H . .
It could be naively thought that the variable defined in Eq. (C.44) is the
canonical normal mode of the system. This is not correct since, as we see,
Eq. (C.44) does not contain any information on the fluctuation of the scalar
field. The correct normal mode of the system will now be derived.
Recall now the definition of the curvature perturbations introduced in
section 7 (see Eq. (7.101)):
H

T’H’(¢/ + H(b) (C.45)

R=—-
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By setting ¢ = ¢ in Eq. (C.45) we can express the first (conformal) time
derivative of R as:

R _ M iy i 9(_H__
R T M H [+ H 2 () (C.46)
Recalling the conformal time analog of Eq. (5.57), i.e.
H2—H =dr Gy, (C.47)

the derivation appearing in the second term of Eq. (C.46) can be made
explicit. Using then Eq. (C.42) inside the obtained expression, all the
terms can be eliminated except the one containing the Laplacian. The final
result will be:
H

47 G '?
Equation (C.48) can be used to obtain a decoupled equation for R that has
been quoted and used in chapter 10 (see, in particular, Eq. (10.28)). From

Egs. (C.45) and (C.47) we can write:
H /
—— W +HY) = —(R . C.49
e ) = (R ) (C.9)
Taking the Laplacian of both sides of Eq. (C.49) and recalling Eq. (C.48)
the following relation can be derived:

R = V2. (C.48)

H 2 00 2 Hl / C
By now taking the derivative of Eq. (C.48) we obtain
H 5 H H "1,

Using now Egs. (C.48) and (C.50) in Eq. (C.51) (to eliminate, respectively,
V2 and V2¢') the following equation is readily derived:

H/ (p//

R +2|H- =+ =

{ "

Equation (C.52) can finally be rewritten as

}R’ —V*R =0. (C.52)

!/ /
R +25ZR — VR =0 S .53
+2- 2= (C.53)
which is exactly Eq. (10.28). As discussed in Eq. (10.26), R is related to
the scalar normal mode as ¢ = —Rz. Recalling Eq. (C.42) and Eq. (C.47),

we have

q=ax+zp. (C.54)
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The derivation presented in this Appendix is gauge-dependent. However,
since R and ¢ are both gauge-invariant, their equations will also be gauge-
invariant. Finally, it should be stressed that the same result obtained here
by working with the evolution equations of the fluctuations can be obtained
by perturbing (to second-order) the (non-gauge-fixed) scalar tensor action.
This procedure is rather lengthy and the final results (already quoted in
the bulk of this book) are the ones of Egs. (10.26) and (10.29).
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Appendix D

Metric Fluctuations:
Gauge-Independent Treatment

In the previous Appendix the scalar modes of the geometry have been
treated by exploiting the longitudinal gauge. In practical problems related
to the evolution of the various modes of the geometry, it is often profitable
to exploit not only one gauge but many different gauges. As already ex-
emplified in this book, some equations may acquire a more tractable form
in a specific gauge (see chapter 11). Moreover, certain gauge-invariant ob-
servables may readily be expressed in a gauge that is different from the
longitudinal one. Last but not least, there are perfectly physical solutions
of the lowest multipoles of the Einstein-Boltzmann hierarchy that are di-
vergent in the longitudinal description but that are completely regular in
the synchronous gauge. The bottom line of these remarks could be that
there is nothing deep in choosing a coordinate system but if this choice is
made according to physical considerations, the resulting expressions may
appear much easier to interpret and to evaluate.

To facilitate the task of employing different gauges in the course of a
physical calculation it is therefore important to perturb the relevant geo-
metric quantities without assuming a specific gauge. This is the main theme
of the present Appendix. In short the logic will be to take the decompo-
sition expressed by Eqgs. (6.3), (6.4), (6.5) and (6.6) and to repeat all the
steps outlined in Appendix C. Furthermore, for sake of completeness, we
will discuss, in a unified perspective, the scalar, vector and tensor modes.
According to this perspective it is practical do denote by ds, dy and d; the
scalar, vector and tensor fluctuations of a given four-dimensional tensor.
We recall, indeed, that in Eqgs. (6.3), (6.4) and (6.5) the scalar, vector and
tensor modes are classified according to three-dimensional rotations.

445
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D.1 The scalar problem

The general expression reported in Eq. (C.2) is independent of the specific
coordinate system since it only involves the (formal) fluctuations of the four-
dimensional metric tensor. Using now the decomposition given in Egs. (6.3),
(6.4) and (6.5), different perturbed components of the connections can be
found to be, after some algebra:

3Ty = ¢/,
619 = —[' + 2H(¢ + ¥)]0s; + 0:0;[(E' + 2HE) — B,
05T = 0T, = 9i(é + M B),
6:Tho = 9'(¢ + B' + HB),
8 Tf; = (95 dij — 0ipoF — D;90F) + 0;0;0F E — HO* Bé,
5T, =)' + 0;0°E'.
To deduce Egs. (D.1) it is practical to recall that, for scalar fluctuations:

2

8sgoo = 2a°¢, 559% = )

¢
. 2 .. .
5sgij = 2(12(1#51‘]‘ - 81‘8]‘E), 559” = —ﬁ(w(w - 8183E), (DQ)
8s90i = —a*0; B, 59" = —%WB.
a

In similar terms, using Egs. (D.1) and (D.2) in Egs. (C.4), the components
of the Ricci tensor perturbed to first-order are:
dsRoo = V3¢ + (B — E') + H(B — E')] + 3[" + H(¢' + ")),
SsRoi = 0i[(H' + 2H?)B + 2(¢' + H®)],
SsRij = —0i{[v" + 2(H' + 2H?) (¢ + ¢)
+H(¢' +5¢') — V2] + HV?*(B - E')},

+0;0;((E' — B) +2(H' + 2H?*)E + 2H(E' — B) + (¢ — 9)].
(D.3)
From Egs. (D.3) the first-order fluctuation of the Ricci scalar can be found
easily:

SR = %{3@&” +6(H' +H?*)p + 3H(¢ +3¢)
+V2[(¢—2¢) + (B—E') + 3H(B — E')]}. (D.4)
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Using Egs. (D.3) into Egs. (C.7), the fluctuations of the components of
the Ricci tensor with mixed indices will then be:

5 RY %{v"’[g& +(B—E"Y +H(B—-E"+3[0" +H(¢ + ")+ 2H 9]},
SR = a_12[¢" +2(H' + 2H?)$ + H(¢' + 5¢') — V2 + HV?(B — E')]o!
~ S00(' ~ BY +2H(E' ~ B) + (¢ - 9)),
2 ,
5RY = S0+ Ho),
8.B) = 50 [~(0/ +Ho) + ('~ H*)B]
(D.5)

The fluctuations of the components of the Einstein tensor with mixed in-
dices are computed to be

5,08 = 2V~ HVA(B ~ B') — 3H(Y' + Ho)}. (D.6)
5G] = o {1-29" — 2047 + 2H') — 2He — 474

—V((¢— )+ (B—E') +2H(B - E')]}¢!

~ S0P~ B +2H(E' - B)+ (b~ 9), (D7)
6sGY = 6RY. (D.8)

D.2 The vector problem

Recalling the decomposition of Egs. (6.3), (6.4), (6.5) and (6.6) the vector
fluctuations of the geometry can be written as:

Qi

Svgoi = —a*Qs, 09" = —=5,
a

. 1 ) . . .
bugij = a*OW; + W), 09" = ——(OW/ + W), (D)

The general form of the vector fluctuations of the Christoffel connections
(as well as of the Ricci tensor) can be easily obtained from Egs. (C.2),
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(C.4) and (C.7) by replacing ds — d,. Consequently the result is:
6,9 = HQ;,
oI = —%(@‘Qg‘ +0;Qi) — H(O:W; + 0; ;) — %(@W} +0; W),
5. Thy = Q" + HQ',
6, I = —HQ"6;; + %ak(aiwj +0;Wy)
— SO0+ ) — S0, (0, + W),

5vrgo = %(@'Qj — Q) (TW] + 8¢le),

1
2
(D.10)

where the conditions of Eq. (6.6) on @); and W; have been extensively used.
Following the same steps discussed above in the scalar case the fluctuations

of the Ricci tensors are:

1 1
6y Ro; = [H' 4+ 2H?]Q; — §V2Qz‘ - §V2W{

1
6vRij = —5{(8¢QJ‘ + 8jQi)/ + 2H(8in + 8jQi)}
) (D.11)
— 5(8¢W;/ +0;W/') — H(;W] 4 0; W)

1
— 5(81WJ + (%WJ(Z"(/ + 4H2),

D.3 The tensor problem

Consider now the case of the tensor modes of the geometry, i.e. according
to Eq. (6.6), the two polarizations of the graviton:
hii

5tgij = —Q2hij, 5tgij = ? (D12)

Again, the tensor fluctuations of the Christoffel connections can be easily
deduced from Eq. (C.2) by replacing ds — ;. The result of this manipula-
tion will then be:

1

5Ty = 5(% + 2Hhij),
. 1 .
519 = §hg’, (D.13)

1
5Tk = §[ajh§ + 0;hf — 9" hyj].
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Inserting these results into the perturbed expressions of the Ricci tensors
it is easy to obtain:

1
§iRij = §[h;’j + 2HRj; + 2(H' + 2H?)hij — Vhyj), (D.14)

) 1 . ) .
§:RI = —ﬁ[hﬁﬁ +2Hhl’ — V2h). (D.15)

D.4 Inhomogeneities of the sources

The background energy-momentum tensor of a perfect fluid is
Tyw = (p+ p)upts — PGpv- (D.16)
From the normalization condition g,,utu” = 1, it can be concluded that
up = a and 6u’ = —¢/a. Hence,
1
5Ty = 6p, 5T = = (6p — 2p9), (D.17)
a
and
8T = —opd?,
5T = [5p6i0 + 2p(48Y — D)),
a
5:T5 = (p+ p)v',
i L i i
0.T% = —[(p+ p)v' + 0"B].
where we have chosen to define du’ = v*/a. Notice that the velocity field
can be split into divergenceless and divergencefull parts, i.e.

v =0+ V', 9V =0 (D.22)
Notice that in the case of neutrinos (and possibly also in the case of other
collisionless species) the anisotroopic stress has to be considered both in

the Einstein equations and in the covariant conservation equations. The
anisotropic stress is the introduced as

6, T) = —opd? + 11, (D.23)

where T/ = T/ — §/TF /3. In the case of scalar fluctuations, it is practical
to adopt the following notation

9;0'Tl) = (p + p)V?o, (D.24)

which is equaivalent, in Fourier space, to the following identity

a1\
(p+p)o = <kjkl - gag.)ng. (D.25)
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There could be a potential confusion in the definition of the perturbed
velocity field. It is plausible to define the peculiar velocity in two slightly
different ways, namely
05T5 = (p + puodu’ = (p+ pv* = (p + p)d'v (D.26)
5T = (p+ p)u’du; = (p+ p)vi = (p + )07, (D.27)
where from the normalization condition g,,utu” = 1, up = a and ud =
1/a. The velocity fields 7 and v defined in Eqs. (2.8) and (2.16) are not
equivalent. In fact du; = av; and du’ = v®/a. Recall that
ou’ = 6(g"uq) = 09°%uo + g** duy. (D.28)
Inserting now the explicit definitions of Ju? and duy in terms of v* and Ty,
and recalling that §¢g" = —9°B/a?, we have
v = —U; — 8ZB (D29)
This difference in the definition of the velocity field reflects in the gauge
transformations which are different for v; and 7;, namely
v; — U = v; + 81‘6/,
Ei — %1 = 51' — aiéo. (DBO)
In this book we always define the velocity field as in Eq. (2.8). However,
this remark should be borne in mind since different authors use different
definitions which may only be equivalent, up to a sign, in specific gauges
(like the class of gauges where B = 0).
Let us now consider the fluctuations of the energy-momentum tensor of
a scalar field ¢ characterized by a potential V' (p):

1 «
Ty = 0,90u ¢ — guv [59 P 0appp — V(w)} : (D.31)
Denoting with x the first-order fluctuation of the scalar field ¢ we will have

1 «
05Ty = 0uX0up + O0ppOu X — Osguw [59 58(1906690 - V:|

1., o ov
—9uv |:§559 Baawﬁggo +9g ﬁaaXaﬁSD - %X:| ) (D32)
and, in explicit terms,

1%
6sToo = X'¢’ + 2a°¢V + a2g—<px,

12
(SST(M = go’@ix + a2aiB SD— -V N
2a?

oV

05155 = 045 [QOIXI - %xa? — (o + z/))<p’2 + 2a2V¢]
12

+24? [% - V} 0:0;E. (D.33)
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Recalling that

. 72 . 12
Too = % + a2V, Tij = |:% - a2V:| 5@‘, (D34)

the perturbed components of the scalar field energy-momentum tensor with
mixed (one covariant the other controvariant) indices can be written as

6Ty = 6Ty g™ + Topdsg®”, (D.35)
i.e. in explicit terms,
1 9 OV
5T = = —p¢’” + =—a? o D.36
0 a2< bp +8wax+x<p ; (D.36)
; 1 oV )
5T = = (d9” + s=a*x — X'¢' )1, (D.37)
a? dp
5T = — = iy — S0—/28iB (D.38)
sS40 — a2<p X CL2 . .

The covariant conservation of the energy-momentum tensor implies, in
the scalar field case, the validity of the Klein-Gordon equation which can
be written as

oV
VAV —a?=0. D.39
g 9P+ 550 (D.39)
From Eq. (D.39) the perturbed Klein-Gordon equation can be easily de-
duced:

o —c oV
dsg 5[(‘9(155@ - Faﬂaggp] + 8—@2)(
+3°P[0a0px — 803050 — Tog0ox] = 0, (D.40)

which becomes, in explicit form,
02V oV
X//+2HX/_v2X+ a2X+2¢_a2
dp? d¢
—¢'(¢' +3¢) + ¢'V*(E' — B) = 0. (D.41)

Different gauges are suitable for different problems and this has been
the guiding theme of the discussion developed in chapter 11. Hence, it is
practical to collect here the generalized evolution equations of the scalar
fluctuations obtained without fixing a particular coordinate system. The
sources will be assumed to be barotropic fluids but this is not a severe
limitation since, with the appropriate identifications, this set of equations
can even describe more general situations.
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From Egs. (D.6),(D.17) and from Egs. (D.8), (D.20) the general ex-
pressions for the Hamiltonian and momentum constraints reads

V2 — HV?(B — E') — 3H({' + H¢) = 4nGa?dp, (D.42)
O'(¥ + Ho) + (H2 — H')B] = —4xGa®(p + p)v'. (D.43)

From Eqgs. (D.7) and (D.19) the generalized expression of the (ij) com-
ponent of the perturbed equations is:

[+ (12 + 21)6 + H(¢/ + 20")]6]
+50IV2(6 ) + (B~ ') + 2H(B ~ ')

~50((6 — ) + (B~ 'Y + 2H(B - B')
= 4rGa?[dps? — T17). (D.44)

Separating, in Eq. (D.44), the tracefull from the traceless part, we obtain,
respectively,

P+ H(Q +2¢") + (H* +2H' )¢

+ %W[(gb — )+ (B—E"Y +2H(B — E')] = 47Ga?*5p  (D.45)

and
V2[(¢ =)+ (B - E'Y +2H(B — E')] = 127Gd*(p + p)o. (D.46)

In general terms the the (0) and (i) components of
v | TH av I ald a v b
00T + T, 0T + 6Th T + T, 30T + 6T4, T =0 (DA7)

can be written, for scalar fluctuations as

05T + 9;6,T7° + (26,9 + 6, T% )T

—0 —k =0 i =17

+(2T0g + Tho)0sT% + T,6,T" + 6, I9TY =0, (D.48)

08T + 08T + (8,18, + 6T ) T

+(Tgp + T )0sTY + 6,13, T

i =skm —j

+6,17, T + 2T,,6,T°F = 0. (D.49)
Inserting now the specific form of the perturbed connections of Egs. (D.1)
into Egs. (D.48) and (D.49) the following result can be obtained respec-
tively:

5p' =3¢ (p+p) + (p+ p)0 + 3H(6p + 6p) + (p + p)V’E' =0, (D.50)
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for the (0) component, and

(p+p)0 +0[(p +p') +4H(p+ p)l + (p+ p) VB,
+[p' +H(p + p)|V2B + V26p+ (p+ p) V3¢
—(p+ p)V2a =0, (D.51)

for the (i) component. In the above equations, as explained in the text,
the divergence of the velocity field, i.e. § = 9;v* = 9;0v, has been directly
introduced. In the text, several gauge-dependent discussions are present.
The longitudinal gauge equations are obtained, for instance, by setting
everywhere in the above equations £ = B = 0. The off-diagonal gauge
equations are obtained from the above equations by setting everywhere
E = ¢ = 0. The sychronous gauge equations can be derived by setting
everywhere in the above equations ¢ = B = 0 and so on for the gauge that
is most suitable in a given calculation.
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